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Exercises, Remarks and Questions.

Based on Quantum Mechanics in a Nutshell by Mahan.

References will be made to Quantum Mechanics, The Theoretical Minimum by Susskind, The
Feynman Lectures on Physics and The Principles of Quantum Mechanics by Dirac.

1.Introduction.

In this chapter Mahan summarizes some basics of Quantum Mechanics. Having
consummated for example Susskind’s book, this chapter is accessible.
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Remark: On page 4 in paragraph 1.3 reference is made to the Schrodinger equation. The
equation number should read (1.6) instead of (1.8), a printing error.

On top of page 5 Eq. (1.15) is given: b, = [ d3 rf (1), (7). | think this Eq. should read

b, = [ d3rf ()¢, (). Then you will find with Eq. (1.12), after substitution of Eq. (1.14) in
the latter expression for b,,, b,, = b,,.

In paragraph 1.52 on The Heisenberg Representation, Eq. (1.59) should read:

Yi(r,t) = (r,t = 0)eth/h,

Homework:

Homework 1,2.
Exercise 1. Prove that

etae™ = a+[Lal +[L [La]] + [L, [L,[L, a]]] g

|
where (a, L) are any operators.

r
o X

Use will be made of the Taylor series expansion e* = Y2 gt (C1.1)

After expansion of e“ae " into Taylor series of the operators, the above sum of
commutators can be found. Well, this is not exactly a proof. It is a demonstration that the
expansion works. How to prove it in a more formal way? That is not so easily done.

Taking a close look at the expansion in commutators for example the third expression of the
commutators on the right hand side, you will find

i [L, [L,[L, a]]] = §2i=0 (i) L3~ a(=L)*. This indicates a general expression for the nt"

expression: %[L, v [L[Lal] . ] = % [ (Z) L *a(-L)k, (C1.2)
where the dots on the left-hand side of (C1.2) indicates: L, [ and the dots on the right-hand
side: ].

Now something can be done with induction. So we assume (C1.2) to be true and then prove
it for n + 1. First, let’s illustrate induction for the fourth expression of commutators:

SlL (L L al]]l = 4 ke (2) L**a(=L)*. (C1.3)
'I_'he left-hand side of (C1.3) can be written as
L, (L, [L [L, a]]]] - [L, [L,[L, a]]] - [L, [L,[L, a]]] L (C1.4)

where we neglect % , since this factor sows up at the left-hand — and right-hand side. With
_L, [L,[L, a]]] =33 (i) L*~ % a(=L)¥, the right-hand side of (C1.4) can be written as:

[ 3\ ;4- 3\ ,3-

L 1L (L L al] |1 = Bheo () 47 a(-0)* = Bico () P a0+ . (cLs)

After some algebra collecting the expressions for k = 0,k = 1,k = 2 and k = 3 we obtain:
L*a — 4L3al + 6L%al? — 4Lal® + aL*. Well, it comes as no surprise, this equals

to (4) L**® a(—L)¥. Induction works here.

k
Now forn + 1:
1 1 n+1 _
[l L [LLal] ) = s ;;;g( ; Lk a(—L)k (C1.6)

Again we neglect .

With (C1.2) the left-hand side of (C1.6) becomes:
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oo (o) L a(=L)* + T () L * a(-1)K+, (c1.7)

where we have included +L into L**17% and —L into (—L)*** . The first term of this
expression (k = 0) gives L"*1q, the last one (k = n) gives a(—L)"*1.

What about the k term? Well, after carefully inspecting (C1.7) you need two terms:

(Z) L"17kq(—L)* and (k ﬁ 1) L=k (—L)k(= (k ﬁ 1) L1k q(—1)%). So, we need

the k term, the left part of (C1.7), and the (k — 1)term, the right part of (C1.7) in order to
obtain equal powers of the operators. So collecting equal powers of the operators, the k
term of (C1.7) finally reads: {(Z) + (k " )}L”“_ka(—L)k. From a straightforward

-1
o+ m+1
procedure the term between {} becomes: PreTeErThe ( K )

n 'l: 1) r+1-k g (~L)* and the last
oneis a(—L)™*1. We know after collecting the terms, this can be written as

n+1 (Tl +1
k=0 k

To summarize: The first term is L™ 1a, the k term is (

) L1~k g(—L)¥. By induction we have proven (C1.6) to be correct.

Exercise 2. If F is any operator that does not explicitly depend on time, show that % =0in

an eigenstate of H with discrete eigenvalues.
With Eq. 1.52 we have %(F}(t) = %([H,F]) . For the time independent Schrodinger

equation we have with eigenvectors |E;) and eigenvalues ¢;: H|E;) = &|E;). The
eigenvalues of the Hermitian operator H are real. So Eq. 1.52 can be written as:

A .
a<F>(t) = %([H,F]) = %(Ejl[HF—FH]lEj) = %(Ej|ej(F—F)gj|Ej) =

L&
= 1 (B|(F - P)|E).
And (| (F - F)|E}) = 0.

Remark: In the above exercise we learned that for any operator not explicitly depending on
time the time derivative is zero in an eigenstate of the Hamiltonian operator with discrete
eigenvalues. In addition, we can add this applies also for a more general state when the set
of eigenvectors is complete. The general state vector |A), say, can be expanded in the

eigenvector base. Then again: %(F)(t) = %(AI[HF — FH]|A) = 0. Note: |A) can be written
as: |[A) = Y a; |E;) and (A|[HF — FH]|A) = X(E; |aj&;(F — F) X & o | E;).

2. One Dimension.

This chapter is about the one-dimensional Schrodinger equation, the square well, the
harmonic oscillator and various types of potential all leading to exact solutions.

2.1 Square well.

Remark: In section 2.1 Mahan introduced the expression: binding energy. It is clear that
there is a direct relation between binding energy and de eigenvalues.

Mahan started this section with the square well of infinite positive potential- “walls” and
width a. Inside this well, 0 < x < a, the potential V(x) is zero.



. . . h? a2
The Schrodinger equation Eq. (2.3) is: (ﬁﬁ + E) Y =0.
The boundary conditions are: ¥(x) =0,atx =0andy(x) =0atx =a.
No solutions exist for E < 0. Mahan gives the physical meaning of this statement. The
mathematics are: for E < 0, the solution of the above wave equation is similar to Eq. (2.27):
PY(x) = Cie ™ + (e .Soforx =0,
C; = —Csandforx = a, C3(e™* — e*) = 0. With a # 0, C; = 0: no solution for E < 0.
As mentioned above inside the well the potential V() is zero. This is not of vital
importance. We could have set inside the well V(x) equal to a positive value, V; say, or a
negative one, I/, say. In the first case, V;, to find solutions —V; + E > 0 and in the second
oneV, +E > 0.
The second example is equivalent to the first.
The third example is for a potential well/box V (x) given by Eq. (2.23) and Figure 2.2.
V(x) =ocoforx <0,V(x) =—-V,for0 <x <aandV(x) =0fora < x;V,is positive.
Mahan discussed bound states first. A bound state describes a system where a particle is
subject to a potential such that the particle has a tendency to remain localized in one or
more regions of space. Caveat: in Eq.(2.24) it is less confusing to write p = pp for bound
states with eigenvalues E = Ej.

Again for x < 0, ¥(x) = 0.

In the region a < x with V(x) = 0, the Schrédinger equation is (%;—; + E) Y = 0.

With E < 0, bound states, the eigen function decays exponentially. For 0 < x < a the
Schrodinger equation is (%;—; —-V(x)+ E) Y =0, where V(x) = =V,,and Vy + E > 0.
With V, + E > 0 the boundary conditions can be fulfilled and the general solutions are given

by Egs. (2.25) and (2.27). A bound state is found for 0 < E + V; < V,. Mahan found a
2
h In Eq. (2.36) Mahan defined the

2ma?’

minimum eigenvalue E > -V, + %ZEQ with E, =
strength of the potential: g% = Z—Z and he introduced a dimensionless binding energy ¢
through E = —¢V,,. Plug e and g% into E > —V, + %zEa and we obtaine < 1 — (%)2. Then
with € > 0 the expressionforeis0 < e <1 — (%)2. Now we see that the smallest or

minimum binding energy is found for ¢ — 0, then g = g This is also the minimum value for

g or minimum critical value g, as represented by Eq. (2.38). Mahan derived the minimum
value of the coupling strength g, with help of Eq. (2.37).

In the middle of page 20 Mahan writes:”...the two equations in (2.24)-2.26), except now
a? = —k? < 0. “This is confusing. a is related with bound states E and k is related with
continuous states Ej. So a? # —k2.

At the bottom of page 21 Mahan used the expression “unrenormalized”. | was not aware

Mahan has discussed the subject of renormalization.

The fourth example with constant potentials discussed by Mahan is, when a particle reflects
at a barrier. The transmission is discussed for a particle entering from the right and from the
left (Fig. 2.4). The equations derived by Mahan are extended to the transmission and
reflection of a barrier of any shape and thickness. In Fig. 2.5, the fifth example, a barrier of
any shape(height) and thickness is represented by a grey box. | think to find expressions for

7



R;, Tr. , etc, expressed in the amplitude of the incoming wave and the wave numbers k and
p, the geometry of the barrier has to be known. In the text below Figure 2.5 the equations
for the fifth example are the same as for a step function potential.

Fig. 2.5 consists of two parts: (a) and (b). The text below Eq.(2.72) : “In figure 2.5b, take the
complex conjugate of the wave coming from the left”. Looking at what Mahan did, the
complex conjugate of the left incoming wave in Fig. 2.5(a) is taken, given in Eq. (2.73).
Furthermore Mahan stated: “Since Schroédinger’s equation is invariant under complex
conjugate operation....”. The Hamiltonian is invariant too?

In addition Mahan mentioned: “In fact, the complex conjugate is the time- reversal
operation....”. Is there a time reversal operator? Time is not explicitly present.

Mahan constructed the complex conjugate by multiplying the two eigen functions
representing the particle entering from the right and the left by R; and T;; respectively.
Why these two coefficients? | will come back to this question later on.

From the resulting equations he derived for example: Ty, = %TLR, Eq.(2.81).

Now, look at Eq. (2.70) example four, there wesee: T' = %T. This is the same as the result

in Eq.(2.81), example number five.
Let us return to example four and use the same procedure as used in example five. We do
not use the matching at x = 0. We find:

forx < 0: I* = |R|* + T*T’ (c2.1)
and R*=R*[.Sol =1,and [* = 1;
forx >0:T'"R"+R'T =0 (C2.2)

andT*=T*I'.Sol' =1,and |I'|" = 1.
Now we look at the conservation of currents.
For a particle entering from the left, with the notation of Mahan:

vp|T|2 + v |R|? = vi |2 (C2.3)
For a particle entering from the right:
v |T'|? + vp|R’|2 = vp|I’|2. (C2.4)

With I* = 1, Eq. (€C2.1) can be written as 1 = |R|? + T*T’ equivalent to Eq. 2.77.
Eq. (C2.2) can be written as: R' = — %T being equivalent to Eq. 2.82.

With I = 1, (€2.3) and the notation of Mahan: |T|? = S(l —|R|?) (c2.5)

equivalent to Eq. 2.79

With I’ = 1, (C2.4) and the notation of Mahan: |T'|? = %(1 —|R'|®) (C2.6)
equivalent to Eq. 2.80.

The above equations give the solution |T'| = £|T|, equivalent to Eq. 2.77.

From Eq. (2.53) we learn with the assumptions E > V, and V, > 0, k? to be larger than p2.
What does that mean for R and T with I = 1given in Eqgs. (2.56) and (2.57)? Well, it looks
like T is larger than one. What is the physical meaning of that? Does the particle wave, the
transmitted one get a kind of boost from the positive potential step?

Above | raised the question why Mahan used the coefficients R; and Tk to construct the
“time-reversed state” ;. With the amplitudes of the incoming waves from the right and
from the left equal to unity and equating ] equal to Ay, + By the general coefficients
are found to be A = R} and B = Ty, . Use has been made of the equations (2.71), (2.72) and
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(2.73.). Furthermore for x > 0, the coefficient of e??* in the expression for Y; is forced to
zero. Consequently R/ T, + T/ Rg = 0. This leads directly to Eq. (2.82). See also Eq.(2.76).

Homework 1, 2, 3,4, 5, 6, 7.

Exercise 1.

Derive the numerical value in eV for the bound-state energy E of an electron in the one-
dimensional square-well potential:

—Vy for |x| <b
Vi) 2{ 0 for|x|>b
where b = 1.0 A and V, = 1.0 eV. What is the critical value of coupling strength g. for
this potential?
To begin with: when the potential is symmetric, the eigenfunctions are either of even or
odd parity(Mahan, page 17). Even parity eigenfunctions are in this case cosine functions.
Odd parity eigenfunctions are sine functions. The Schrodinger equation:

for |x| < b: & w(x) + B%P(x) = 0and B2 = =— (VO + E). This gives the solution for
Y(x) =C; sm(ﬁx) + C,cos (Bx) (C.2.9)
for |x| > b: & w(x) a?yP(x) = 0 and a2=—2h—TE.

Y(x) = C3e‘“x + Ce™ orp(x) = Cze~%1 | (C.2.10)
Now we start with even parity eigenfunctions:

So |x| < b: Y (x) = Cycos (Bx) and (C.2.11)
|x| > b: Y (x) = Cze~**| 1 vanishes for x — oo. (C.2.12)

We match both functions and their derivatives at x = b (matching at —b creates no new
information): with Egs. (C.2.11) and (C.2.12) :
C, cos(Bb) = C3e~%? and C, [ sin(Bb) = Csae®’. Dividing this two expressions leads to the

2
eigenvalue equation: tan (fb) = E or tan ( °+E) = ’m and E, = Z:Lbz

exist for =V, < E < 0. So, the tangent function is positive: 0 < /E+V° < =. The left-hand

side of this expression produces no new information. The right-hand side leads to
E<—Vo+ZE,. (C2.13)
The lower bound state can be found for E > —V,,. The upper bound state is given by Eq.
(C2.13). What about the factor ”TZEI, ? Let us look at the numerical value. Using the mass of

the electron we have: E;, = 3,75 eV. Bound state can be found for:
—1 < E < 8.24 eV. The upper bound is positive, consequently, —1 < E < 0. Well, this
could have been said on beforehand. Are there bound states actually? Look again at Eq.

2
(C.2.13). We alsohave =V, < E < 0.S0 =V, < E < -V, + 7T—Eb. This is inconclusive.

Using E = —eVyand g2 = == the eigenvalue equation tan (\/ 0+E) = m can be written

as:tan (yg?(1—¢)) = ’E . The critical binding is found for € — 0. Then tan (g) = 0 and

the minimum value of g, = 0.



g is defined as g2 = Z—o With numerical values: g2 = # org =0.52

b .
Now we apply the odd parity eigenfunction:
|x| < b:yY(x) = C; sin(Bx). (C.2.14)
Again we match both functions and their derivatives, Egs. (C2.14) and (C2.12),at x = b
(matching at —b gives no new information): C; sin(8b) = Cze~*? and

C.f cos(Bb) = —Czae® . Dividing these two expressions: tan (8b) = —g.

2
Then the minimum eigenvalue is found from /% > gor E>-V,+ %Eb. Plug in the
b

numerical values and E > 8.24 eV. Since E has to be < 0 we conclude: no bound states. The
potential well is too shallow.

What about the critical value of the coupling strength g.?

g is defined as g2 = ;—0 With numerical values: g2 = 3—1750rg = 0.52.

b .
For the odd parity eigenfunction we can use the minimum coupling strength or minimum
potential strength g., given by Eq. (2.38), g. = g Consequently g < g. and there are no

bound states.
What conclusion can be drawn? Only a bound state of the even parity type?
Well, according to Fitzpatrick, no odd parity bound states can be found for g < g..

Exercise 2.
Make a graph similar to Figure 2.8 of the solutions of Eq. (2.37) over the range of

0 < g < 10. Show that new bound state start at g.,, = t(n + %).

Remark: | think Figure 2.8 should read Figure 2.10 after reading the text.

As given by Mahan, the eigenvalue equation Eq. (2.37) can be solved for various values of g
using graph paper or with help of a computer.

The lowest bound state started at g, = g

Eq. (2.38) states that the eigenvalues start at the following critical values: g, = E(Zn +1) =

T (n + %) | think that Eq.(2.33) also gives the maximum eigenvalue. So, Eq.(2.34) becomes

2
n(n+1) > /"‘;—+E>§(2n+1).50—vo+n215a >E > —Vy+ = E,.
a

By computing, numerical or graphical, the solutions of the eigenvalue equation

1- . .
tan/g?(1 —¢) = — /Tg for the various values of g, you can check the critical values of

g =G =1(n+ %). An eigenvalue by inspection: € = 1. This eigenvalue is found with all

calculations. For g > gyou will find additional values for €.

For example: g = 2,wehave e = 1.02and e = 1. Forg = S?n, you will find for
£:0.508,0.875 and 1 (With help of WolframAlpha).
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Exercise 3.

A particle in a one-dimensional square well of infinite sides is confined to the interval
0 < x < L. The eigenfunctions are given in Eq. (2.19). Prove the relation

Y1 ()P (x") = C6(x — x') , by evaluating the summation, and determine the
constant C.

So prove %Z,‘f:l sin (nLLx) sin (%) =C6(x —x"). (C.2.15)

For the left-hand side of (C.2.15) we write:

P 1 —inm(x—x") inm(x-x") inm(x+x") —inn(x+x")

TXn=oz(e L te L —e L —e L

Change the sign of n in the first and fourth term in the above expression, then we have:
1 inm(x—x") inm(x+x")

Tlne-w(e L —e L ). (c.2.16)

We use the delta function representation? for the expression in (€2.16) and obtain, using

5[ ] = Z8(x — x') (Dirac), :
%T(S(x —-x")—-8(x+x")).

We know 0 < x < L. Likewise, 0 < x’ < L, consequently
6(x +x") = 0for0 < x < L. This finally leads to:

2w . ! ,
f2”=1sm (nLﬂ) sin (?) =38(x—x").SoC = 1.

r(x—x")

Exercise 4.

For the potential shown in Figure 2.1, prove Eq. (2.51) by doing the integral. Y, and sy are
the bound and continuum eigenfunctions.

Remark: | think Figure 2.2 is meant, since figure 2.1 illustrates bound sates only.

The integral for orthogonality reads: 0 = fooo YpYy dx, Eq.(2.51). This equation is correct for
real wave functions. In general, the orthogonality relation is given by Eq.(1.12). Then

Eq.(2.51)is 0 = [, Wiy dx.
The bound states are given by Eq.(2.29):

0, x<0

Yg = {Cl sin(pgx), 0<x<a

Cze™ %, a<x
The continuum states are given by Eq.(2.42):

_ a; sin(pgx), 0

Wi = {Dsin(kx+ §),a<x
Mahan used 6 as a phase shift in Eq.(2.42). To find out about the continuum- and bound
wave functions to be orthogonal we calculate the constants C,, etc. of the wave functions.
For the bound states the procedure to find the constant by means of normalization is rather
straightforward as shown by Mahan.

. . 2
C, is given in Eq.(2.244): C; = v2(a — S‘“(ZZI‘;’B” + S PRy 172, (C.2.17)
where p and a are given by Eqgs.(2.24) and (2.25).
With Eqg.(2.30): C; = C;sin (pga)e®@. (C.2.18)

For the continuum states delta function normalization is used, discussed in section 2.8.3 by

18(x —a) = iZ;’f:_oo ek(=a) Algebraic and Analytical Methods, www.dlmf.nist.govn
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Mahan. The delta function is represented by:
2md(k — k') = [ etk gy,
In section 2.8.3, Mahan derived the normalization constant D = 2. So, with Eq.(2.47) we find

sin (ka+6)
—— (C.2.19)

Now with the constants for the wave functions we can try to prove :

0=, Wpdx.
“All solutions of the Schrodinger’s equation must be orthogonal to all others with the same
potential energy function”, Mahan page 22.
We have the expressions for the wave functions. So let us find out about the orthogonality.
Is the following equality true:

0= foa C, sin(pgx) a; sin(pxx)dx + faoo C; e **D sin(kx + §)dx . (C.2.20)
The first integral is reads:
Gag (1 _ _ -

> (ps—pk sin(pg — pr) a o Sin (pg + Pk)a)- (C.2.21)

The second integral in (C.2.20) is evaluated by means of integration by parts.
This results into:

1+ E—j) fam e ™ sin(kx + §) dx = %e_a“(g sin(ka + 8) + cos(ka + 8)).

fora;:a; =2

Caveat: with Eq.(2.26) and Eq.(2.41) we could find (1 + i—j) = 0. However, keep in mind for
a bound states E = Eg < 0 and for k continuous states E = E; > 0.

Substitute the integral f:o... and (C.2.21) into (C.2.20) and find out whether the right-hand
side of (C.2.20) is 0. To this end we use Eq.(2.30), (C.2.19) and D = 2.

Cisin (ka+6) . _ _ 1 .
sin (pka) (pB—pk Sln(pB pk) a PB+PK Sin (pB + pk)a) +
2kC, sin(pga) a . -0
t— gz (k sin(ka + 8) + cos(ka + 6)) =07 (C.2.22)

We divide (C.2.22) by C; and sin (ka + §), both # 0, then we have
1 . 1.

e (pB_pk sin(pp — i) a = -——sin (pg + pk)a) +

4 2ksin(ppa) (E + cot(ka + 8)) =07 (c.2.23)

k2+a?2

Substitute into (C.2.23) - (11a+8) = %ktan (1pka) , Eq.(2.49), and multiply by sin (pya)

1 1 . 1 i
sin — pr)a) — sin + pyla)) +

i oo Goopr Sin((P — Pr)a) — ———sin((pg + p)a))

We are still trying to find out whether this expression is zero.

Rewrite this expression by expending the two first sin functions:

2k sin(pga)
kZ2+a?

(% + +cot(ka + 9)) .

Pk sin(pga) cot(pxa)—pgcos (pga) , 2ksin(pga) (a _ a5
P e (i + cot(ka +8)) = 0 (C.2.24)
2 .2
What about the factor —((i]23+312()) ? Back to some physics. With the Egs. (2.24), (2.26) and (2.41):
(PB-PR) _

e —1. Substitute this result into (C2.24) :

(pk sin(ppa) cot(pxa) — pg cos(ppa)) +
—kssin(pga) (cot(ka +6) + E) =07 (C2.25)
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1 _ Px 1 . - .
Now T ard) — k tan o) Eq.(2.49). Substitute this into (C2.25) :

sin (pga) ____ sin(pga)
K tan (pra) pg cos(ppa) — Pi tan(pra)

Well, this results into: tan(pga) + %B = 0? Eq.(2.30): it is zero indeed and
0 =[5 Wpydx.

— asin(pga) = 0?

Exercise 5.
Consider in one dimension the solutions of the Schrodinger’s equation for the half-space
problemand Vy, > 0:
V=o,x<0
V(x)=3V,,0<x<a

V=0x>a
Find an expression for the phase shift §(k) for the two cases (a) 0 < E < V, and
(b) Vo < E.

a) 0 < E <VyandV, > 0. “Bound states”. These are no real bound states.
0<x<a:

2
Schrédinger’s equation: % —a?P(x) =0anda? = Zh—rzn (Vo — Ep).

The general solution is Y (x) = C,e™* + C,e™*.

Forx =0,V(x) = o, soy = 0 and we have C; = —C,.

The wave function is Y (x) = C;(e™** — e**)= —2(;sinh (ax). (C.2.26)
x> a:

d?y(x)
dx?

Y(x) = a;sin (kgx + 6) and kg =

+ Egy(x) = 0. With general solution expressed with help of phase shift §:

2m
h—zEB .
At x = a the wave function (C.2.26) and its derivative are continuous:
—2C, sinh(aa) = a;sin (kga + §), (C.2.27)
—2aCy cosh(aa) = kga, cos(kga + §). (C.2.28)
tanh (aa) _ tan (kpa+$§)
= pr—
The phase shiftis § = —kga + arctan [%B tanh(aa)]. (C.2.29)

b) Now I, < Ej. Continuous states.
0<x<a:

Divide these two equations and we have

Schrédinger’s equation: % + p?yY(x) = 0and p? = Zh—rzn (Ex, — Vo).
For x = 0, we have Y = 0 and ¥ (x) = a, sin(px).
xX>a:

the wave function is (x) = D sin (kix + y) and ki =

2m
h_zEk'

At x = a the wave function and its derivative are continuous:
a, sin(pa) = D sin (kxa +y),
a,p sin(px) = Dkj.cos (kya+7v) .

13



o e . . k
Again, divide these two equations and we find fan(pa) _ tan(k"aﬂ/).
k

The phase shiftisy = —k,a + arctan [%tan(pa)].

Exercise 6.
Consider a particle of energy E > V,; > 0 approaching a potential step from the left.
The Hamiltonians in the two regions are:

pZ

— ,x<0
2my,

pZ
+Vy, x>0
2mpg
where m; # mg and V(x) = V,0(x). @(x) is the Heaviside function.

Find the amplitude of the transmitted (T) and reflected wave (R), by matching at x = 0 the

amplitude of the wave function and the derivative L 2% _ 1 AR op o that this choice of

mp dx mgr dx

H

matching conserves the current of particles.
2

Forx < O:dd—:;L+E1pL =0,and k? =

Theny, = Ie™** + Re~kx,

2miE
nz -’

2
Forx > 0: dd;sz + (E —Vo)r = 0,and p? = %(E — Vo).
Thenyr = TeP* Now at x = 0, 1, = P and
I[+R=T. (C.2.30)
Furthermore: L a6 _ 1 ddg atx = 0 and
my dx mpgr dx
k - P
(U —R)=-"T. (C.2.31)
With (C.2.30) and (C.2.31) we find:
R = | Xmr—pm, (C.2.32)
kmgp+pmy,
T = 2] —"R (C.2.33)
kmgp+pmy,
Now we check the matching of the derivatives by calculating the particle currency given by
PR S
Eq.(2.58):j = - [Y ™ Y ™ ], the current operator.
The incoming particle: 1;(x) = Ie™**, then j; = rhn—k |1]2. (C.2.34)
L
The reflected wave : 1, = Re ™% then j, = —Thn—k |R|?. (C.2.34)
L
The transmitted wave: Y, = Te'*, then j, = :l—p |T|2. (C.2.36)
R

With j, — j,. = j; and the equations (C.2.32)-(C.2.36) we indeed find the proposed matching
condition justified.

Exercise 7.

A particle of mass m moves in a one-dimensional square-well potential with walls of infinite
height: the particle is constrained in the region L /2 < x < L /2.

a. What are the eigenvalues and eigenfunctions of the two lowest states in energy?

b. What is the expectation value of the energy for a state that is an equal mixture of these
two states?

14



c. For the state in (b), what is the probability, as a function of time, that the particle is in the
right-hand side of the well?

a)

b)

See Mahan page 17. The wave function:

n(x) = \Esin [en (x+3)]. (€.2.37)

h2k3

with k,, = nL—n, and E, =

ot = [1oin (1) os (1) con(25) s (2]

As we see, the boundary conditions are fulfilled.

Y, (x) = \/%sin (nLix) n is even, (C.2.38)
Yn(x) = \/%cos (nLix) n is odd. (C.2.39)

The eigenfunctions are:

wl(x)=fcos( )and wz(x)—\/: (sz), (C.2.40)

The eigenvalues are, Eq. (2.12) and (2.13):

hZn?
ami2’ and EZ = 4‘E1 (C.Z.41)

The expectation value of the energy for a state that is an equal mixture of the two
states in (C.2.40).

The mixed state: ¥, = a(i,1(x) + P, (x)). The factor a is found by normalization.
21X
Y = \/_[cos( )+sn( )]

f_LZjZ | |? dx = 1. Substituting the two wave functions (C.2.40) and we find

1

1=

a = \/_Z
2
So Y, = \/_[cos( ) + sin ( 7er)]. (C.2.42)
The expectation value for the energy:
L/2
f L/2 lpm(_ %E)lpmdx (C.2.43)

So the expectation value of the Hamiltonian will produce the expectation value of the
energy.

Reminder: in Dirac notation of bra’s , kets, eigenvectors and eigenvalues we have

(HY =(Y[H|P) =(VIE|¥Y) = E(¥|¥) =

We substitute (C.2.42) into (C.2.43) and find:

h?5m2
(H) = Zmanz =E,,. (C.2.44)

Wesee (H) =E,, = %(El + E,).

For the state in (b), ¥,,, what is the probability, as a function of time, that the
particle is in the right-hand side of the well, 0 < x < L/27?

It is about time-dependency.

—iEnt/h

So we have to return to (C.2.40) and include e ,wheren=1andn = 2.

With (C.2.42) :
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Y, = %Z [cos (nL—x) e~ tEat/h 4 gin (ZLE) e~ tEa2t/h], (C.2.45)

and

E; and E, given in (C.2.41) .

The probability as a function of time to find that the particle is in the right-hand side
of thewell, 0 < x < L/2,is:

L/2
P(®) = [/ Y mdx.
Substitute (C.2.45) into P(t), you will obtain after some goniometrical manipulation:
_1, 4 (E1—E)t
P(t) = S +5-cos[——].

Hence with two states we will find time dependency for the probability.

2.2 Linear potentials.

In section 2.2 Mahan deals with linear potentials. The Schrédinger equation is converted into
an Airy’s equation.

Below Eq. (2.94) Mahan writes: “The last line shows that the integrand is an exact
differential, which vanishes at both end points. The value of the sine functionast — oo is
not obvious, since it oscillates. However, it is to be zero anyway”. For any unbound state?

In Fig. 2.6 the potential (a) and the wave function (b) is shown. There is no numerical relation
between (a) and (b) . The energy level in (a) is not an eigenvalue. It illustrates the point
where z = 0, the turning point.

Homework 8.

Exercise 8.

Derive an equation for the eigenvalues of the potential V(x) = F|x|, where F > 0 for values
—00 < x < 00,

So we have a wedge, ramp, type symmetrical potential well with infinite walls.

Schrédinger’s equation is %dz;fc(zx) + (—F|x| + E)Y(x) = 0.

Keep in mind: “When the potential is symmetric, the eigen functions are either of even or
odd parity”(Mahan).

We use the transformations of Eq. (2.85) and (2.86):

h2
Xo = (%)1/3 ,

5 = PIZE/F
Xo
2
Schrodinger’s equation reads: (% - z) Y(z) = 0. Thisis Airy’s equation and the solution is
x|-2
Y(2) = CAI(=D).
0

The eigenvalues of the eigenfunctions for 1 (x) with odd parity are found with:
Y(0)=0= ClAi(x_—E) . The allowed eigenvalues for odd parity are:

OF
z, = —2.3381,4 = —4.0879, z, = —5.5206,z5 = —6.7867, etc.

The eigenvalues of the eigenfunctions with even parity are found with:

E
x|—= .
£Y, atx = 0. The allowed eigenvalues are:

W - 0=2L4i(
dx dx Xq
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7z, = —1.0188,z3 = —3.2482,z; = —4.8201,z, = —6.1633, etc.

The above values for zeros z,, can be found from tables (Abramowitz and Stegun) or with
help of WolframAlpha. Also a few values are given by Mahan page 29. As in the example
given by Mahan for linear potentials z, < 0, consequently E,, (= —x¢Fz,)) > 0.

2.3 Harmonic oscillator.

Remark: On top of page 30 Mahan mentioned the question about the polynomial as a
solution to the Hamiltonian on page 29. Solution to the Hamiltonian or the solution to the
Schrodinger equation?

Mahan gave the eigen values and eigenvectors(functions) of the Schrédinger equation in the
Egs. (2.107-2.109). “A differential equation is a mathematical problem that is incompletely
specified: the boundary conditions are needed to completely determine the eigenfunctions”,
Mahan. Which are the boundary conditions for the harmonic oscillator where the potential
exists over all space? The potential is a symmetric function, consequently we find even parity

eigenfunctions for % = 0, at x = 0; odd parity eigenfunctions are found for ¥(0) = 0. In

addition, for x = oo, V(x) — o0, so Y(x) = 0. Do these conditions produce the Hermite
polynomials, the eigenvalues and the eigenvectors(functions) as solutions? Or are there just

the Hermite polynomial’s for n = %(en -1)?

Schrédinger’s equation is:[;l—;2 - &%+ e] 1 = 0. Now we substitute the Hermite polynomial
for the bound state ¥,, = Can(é)e‘fz/2 into the Schrodinger’s equation and obtain:

—H, — ZE% + d;;" + ¢,H,, = 0. The constants drop out of the differential equation.
With help of Eq.(2.112) we rewrite the differential equation.

dd_an = 2nH,,_,. Consequently: d:;” = anlz—”f'l = 4n?H,,_,. We substitute this result into
—Hy — 2§52 + % +e,H, =0 and obtain (e, — 1)H, — 4n(§H,_, — nH,_,) = 0.

With help of equation (2.111), éH,, = %Hnﬂ + nH,,_4, the equation for the eigenvalues
is €, = 2n + 1. So the Hermite polynomials are solutions to Schrédinger’s equation. The
constant C, is found by normalization : 1 = ffooo d&y, P, and orthogonality is found by
0= ffooo d&;; ;. This can be written as §,,; = ffooo d&;; ;. With help of generating
functions C; is found and equals N,,. This approach differs from what has been written on

page 31 and 32. It differs indeed. Mahan writes on page 31: “Generating functions are useful
for evaluating integrals of harmonic oscillator functions. They will used to prove (2.115):

Iy = [*, A&y, (OP,(€) = NN, [° dEH, (D) H (§)e™*" , Eq.(2.118)". | assume Mahan
means to prove the first part I,;; = ffooo d&y,, (E)Y,(§), since the second part represent the

integral of the wave functions in terms of Hermite polynomials. So, the second equality sign
is an identity. | further assume I,;; to be the unity matrix. So, what is Mahan basically doing? |
think to prove I,;; = &,;. This is what he concluded on page 32. | think this is quantum

mechanics upside down. &,; = ffooo d&, P, is part of the physics: the probability to find a
particle in the whole interval is 1. Furthermore, the bound states are orthogonal. Even
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orthonormal after normalization.
Mahan derived Eq. (2.124): fjooo dEHn(E)Hl(E)e‘fz = %. Well, plugging into this equation

the unknown constant C,, we have ff’ooﬁlpn(f)t/)l (&)d¢é = NS’;V’ ,
ntl 1Nn

concluded by Mahan: “....., and also derives the value of the normalization constant N,,”.

2
:_52 — &2 4 g] Y = 0.Playing with

and C,, = N,,. This is

Let’s have a look once more at Schrédinger’s equation is:[
WolframAlpha you will find forn = 0,& = 1:
Y = Cyvme=$ 2erfi(§) + CLe~$°/2, where erfi(§) = \/Z—Efofetzdt. Consequently C, = 0

and C; = Ny. So ¥, = NoHoe$7/2, even parity.

Forn = 1,& = 3 a solution is produced which is not so easy to recognise:

Y, = C,D_, (i\/if) + C,D;(\/28). The D,,-functions can be found in Whittaker and Watson.
There, the relation with the Whittaker function Wy ; can be found. Abramowitz and Stegun
list the Whittaker function too. Again in the above expression for y; , C; = 0 and

W, = N, 28e7$7/2, odd parity.

Forn = 2,e = 5, WolframAlpha produces again error functions and a Gaussian function, the
wave function ), is of even parity.

Susskind found the entire energy spectrum, eigenvalues, without solving the differential
equation. Based on the sometimes called ladder operator developed by Dirac. Susskind did
not solve the differential equation. On the other hand he just proposed as ground state a
Gaussian distribution and found in this way the lowest ground energy E,, .

At the bottom of page 31, above Eq. (2.119), in the line on the two generating functions

e‘fz, has to be included. See Eq. (2.121).
Now we will pay some attention to deriving Egs. (2.128) and (2.129).

We write Eq. (2.111) as ¢H,, = %Hnﬂ + nH,,_4, Eq.(2.127). This equation is converted into

eigenfunctions by multiplying Eq. (2.127) with the appropriate factor given in Eq. (2.108).
Then on the left of Eq. (2.127) appears &, . On the right appears N,, exp(—¢&2) with the
Hermite polynomials

Mahan converted N,, on the right of the resulting equation to N,,,; and N,,_; respectively
with help of Eq. (2.109).

The result for N, is: N, = +/2(n + 1)N,,;, , and for N,,_,: N,, = \/;Nn_l. We use both

expressions for N,,. N, 1 with H,,,; and N,,_; with H,,_;.

Then N,nH,_, = \/%Nn_lHn_l and Nn%Hn+1 = nTHNnHHnH, where we left exp(—£&2)

out of account on both sides of these expressions. In using Eq. (2.108) for the right hand side
of Eq. (2.127) with the above expressions including exp(—¢&2) you will obtain Eq. (2.128) and
consequently Eq. (2.129). The latter equation is given in the Dirac notation.

Nota bene: keep in mind, by converting N,, to N1, we used Eq. (2.109) and
Npyy = W + D127 2 = [2(n + DVR(mD)2"]~ 72 = [2(n + 1)]” /2N, , etc.
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With Eq. (2.129) Mahan derived the matrix element of Eq. (2.125) (n|x|l) . In Eq. (2.130),
e.g,0p41 =1forl+1=mn,orl=n-1
In order to derive the Hamiltonian, expressions such as £?|n) are needed. The basis for that

is Eg. (2.129). For the Hamiltonian we need also the derivative 4_14 .
dx Xo d&

In Eq. (2.136) we find ;—an(z 2nH,,_,) by differentiating H,, given in Eq.(2.113) and using
Eq.(2.111).

Like we did for the matrix element of x, Eq. (2.139) for the matrix element for p is
constructed. For the Hamiltonian we need the second derivative of the wave function. |
consider the subscript of the Kronecker Delta in Eq. (2.140) a bit confusing.

Finally, Eq.(2.144), the eigenvalues are found: E,, = hw (n + %) To me the relation between

the boundary conditions for the differential equation of the quantum harmonic oscillator
and the eigenvalues is not clear.
By plugging y,, of Eq. (2.108) into the Schrédinger equation, using Egs. (2.110)-(2.112) you
can find the expression for €, at £ = 0.

Nn

. . d d
First derive d_g‘l/)n : Ewn =—¢Y, +2n N
To find the second derivative differentiate this expression once more and we arrive at:

1,—1 Where use has been made of Eq. (2.136).

d? d Np, &

d_le/)n ==, — fEl/)n —2né No s Yn_1 +4n(n — 1)Nyez H,_,. (C2.46)

This expression can be rewritten with help of the recursion relation Eq. (2.111):

&y __t

Hn—p = n (n Hr 2(n-1) Hns 2(n-1) H -

With Eqg. (2.108), (C2.46) and (€2.47) we have for Schrodinger’s equation:
d Nn -1 Nn

~Pp (20 + 1) = &y = 208 g + 487 =y — 205 nys — E7YPn + £y = 0.
dé Np-1 n Np+1

For even parity,ip,, # 0, at £ = 0, this this gives: ¢ = 2n + 1.

(C.2.47)

Homework 11, 13, 14.

Exercise 11.
Find the exact eigenvalues for the potential
0o x <0
vV =11
(x) EKXZ x>0

Hint: With a little thought, the answer may be found by doing no derivation.

A little thought:

For the above potential function we have ¥ (x) = 0 atx = 0.

Mahan dealt with the Schrédinger’s equation in section 2.3: the Harmonic oscillator. There

. L Kx? . . .
the potential function is V(x) = Txfor —o0 < x < oo, A symmetrical potential function

where we can find odd parity and even parity wave functions. The general solution is given
in terms of Hermite H polynomials. In this exercise we do not have a symmetrical potential
function and the boundary condition is: 1)(0) = 0. And this is the only boundary condition at
x=0.

From the recursion relations we have %HnH(O) = —nH,,_; and H; = 0. Furthermore

Hy(0) = 1 and H,(0) = —2. So we learn for n is odd and nonnegative ¥»(0) = 0, and n is
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even P (0) # 0. Use has been made of the general solution for

P (&) = NyH, (§)e /2, Eq.(2.108), and N,, # 0.

The eigenvalues are E,, = hw(n + %) for n is odd.

| do not know whether or not | gave sufficient little thought. Well, look at this problem from
a different perspective. We have the harmonic oscillator and the infinite potential “wall” at
x = 0. So, we know 1 (0) = 0. The boundary condition leading to odd parity solutions for
the wave function. Consequently, we can mirror the oscillator at x = 0. Picture that and we
immediately have the exact eigenvalues for the mirrored situation:

the eigenvalues are E,, = hw(n + %) for nis odd.

Exercise 13.
Evaluate the following integral for the harmonic oscillator using generating functions:

My, = f_oo dxy (x)xp;(x).
Evaluate to prove something? To prove what?
M,,; is the matrix element of the observable represented by the position operator. To

evaluate means: find % (Vb e1 +/(+ 16117

As Mahan writes: “Generating functions are useful in evaluating integrals of harmonic
oscillator functions”. In the section of the harmonic oscillator Mahan evaluated the matrix
element (n|x|l) = M,; of the position operator. This is done with the Dirac approach with
bra’s and kets.

a). We could follow the procedure of page 31 for the normalization.

1 X 1
G () = 7= () = 729 ().
Then we evaluate the integral M,;; = x, ffooo déy, (§)&Y,(&) using generator functions

With the Hermite polynomials this becomes: M,;; = xoN;N,, fjooo déH, (S)EHI(E)e‘fZ.
Using Egs.(2.109) and(2.111) the integral becomes:

[} N +1 Nj_ l &2
My, = N|N, f_oo d§[Hy ;,T /TH1+1 +Hn1i,_ll\/;Hl—1]e &

Now we make use of: f_oooo d¢H, (E)Hl(f)e‘EZ = :LNI. Then we find for the matrix element:
1Nn

My = 2 [VTH 18,141 + VI8ny1], oF My = % [Vi6y 11 + V1 + 16,,,_1]. Well, this is

Eqg.(2.130). Did | use generating functions or not? See the discussion in the above section 2.3
on the harmonic oscillator.
b).On the other hand we could proceed as follows:

We have M,,; = xoN;N, fjooo déH, (§)¢H,; (f)e‘fz. Multiply both generating functions,
Egs. (2.119) and (2.120) and include fe‘fz. Then integrate over all £, we obtain with the

oo Znyl Mn
L i NN,

expression for Mp;: Y. = \xo(z + y)e??’. Well, what do you prefer?

Exercise 14.
Evaluate the following integral for the harmonic oscillator using generating functions:

M () = [ dxepy (x) ¢, (x)ei*.
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With generating functions follow the procedure b) of exercise 13.

n,,l
o 2V Mulq) _ /= 2zy+i(z+y)qxo—q?x/4
a) Yo NN, VT '

b) Another approach. We have: M,;;(q) = N;N,, fjooo d¢H, (E)Hl(f)e‘fze"qx"f. For
convenience we substitute: a = igx,. Then:

a2 fo) az
My (q) = N\Npes [ déH, (OH,(£)e~CD" = w5, = e~ T¥0/45,, .

2.4 Raising and Lowering Operators.

Remark: | refer here again to the work of Dirac and the “ladder operator”.

Eq. (2.180): C is found with the selection of A and B.

The operator for finding the observables, energy levels, is the Hamiltonian H which can be
written as Eq. (2.173): H = wh(a'a + %) . So, the raising and lowering operators are acting

together. How to measure their effects separately?

Homework 15, 16.
Exercise 15.
For the harmonic oscillator, evaluate the following (s is constant):
a.[a, H]
b. [at, H]
c.esfge=sH
d.esHqlesH
ad a) For the Hamiltonian we use: H = hw(ata + %).
hw d .
[a, H] = aH — Ha = hw(aaTa - aTaa) = 1’100(acfr - aTa)a = hwa = i &+ d_f) with

& =x/x,.

. hw d
ad b) Similar to ad a): [a, H]= hwa'(aa’ — ata) = hwa' = ¢
sH ., ,—sH _ 1 _sH ayN _—sg _ 1 sH -sH _ o,-sH4H\ _ 1 ..  dH
adc)e®*ae =5€ (f+d5)e =5€ (fe se df)—ﬁ(f S 28"
. W2 d?2 1, 5
WithH = ———=-K

2mdx?2 2

sH 1 —sH:i SsH _i —sH:i SH —SH —st_H :i d_H
add) e*"a'e 7€ (E df)e 7€ (fe + se dg) ﬁ(€+sd6).

Exercise 16.

The squeezed state is the operator (4 is a constant) S(1) = N(/l)elaT. This is also called a
coherent state.

a. Find the normalization constant N (4) such that (0|STS|0) = 1.
I assume N (A1) and A to be complex and S(4) Hermitian.

Now (0[STS|0) = |N|2<0|e’1*‘7‘e’1‘7fr 0>. Since the exponentials are separated, we need not to
apply the Feynman-Glauber Theorem. With help of the Egs. (2.157), (2.160) or (2.182)-
(2.184) we have: My, = |N|2<0|e’1*ae’1aT 0> = |N|?(0]0). Consequently |N|? = 1.
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b. Evaluate the commutator [a, S].
(2"
k!

Aah)” -

Ca) _NEE,
k

exponents of k we finally obtain [a, S] = AN Z,‘;‘;O% (ahk = ANe®" = 2s.

Use has been made of: aa™ — ata = 1 or aa® = a’a + 1. Furthermore use has been made

of induction. In order to prove :

w (D) e (a)" e AR
Yk=1@ o — D=1 o a—ﬂZk,:lm (C.2.48)

For the commutator we write: aS — Sa = N )., a a. Collecting equal

we presume this expression to be correct for k = m and prove that the expression is true for
k=m+1.
So is the following m + 1 expression correct:

m+1 m
a(izz;:l - (A(Clr;)-l-l)! 2= A(Aﬂ) ? Let’s find out. We can rewrite the latter expression by
using aa® = aTa + 1. Then we obtain:

t ™ ™ " "
Aa {a(la ) _ (aD) a} A2al) _ 2(2dl) ? The expression between {} is just the m-th

m+1 m! m! (m+1)m! m!
term of the commutator (aS — Sa), the left-hand side of (C.2.48). This equals according to
A(aat)™

the presumption of induction

. :1‘.1:1 {A((/‘Lr:i)z! 1} _ A(Aj)m )
Rearranging and dividing by A™** we arrive at m(a™)™ + (a")™ = (m + 1)(ah)™.
Etvoila (m + 1)(a?)™ = (m + 1)(aH™.

c. Evaluate the commutator [aT, S].

(m-1)!

Since S is a power series in aT, [aT, S] commute and equals 0.

t(2at)* gt
orats — Sat = ale?d’ — eAa'gt = i (/]1: ) _ (Aak)! “]=o0.

d. Show that §|0) is an eigenstate of the lowering operator a and find its eigenvalue.

So we have to prove aS|0) = 5,5|0), where the eigenvalue is indicated by S,,.

Above(ad. b) we found aS — Sa = AS. Then a$|0) = (1S + Sa)|0). We know a|0) = 0.
Consequently aS|0) = AS]0). We may conclude S|0) to be an eigenstate and S, = A to be its
eigenvalue.

2.5 Exponential Potential.
Both bound states and continuum states are discussed.

2.5.1 Bound States.
In the section on bound states the exponent 8 in the second term in Eq.(2.201) should have the
minus sign.

Homework 9.

Exercise 9.

Derive the equation for the bound states of the potential V(x) = —Voe‘2|x|/a,

forall —oo < x < oandV, > 0.

The derivation follows closely the procedure of exercise 8 with respect to a symmetrical
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potential. Due to this symmetry, the wave function is described by Eq.(2.198). The solution
to this differential equation of section 2.5.1(Mahan) can be used for the eigenvalues of odd
parity wave functions.

The equation for the bound states : Jg (g) = 0,Eq.(2.203). B, g and E, are given by

Egs. (2.195)-(2.197).

The equation for even parity wave functions is found from the condition % =0at x=0.

So :—x][;(ge_|x|/“))=0. With this equation you can also find some additional critical values of

the coupling strength g.. These values are:

ge = 3.8317, 7.0156, 10.1734, etc.(See Fig. 2.10). These values are found with
WolframAlpha and are equal to the values found from J;(g) = 0.

For f # 0, | could only find solutions(with WolframAlpha) for integer values of 3. For
example:

B = 2, we find with J,(g) = 0: g = 5.1356, 8.4172, 11.7960, etc.

2.5.2 Continuum States.
Eqg. (2.210) describes continuum states. Mahan writes: “The prefactor in front is inserted to make
Y (k.x) areal function....”. The wave function in general is not a real function. Mahan wanted to
make the wave function real.
Eq.(2.12) represents a wave going to the left and a wave going to the right. The latter can be
interpreted as a reflected wave due to the infinite exponential potential barrier.
In order to find Eq. (2.213) use has been made of: I'(z*) = (I'(z))" (Abramowitz and Stegun):
the complex conjugate of the gamma function equals the gamma function with complex
argument..
1 1 [F(1+i1()]_1/2
r(1+ik)  |F(1+iK)| ‘r(1-iK)
1 1 [1"(1+i1()]1/2
r(1-ik)  |F(1+iK)| ‘r(1—iK)

Then you will obtain:

’

and

The second term in Eq.(2.212) can also be rewritten using a phase factor:

2 = Wy — 2/ ; H .
TG0 = Tl then e oD | (1 + iK)|. With help of the above expression for
[F(1+iK)| r(1+iK)

i - _ 9y _ L
rax) e can find fory = —KiIn (2) > In [F(l—iK)

y = 6 (Eq.(2.214) and Eq.(2.212) can be written as Eq.(2.215).

On page 44 Mahan writes below Eq.(2.218): “The current j(x) does not depend on x since
all the cross terms cancel to zero.” Well, this is a mathematical argument. A physical
argument is: there is nothing at x — oo that can create a dependency on x.

It is confusing to use 6 to express the phase shift; top page 44 and 53.

Does P (k,x) in Eq. (2.221) represent a real wave function?

]. May be it comes as no surprise:

Homework 10, 12.

Exercise 10.

Find the transmission coefficient of a continuum wave going from left to right for the
potential V(x) = —V e 2¥l/e

23



For a continuum wave we have E > 0 and Schrodinger’s equation is

h? d2y(x) _
——+ (E-V)yYx) = 0. (C.2.49)
E—V =E +Vye 2K/, (C.2.50)

We transform the wave equation with y = e~*¥I/¢ and use the definitions of Eq.(2.206).
We arrive at the following Schrodingers equation:

2
(P +y s+ 92 +K2)po) = 0. (C.2.51)
Now what to do?
First we know that we are considering a continuum wave going from the left to the right. We
might expect the particle wave not to be trapped in the potential sink or well, E > 0.

For x —» —oo0 and V(x) — 0, we can approximate the wave function by 1(x) = Ie***, with
2 _ 2mE

k= = =

transmitted wave, by Y(x) = Te'**. T is the amplitude.

Since no particles are created or disappear |I| = |T|. There only can be a phase factor

between the two waves. Define the transmission coefficient as %, then the coefficient

and [ is the amplitude. For x = oo we can approximate the wave function, the

equals 1. There is no reflection at the potential well.
could we look at the problem in another way? Well, we have equation (C.2.51) . Rewrite this

; 2 4 A iN2.2 2 —
equation as: (y " + Yoy (ig)’y*+K )lp(y) = 0.
We can use Eq.(2.212)-Mahan-for a wave going to the write. Due to the term with ig instead

of g the phase factor changes with a factor —Kim /2 for the incoming wave as well as for the
transmitted wave. So, the transmission coefficient is 1.

Exercise 12.
Consider the potential in one dimension:
h? . . .
V(x)=g Py where g > 0 is a dimensionless parameter and solve for x > 0.

a. Find the solution to Schriédinger’s equation.
b. Derive the phase shift by considering the form of the eigenfunction at large positive x.

Hint: Try a solution of the form v/xJ, (kx) and use the fact that

. 2 T 1
le_)l’g]v (z) = \/;cos [z — E(V + 5)].
2
a) Schrédinger’s equation: (% - ;% + k2> Y(x) = 0, with k? = Z;ZE. Atx =0,9(0)=0
since V(x) — oo. Now there is an infinite potential barrier at x = 0, we may expect at x —
oo with a particle wave going to the left a reflected particle wave similar to the example of
section 2.5.2 (Mahan).

Mahan proposes a solution of the form /xJ,, (kx). After substitution of this particular Bessel
function you will find a relation between v and g.

2
Substitution of z for kx Schroédinger’s equation reads: (% - Z‘% + 1) Y (z) = 0. Playing with
this equation using WolframAlpha for various values of g, for example g = 1/4, you will find
as a solution: Y(2) = C;\VzJ 1 (2) + C/zY 1 (2). (C.2.52)
V2 V2

After playing with various values of g you could guess a relation between v and g. This is
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shown in the table below.

g v v?
1
3 V132 13/4 g=v2— Z
2.01 1.503
2 ?
1.99 1.497
1
1 V5/2 5/4 g=v2— Z
1
1/2 \/§/2 3/4 gzvz_Z
1/4 172 1/2 g=v2—%
1/8 V322 | 3/8 g 1
4

For g = 2, | put a question mark into the table since with Wolfram Alpha | got the following
expression:

Y(z) = %Cl [sz(z) — cos(z)] + gCZ[— sin(z) — %(z)]. (C.2.53)
Again by substituting g = 2.01 and g = 1.99 into Schrédinger’s equation | found with
WolframAlpha the values for v as given in the table. Now you could guess v to be 1.5. With a
sort of reverse engineering you will obtain (Chisholm and Morris):

Vz3, = \/% [Sin(z) - cos(z)], sov = 3/2 indeed.

zZ

To have ¢ = 0 at z — 0 for any value of v, C;, =0 in equation (C.2.52) for ¥/(2).

However, g = 2 is a special case as shown in (C.2.53). For this value of g no solution exists.
The other way: with help of Abramowitz and Stegun in the section on “Other differential
equations” in the chapter on Bessel functions, you will find the differential equation

2 1
w'(z) + </'12 2 4) w(z) = 0. The solution of this equation is, among other solutions:

z2

1
w = z2J,(Az). Now for our Schrédinger’s equation A = 1 and vZ — i = g. Well, that is all

there is. Playing with WolframAlpha creates a lot of fun.
b) The eigenfunction at large positive x is given by Mahan(see above) and can also be found

in Abramowitz and Stegun. Then the phase shift is g v+ %). Or written in the parameters of

Schrédinger’s equation: g(% + /g + i) .

2.6 Delta-Function Potential.
2m2e

In Eq. (2.225) the expression containing E(x,) vanishes due to: limo— = EY(xy).
ED

In Egs. (2.234) and (2.235) the subscript B indicates bound states, | presume.

Homework 17, 18, 19.

Exercise 17.

Find the transmission and reflection coefficients, from left to right, of a particle scattering of
the potential V(x) = V,0(x)+46(x), A > 0 in one dimension, where E > V,. Find the
transmission and reflection coefficients from right to left and verify the relations the
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relations found from time reversal.
The barrier described above | consider to be one of the barriers as described by Mahan on
top of page 25.

Schrodinger’s equation |s — + (E V(x))lp = (. There are no bound states.

Nb.: a delta-function potentlal I con5|der to be a potential of infinite height and infinite
thinness. My first thought was: there is no transmission. Well, then | supposed the infinite
thinness sufficient for tunnelling).

We start with a particle wave from the left. The wave function is:

P = Ie™™ + Re™ > x < 0,k? = —E, (C.2.54)
and for the transmitted wave
P =Te*, x> 0,p2 = (E — V). (C.2.55)

. 2m
For convenience we denote —: b.

Now we go to the barrier and apply the matching condition Y to be continuous,
consequently/ + R =T . (C.2.56)
The continuity of the wave function is a bit more subtle due to the delta function type of
barrier as described by Mahan on page 46. We approach the barrier on very small distance ¢
and eventually take € = 0, and obtain:

e = () = Ay (0), (c.257)
where the contribution to the integral f_gs dx[E — V(x)|¥(x) by E — V,0(x) vanishes at the
interval —e <x < efore > 0.

With (C.2.54) and (C.2.55) we find for the derivative with e — 0 :

ipT — ikl + ikR = Ab(I1 + R) = AbT. (C.2.58)

Without losing any information we set I = 1. We find for R and T:
k?—p%—(Ab)?—2iAkb

R= (C.2.59)
_ 2k(k+p)—2idkb
= T (C.2.60)

For A = 0, the ordinary step function potential barrier, we find the reflection and
transmission coefficient as given by Mahan: Egs. (2.56) and (2.57) with I = 1. So the

influence of the delta-function potential is represented by a phase shift:
—2iAkb
(k+p)2+(/1b)2)'
and a reduction of the refection amplitude. The amount of reduction depends on the
amplitude A of the delta function.

Now the particle wave from the right.

¢ = arctan (

Y' =1'e™PX 4+ R'e*, x > 0, (C.2.61)
and for the transmitted wave

Y = T'e ¥, (C.2.62)
The matching conditions give, completely similar to the particle wave from the left,
I'+R' =T', and (C.2.63)
—ipl' + ipR' + ikT' = Ab(I' + R") = AbT". (C.2.64)

Again we set I’ = 1, then we find for R and T":
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p%—k%—(Ab)2-2iApb

R = TSI (C.2.65)
; _ 2p(k+p)—2iApb
= P T (C.2.66)
For A = 0 we find the reflection and transmission coefficient as given by Mahan :
. . r —2iApb
Egs. (2.68) and (2.69). For A > 0 there is a phase shift ¢’ = arctan (—(k+p)2+(/1b)2) and a

reduction of the reflection amplitude.

To conclude this exercise we will verify the relations for the refection and transmission
coefficient by the time reversal procedure as described by Mahan on page 25 and 26. From
this procedure we have :

IR|> +T*T" =1, (C.2.67)
and
R'T* + R*T = 0. (C.2.68)

As an example | will use (C.2.66) to verify the expressions for the refection and transmission
coefficient. Substitute (C.2.58), the complex conjugate of (€.2.59) and (C.2.65) into (C.2.66)
and find out whether the following expression is correct:

_ (k?=p?-(Ab)*)*+(24kb)*+4pk(k+p)> +pk(24b)? .
1= G p)2 1 D)2)2 ? Well, it is

Exercise 18.

Consider in one dimension the bound states of a particle in the pair of delta-function
potentials (W > 0):

V(x) =—-WI[6(x + a) + 6(x —a)]. Asortof double potential sink.

Derive the eigenvalue equation for all possible bound states.

a> 0.

Schrédinger’s equation is: —— + — (E V(x))z/J =0.

We are looking for bound states. E <0.
Away from the singularity, for bound states, |x| - o, we have ¢y - 0 and V(x) = 0.

a2 2 _ _2m
. a“yp =0,and a“ = th.

Schrédinger’s equation is =
So for x — oo, the particle wave equation is: 1) = Ae %X, (C.2.69)
where A is a constant to be determined.

Now for —a < x < a still away from the singularity, E < 0 and V(x) = 0.

The solution of Schrodinger’s equation is: Y = Ce™** 4+ De®*. (C.2.70)
The matchings condition at |x| = a are ¥ to be continuous and for the derivative we have

something similar to Eq. (2.225), with A = —W
Keep in mind: dl = _1forx <0.

Since the potential function is symmetric we have two solutions: a wave function of even
parity and a wave function of odd parity.
Let us start with even parity.

For even parity we haveat x = 0, % = 0. With (C.2.70) this leadsto C = D.

Now matching at x = —a: (—a) = C(e~ 4l + e®lal) = ge~alal, (C.2.71)
For the derivative we have to treat the singularity carefully.

dy _2mw
S0 ((D)-are ~ (5)__ =T w(-a). (€2.72)
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The derivative (%) = ade~*lal (C.2.73)
—a—=&

The derivative (2 —a+e = C(ae®lal — gealal), (C.2.74)
dx
Then (C.2.72) gives C(a:e‘”"aI - ae“"”) — qde~al = —ZT:—ZWI/)(—a). (C.2.75)
Ae~alal

In addition we use (C.2.71) to find for C = (C.2.76)
The matching at x = a gives the same results as it should for a symmetric potential.

% =1forx > 0.
Finally we obtain with help of (C.2.71), (C.2.75) and (C.2.76) for even parity the following
eigenvalue equation:

a (1 sinh(aa)) 2mw

cosh(aa) = Thz (C.2.77)

This equation for a gives just 1 eigenvalue.
Now for odd parity.
For odd parity we have at x = 0,1 = 0. With (C.2.66) this leads to C = —D. Then similar to

the procedure for even parity we find the following eigenvalue equation:

o ( cosh(aa)) 2mw

sinh(aa) = Thz (C.2.78)

This equation for a gives again 1 eigenvalue.

So for this exercise for a pair of delta-functions we found two eigenvalues.

Note: with Dirac we know §(x + a) + §(x — a) to be equal to 2a8(x? — a?). By using the
latter delta-function, the process of finding the eigenvalues is not a lot easier.

e—alalyealal *

Keep in mind:

Exercise 19.
Consider the problem of a delta-function potential outside of an infinite barrier at the origin
(a>0):
00 x<0
V) = {W&(x —a)x>0
a. Find an analytic expression for the phase shift as a function of k.

2ZmaW
h2
ad. a. When we mirror this problem at x = 0 and set W > 0 the odd parity solution

Y (0) = 0 of exercise 18 appears. Then a (1 + COSh(aa)) = — 2™ This leads to negative

h2

and or complex values of a. So we look for oscillatory type of wave functions.
For 0 < x < a: Y = Asin (kx) with k? = Zh—ran.

Fora < x: 3y = Dsin (kx + ¢) where ¢ represents the phase shift.

At x = 0 the particle wave function vanishes.

At x = a we have to deal with the singularity of the delta-function:

b. Plot this on a piece of graph paper for the range 0 < ka < 2w when g = 1.

sinh(aa)

Dare—(5) =T v(@. (€.2.79)
Furthermore Y (a) = Asin(ka) = Dsin(ka + ¢). (C.2.80)

We find for (C.2.75) with help of the derivatives of both wave functions:

kDcos(ka + ¢) — kAcos(ka) = ZZIZW Asin(ka). (C.2.81)
(C.2.80) gives D = % Substitution of this expression into (C.2.81) finally leads to:
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2mw

cotan(ka + ¢) = cotan(ka) + - (C.2.82)
Then we can write for the phase shift, using the definition of g = znrl;w,
¢ = —ka + cotan™(cotan(ka) + %). (C.2.83)

ad. b. Now we can plot ¢ as a function of ka with 0 < ka < 2w and g = 1.
Some values of the phase shift: ak = 0, ¢ = 0; ak = 0.1, ¢ = —0.05;

ak ==, ¢ = —-037;ak =7, ¢ = —m; ak = 6.2, ¢ = —6.28and ak = 21, ¢ = —2m.

4J

2.7 Number of Solutions.
In this section Mahan gives some examples of shapes of potential function and the solutions
of the Schrodinger equation.

2.8 Normalization.

In this section Mahan derives the general method for normalization of the wave function.
Various examples as presented in the foregoing sections illustrates the method of
normalization.

Homework 20, 21, 22.

Exercise 20.

20.Consider the one-dimensional Schrédinger equation with a delta-function potential

V(x) = W&(x) . For each value of E > 0 construct two wave functions that are orthogonal
to each other and normalized according to delta-function normalization.

,We can create a particle wave function as a sum of the wave function from the left ¢, and a
wave function from the right .

With k2 = Z;ZE,
Y, = Ie™™* + Re™™** forx < 0, (C.2.84)
Y, = Te™ forx > 0. (C.2.85)
Matching at x = 0 gives for the wave function {;:
I+R=T, (C.2.86)
For the derivative we have to take into account the singularity and we obtain:
ikT — ikl + ikR = Wby (0), (C.2.87)
with b = 2h_1:z
With (C.2.86) and (C.2.87) we obtain:

_ —(Wb)2—i2kWb

= ~worran? and (C.2.88)

_ (2k)?-i2kwb

= WOy (C.2.89)
For the wave from the right we have, in a similar way:

— 2_j
— ZWh) —ZKWD o nd (C.2.90)

T (Wb)2+(2k)? '
T = (2k)?-i2kWb

T (Wh)2+(2k)2
We can proceed in two ways. We can create a wave function i by :

(C.2.91)
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Y = + Py or we choose the wave from the left as a particle wave function of which we
have to find out how to normalize this function by means of delta-function normalization
instead of the sum wave function. Take notice of the following: | have set in the derivation of
the reflection and transmission coefficient I = 1. No information is lost in this way.

Let us work with a wave going to the right. To normalize this wave, we need another
oscillatory wave function with a wave number k' # k. Delta-function normalization means

IZ by (k' 0, (k, x)dx = 2m8(k — k'), (C.2.92)
It is immediately clear that the problem of orthogonality is solved.

We have i} = e~™'* 4 R*elk'X forx < 0, (C.2.93)
and Y} = T*e~ ™' forx > 0. (C.2.94)

Keep in mind R* and T* to be functions of k', (C.2.88) and (C.2.89).

Plug (C.2.84), (C.2.85), (€C.2.93),and (C.2.94) into (C.2.92):

f_Ooo dx(eix(k—k') + Rreix(K'+k) 4 po-ix(k'+k) 4 RR*eix(k'—k)) + fo°° dxTT*eix(k=k")

Let’s look at the various expressions in this integral. Mahan writes on page 54 the terms with
(k" + k) do not contribute to the above expression. The integral with the transmission
coefficients can be written as: f_Ooo dxTT*e~x(k=k") Finally the normalization expression
reduces into:

[2 dx(e™(k=K') 4 RR*ex(K'~K) 4 TT*eix(k=k")), (€.2.95)
Now the question is, does this integral equals the integral with the cosine function and
consequently the delta-function:

f_om dx(e*(k=k') 4 RRre~ix(k=kK') 4 TT*g-ix(k=k')y = 2 f_ooo cos [(k — k")x]dx =

2 (k — k')?

Well, only for RR* + TT* = 1 or when we had included the amplitude of the wave function
form the left for II* = 1and RR* + TT* = II*. When we substitute the expressions for the
transmission and reflection coefficients into RR* + TT* = 1, we obtain a complex equation
for k' as a function of k. After inspection you will find k' = k to be the only solution, as it
should be. If we try to find out whether a left going wave is orthonormal to another left
going wave you will find again k' = k as is should be. We have unbound states so E is
continuous and so is k.

Exercise 21.
21.Find the formula for the normalization coefficient C; for the bound-state wave function in
Eq.(2.29). Then find the numerical value for the bound state shown in Figure 2.2.
Note: in Figure 2.2 the potential function is shown. So, | think Mahan indicates the bound
state wave function in figure 2.3.
0 x<0

EqQ. (2.29): Y(x) ={Cysin(px) 0 <x<a

Cze ™™ a<x

2 =2 (Vo + E),and a® = — 22 .
The formula for normalization of the above mentioned bound state reads:
1= [ dx W2 = 7 [ sin? (pr)dx + €3 [ e dx = S [a — L sin(2pa) + 229)
See Eq.(2.244).
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What is the numerical value for C;? The relevant numbers are given at the bottom of page
21:a=2.04,V,=4.0eV,E = —0.48eV, m = 9.109 x 103! kg. Furthermore

h = 1.055 x 10734 Js, and 1eV= 1.602 x 1071 J.

With these values you can find the numerical value of C; . C; has the dimension of the
reciprocal square root of length.

Exercise 22
A one-dimensional Hamiltonian has a ground-state eigenfunction of

PYo(x) = L. .

cosh (g) !
where (a, A) are constants. Assume that V(x) —» 0 as |x|/a > 1.
a. What is A?
b. What is the exact eigen value?
c. What is the exact potential.
X 1

What is A? Well, [~ |1ho|? dx = 1, the equation for Ais: A%a [~ d(5) =1.

a coshz(g) -

For this integral we have: aA? tanh (i) |Z» = 1. Consequently A = \/;

Now the exact eigenvalue and the exact potential.
Schrodinger’s equation for the ground state:

2
dd;l;" + Zh—TZn (Eo — V(x))o = 0, with Ey < V(). After substitution of the ground-state into
the wave equation we arrive at: 2tanh? (g) -1+ Zh—zl (EO - V(x))a2 = 0. After rearranging

h? h?

TR = 2(X
we obtain: E, — V(x) = o T o3 2tanh (a).
We know E, to be a number and V (x) to be a function of x and V (x) has to vanish for

|x|/a > 1. This leads to the following expression for Eq — V (x):
hZ

h2 x ]
Eo—V(x)=- et (1 — tanh? (Z))' So, finally we have:
2
for the bound-state eigenvalue E; = — h—z,
2ma

2
for the potential: V(x) = b (1 — tanh? (g))

ma?

Remark: For continuous states delta function normalisation is applied. There you have to
realize: |y|? = ¥*(k’, x)y(k, x). Furthermore, it is confusing that & is used both for the
delta function and the phase shift. Just below Eq. (2.266) Mahan writes: “Note that there is
no complex conjugate (™) in the above integral, since for the half-space problems the
eigenfunctions are always real.” This clarifies to some extent the remark below Eq. (2.210)
about the wave function to be a real function.

Eqg. (2.271) is obtained by rewriting Eq. (2.264). This result is substituted in Eq. (2.270).
Subsequently the constant C of Eq. (2.265) is found.
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2.9 Wave Packets.

In this section Mahan discusses groups of particles: wave packets.

Dirac defines a wave packet in relation with Heisenberg’s principle of uncertainty.
In Eq. (2.287) Mahan gives a Gaussian wave packet in momentum representation.

Homework 23.

Exercise 23.

Derive a wave packet for photons (w = ck) using (a) a Gaussian packet, and (b) a Lorentzian
packet.

a. In section 2.9 on Wave Packets the case of nonrelativistic particles is discussed.

A photon is certainly not a nonrelativistic particle. In the sections preceding section 2.9
relativistic particles are not dealt with. A nonrelativistic Schrédinger equation has been
studied. Maybe we are allowed just to use w = ck to study the effect of a relativistic
particle. Working with w = ck in Eq. (2.287) we obtain for the wave packet:

WY(ky, x,t) = AA2mexp [—(x — ct)? AZ—Z + iky(x — ct)].

The velocity of the wave packet is c¢. This comes as no surprise.

The particle density is: p(kg, x,t) = |¥|? = 2mA%A%exp [—(x — ct)?A?].
The probability a particle contributing to the density is 1, so:

co 1
J_.dx p(ko,x,t) = 1. Consequently, A = AT

And ¥ (kg, x, t) = \/%eiko("_“)exp [—(x — ct)?A?].

b. The Lorentzian wave packet. In the preceding text | could not find anything about such a
wave packet. It belongs to a basic course in Quantum Mechanics. On the other hand, | can
hardly assume a Lorentzian wave packet to be a Gaussian wave packet under Lorentz
transformation. The photon is moving with velocity c. In the new frame of reference with a
transformed x , W (kg, x, t) could read

Y(ko,x,t) = \/%eiko(x)exp [—(x)?A?].

On page 34 in the section of raising and lowering operators, Mahan mentioned photons
obeying harmonic oscillator statistics. He will discuss this in chapter 8. May be in that
chapter | find some answers.

Well, could it be possible Y (x) = Ve~ to represent the Lorentzian wave packet? Well, it
most probably is. On www.mathworld.wolfram.com | found the Lorentzian function L(x) to

be: L(x) = 12—1 where [ is a parameter specifying the width.
2

1 1

ir I
12—1, or with A, this reads L(k) = 12—1.
T (k—ko)2+(a)? T (k—ko)2+(20)?

In momentum space : L(k) =
The factor % could be absorbed by A . Applying Fourier transformation to
P(x) = Vae ¥l we obtain a function similar to L(k).

Now with Eq. (2.287) we have for the Lorentzian wave packet:

0o A .
(ko x,t) =A[__dk mexp[lk(x —ct)].

Now we use k — k, = z to integrate:
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, o) A
Y (ko x,t) = Aexpliko(x — ct)] [__ dz Y

Insert in this expression x" = (x — ct) . This results into:

expliz(x — ct)].

Y(ky, x,t) = Aexplikyx'] ffooo dz ﬁexp[izx’]. With help of Fourier transformation, we

can evaluate the integral. Neglecting a constant the integral is: eIl Finally we obtain for
the wave packet: ¥ (ky, x,t) = Aexp[—A|x — ct|]exp [ik(x — ct)].

Normalization leads rather straight forward to: A = VA, and the wave packet is:

Y(ky, x,t) = VA exp[—Alx — ct|]exp [ik(x — ct)].

Homework
The exercises are dealt with in the various section related to the subject matter.

3. Approximate Methods.
In this chapter Mahan deals with two approximate methods. As Mahan indicates, these
methods are still worthwhile even working with numerical solutions of Schrédinger’s
equation. These approximate solutions can be used as a first estimate for a numerical
solution.

3.1 WKBJ.

In this section Mahan treated the so-called WKBJ method. As Mahan mentioned: “....The
main idea behind WKBJ is to treat h as a “small” parameter, and to expand the eigenfunction
in a series in this parameter.......".

As an example, the half space problem is discussed.

On page 66 Mahan writes: “the momentum p(x) approaches in the limit, x — oo, hk.
Keep in mind: for x — oo, V(x) = 0 and so p(x) = V2mE. With k? = ZQ;E,

p = hk.

In Eq. (3.23) Mahan presents the eigenfunction for x = co. Delta-function normalization is
used for this eigenfunction. In chapter 2 page 53 the eigenfunction is written as:

)ll_r)glo Y(k,x) = C(k)sin (kx + &), where & represents the phase shift. On pages 53-54

i - ; D
Mahan derived C (k) = 2.. So with Eq. (3.23) the factor =

On page 67 Mahan found the WKBJ phase shift for aa exponential function

V(x) = Vye=2*/e,

An indefinite integral has to be solved and it could be done exactly. This solution is found by
substitution: y = \/E — Vz, and integration by partial fractions. The integral to be

2 . . . dyVE dyVE
e dy. Resulting into the integration of: [ 2dy — f\/E+y - fﬁ_y'

Mahan concludes this section with: “The WKBIJ is an excellent method of describing the
motion of particles except those states with the lowest energy.”
On page 68: “There are no bound states for the repulsive exponential potential, which is why

we obtain

= 2.

y

evaluated: —2 [
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the phase shifts simply go to zero”. Well, in section 2.5.2 continuum states and the repulsive
potential is analysed. No bound states, just continuum states. No bound states at all. The
phase shifts simply do not disappear. The phase shift § = mmn for k = 0, Levinson’s theorem.
The eigenfunction for x — oo is given for the exponential potential by Eq. (2.215).

lim Y(x) = |r(1+ o sin (kx + 6). For § = mm, sin(kx + §) = (—1)™sin (kx). Finally, for
X—00

k = 0,sin(kx) = 0, and we have no states at all. So, what is the meaning of this?

Homework 1, 2, 3, 4, 12.

Exercise 1.

Use WKBJ to calculate the phase shift of a particle in the one-dimensional potential
V(x)=0,x>0andV(x) = |Fx|,x <0.

Atx = —b, E =V(-b),and p(—b) = 0; x = —b is the turning point.

For x < —b, we have a particle wave function like the one in Eq.(3.19).

We leave this wave function and focus attention at the wave function describing the phase
shift and V(x) < E. The particle wave function is given in Eq. (3.20):

1/)()— Sm f dx'p(x") + B] .
Let us Iook evaluate this wave function for —b < x < 0.
p(x) = \/Zm(E + |F|x) and the wave function is

(E + IFIx) + ] B = %is explained on page 66.

D
Y =75 [3h|F|
For x > 0 and x — oo we have a right and a left going wave differing by a phase factor as
described on page 44. This wave function can be written as:

W(k,x) = —2ile'd sin(kx + &), Eq.(2.221). And k2 = Z;’;E, V(x) = 0.

At x = 0 we match the wave functions from both intervals: —b < x < 0and x > 0.

. . L . R YE PR oy 06
This results into: msm (3|F| k + ) = —2ile'° sin §. Mahan denotes —2ile'° to be a
prefactor(= C,say). So: sind§ = c\/_ sin (ﬁk + )

The next step is to match the derivatives of the wave functions in both intervals at x = 0.

Divide both expressions to eliminate (C, D) and § (k) = arccotan (E, |F|, k):

é = arccotan|[— —klE—l + cotan (ﬁk + )]

Remark: This is not a very elegant expression for the phase shift. Is there something wrong?
On page 66 Mahan writes: “Recall that the phase shift is defined as:

lim ¥ (x) = 2sin(kx + &8). Then: Syxp; (k) = % + lim [% ffb dx'p(x") — kx].
X—00 X—00
Now the integral runs from —b through 0 to x.

So Sy (k) = + 11 [ﬁk + kx — kx] and 8yykp; (k) = + ﬁk This differs from the
1 |F|

6, a few lines above, with the number — e How come? Does the phase factor and

consequently the wave function change when approaching the ramp at x > 0? Well, the
answer to this question is given by Mahan. It is just the definition of the phase shift.
Evaluating the phase integral, the wave functions and the derivatives of the wave functions
at x = 0 leads to an identity and consequently does not create new information. So, the
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approach presented above the remark is wrong! And 5W1<B/(k) given above is the right
answer.

Exercise 2.

Use WKBJ to calculate the phase shift of a particle in the one-dimensional potential
V(x)=0,x>0andV(x) = Kx?/2,x < 0.

Atx = —b, E =V(—b),and p(—b) = 0; x = —b is the turning point.

Let us evaluate the wave function for —b < x < 0.

p(x) = \/Zm(E Kx?/2) and b = \/f

The particle wave function is: (x) = Wsin[% f_xb dx'p(x") + %] _

With the substitution: x = f% sin «, we obtain for the wave function:

Y(a) = J_sm[ \/%(% + %sin 20 + %) + %] , use has been made of sina = —latx =

- /? -the turning point.

For x > 0 and x — oo we have a right and a left going wave differing by a phase factor as
described on page 44. This wave function can be written as-

Y(k,x) = —2ile'® sin(kx + &), Eq.(2.221). And k? = V( ) = 0. Mahan denotes

—2ile'd to be a prefactor(= C,say).
Now we match the wave function and their derivatives at x = 0, or sina = 0. Express the

hz'

. . L d d
wave function for x > 0 in a. With o d—d— the expression for the phase shift is, leaving

out the details,:

§ = arctan{ f/gntan[ (k\F+ DI} (C.3.1)
k |5+

Remark: Well, as you can imagine, | arrive at a similar remark as made at the end of exercise

1. 50 8yypy (k) = 7 + lim [kb = + kx — kx] and &y (k) = %(k\/%’ + 1). Again this
X—00

differs from the phase factor derived a few lines before. See the remark at the bottom of
exercise 2. The matching | did perform at x = 0 is wrong. When executed in a correct way
the matching leads to an identity and creates no new information. So dykp; (k) =

T

- <k\/% + 1> is the correct answer. (C.3.1) is wrong.

4

Exercise 3.
Use WKBIJ to derive an equation for the phase shift § (k) of an electron in the one-
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dimensional potential (V; > 0,a > 0):

Io'e) x<0
v ={-V(1-%) 0<x<a
0 a<x

Remark: | assume the phase shift to be calculated for E > 0. For E < 0 and |E| < V,,, we
find bound states very similar to those described by Mahan on page 75 in the section on
Discontinuous Potentials.
At x < 0Owehavey = 0.

D

For 0 < x < a we need to evaluate Y(x) = msin[% fox dx'p(x")] . Notice: no phase

factor /4 since we are working with a discontinuous potential at x = 0. For
a < x we have Y(k,x) = —2ile!d sin(kx + &), Eq.(2.221). And k? = 2mE V(x) = 0. Mahan

hz ’
denotes —2ile'd to be a prefactor(= C,say).
The wave function on the interval 0 < x < a, becomes:

Y(x) = P 7 sin[%,/Zm(E + Vo){za(fV:VO) <1 — (1 — a(ZZOVO))E>}] .

(2m(E+V0(1

Now the hard work begins. Matching the wave functions and their derivatives at x = a.
Leaving out the details, the result is:

3
6 = —ka + arccotan l % _ 4 cotan {E ka£<(1 + ﬁ)z - 1)}] (C.3.2)
377V E

4kaE
Remark: A continuing story.
Swipy (k) = % + lim [% ffb dx' p(x") — kx]. With the above potential we find:
X—>00

3

Swipy (k) = Jli_)rgo[gkavi()((l + %)E - 1) + kx — ka — kx] and

3
2 E Vo\2
6WKB](k) = —ka + Ekav—o<(1 + E())z - 1)

| have to pay attention to the phenomena described in the remarks at the end of the above
two exercises. | did and the answer is given by Mahan: “The asymptotic expression Sy xp; (k)
for x = oo has to be used”. Correctly matching the wave function and the derivatives of the
wave functions at x = a leads to an identity. So, the above answer for § (C.3.2) is wrong!
The correct answer is :

3
2 E Vo\2
6WKB](k) = —ka+ Ekav—o<(1 + E())z - 1)

Exercise 4.
The phase ¢ = O(x) + B has B = %for potentials with smooth turning points, and § = 0 for

an infinite step potential. Examine the value of B (k) for a finite step potential. Solve exactly,
as in chapter 2, the eigenfunctions for the potential:

(Vo x <0
V(x)_{o x>0

for 0 < E < V. For x > 0 the eigenfunction has the form sin(kx + &). In this case 6 (k) =
P (k). For what value of E/Vis f = m/4?

36



For x < 0 the Schrédinger’s equation is :22715 —a%p =0,anda? = Zh—T (Vo — E). Then we
find for the wave equation: i = A;e™%* + A,e“*. Preventing 1) from becoming infinite for
X = —oo we have: ¢ = A,e**

For x > 0 the Schrodinger’s equation is :ZZTIf + k%P =0,and k? = Zh—TE. The wave equation
consists of an incoming and reflected wave: ¢ = Aze ™% + A,e™ ™ The potential step does
not create or destroy particles. The particle current for x < 0 is zero. So |A3| = |A,4] . The
amplitudes differ by a phase factor and we write:

A, = —Aze?% Mahan page 44. Consequently i) = —A;2ie'® sin(kx + &) and §(k) =

B (k).

Now we match both wave functions at x = 0:

A, = —2iAze'® sin § and with the derivative A,a = —2iAse'®k cos §. The quotient of both

. : k
expressions gives: f = § = arctan(;).

V2
2

Wesetf =n/4 = arctan(g). Sotanff = — = S With the expressions for k and a we

finally obtain: — = 1/3.
Vo

Exercise 12.

For the potential VV(x)
o x<0

V(x)={_§ 0<x

use WKBIJ to derive an expression for the continuum eigenfunction.

So we have a repulsive wall at x = 0, a discontinuous potential. There is an incoming and a
reflective wave. The eigenfunction is written as the sine of a phase integral and a phase
angle. We have no turning point at x = 0. The incoming and reflected wave have the same
amplitude' no particle will disappear. The wave function is:

Y(x) = sm f dx'p(x") + B], Eq. (3.20). For a repulsive wall 8 = 0; a discontinuous

potentlal.

p(x) =2m(E —V(x)) = /Zm(E + ex—z) .Forx - oo,p = v2mE = hk.

2
The phase integral: fox dx'p(x") = e? ZmeoEx/e dy /HTy This expression can be written as:

1 1
ez\/% [{5—;‘ (1 + i—f)}g + ln{(%)% + (1 + %)E}], (Abramowitz and Stegun).

For x — o The wave function ¥ (x) = 2 sin kx. No phase shift for J11_{1010 Y(x).

The amplitude D in the expression for the wave function is found by means of Delta-function
normalization (page 66,Mahan): D = 2+hk.

This is also illustrated by: Sy g, (k) = il_r)rolo[% fox dx'p(x") — kx] = 0.

The expression for the continuum eigen function becomes:
1

009 = P (1 + Z) + mii+ (1 + ),
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3.2 Bound States by WKBJ.

In this section it is shown how to find eigenfunctions and eigenvalues with the WKBJ
approximation. This is done for one dimensional problems. Examples are given in this
section.

To find the bound states, for a potential with a smooth minimum Mahan actually implies two
solutions for continuum states: Eqgs. (3.40) and (3.41). That is not what | expected to do.
Nevertheless, it works. Mahan finds discrete-bound-states. Then Mahan gives a few
examples.

3.2.1 Harmonic Oscillator

The eigenvalue equation for the harmonic oscillator is:

[ dx[m(2E,, — Kx*)]*/? = nth(n + %). After evaluating the integral, the expression for E,, is
the expression found in chapter 2. Then Mahan writes: “The poor quality of the WKBJ
eigenfunction at turning points does not affect the quality of the eigenvalue.” The poor
quality? Is this equal to the statement that the WKBJ is an excellent method of describing
the motion of particles except those states with the lowest energy?

In Eq. (3.142) the m should be deleted. A printing error.

3.2.2 Morse Potential
Schrédinger’s equation can be solved exactly. Mahan will show this in chapter 5. The basic

equation for WKBJ is: th (n + %) V2mAa fyl [(y1 — V)(y — y2)]*?, where y; and y,

are the turning points.

Mahan gave the result of the integration and mentioned the use of standard tables. With
help of the WolframAlpha app it is just fun to find the result yourself. It starts with the
substitution: u=y— %, followed by the use of goniometric relations, other

substitutions, particle fractions and finally use of the relation tan™*(x) + tan™?! (i) =z

>
The final result is : g(yl +y, — 2,/y1y2) = g(\/z - \/E)Z.

3.2.3 Symmetric Ramp
In chapter 2 the ramp has been discussed and exact solutions for the bound waves are
found.

The eigenvalue equation for the ramp is: Th (n + l) =V2m [ dx\/E, — Flx|.

Furthermore: E,, = EF[%” (n + )]2/3 and Ep = ( )1/3 Egs. (3.71) and (3.72).

Mahan writes at the bottom of page 73: “The potentlal V(x) = F|x| is symmetric

[V(—x) = V(x)]. The eigenfunctions can be separated into even and odd parity. In WKBJ,
the solutions with even values of integer n have even parity [(—x) = ¥ (x); Mahan writes
V(—x) = V(x). | think this to be a printing error], while those with odd values of n have odd
parity [Y(—x) = —y(x)]”. Well, let’s have a look. The eigenfunction is, Eq. (3.46):

38



»(x) = (Jl)(_) singg (x), where p(x) = \/2m(E, — F|x|). For ¢ we have Eq. (3.44):

¢r =6 + Z’ and, Eq. (3.43), 6z (x) = fo dx' p(x"). by is the turning point of the
potential shown at the right-hand side of Figure 3.3. For example we take x > 0, and obtain
for Op(x) =V2m mo— (E — Fx)3/2, At x = 0, after rearranging: 05 (0) = —n(n + )

For the eigenfunction we write:

W(x )_%sm (eR(x)+ ) _( 1) CL\/_{sm(eR(x)) +cos(6R(x))} It is not

clear to me how to separate this elgenfunctlon into even and od parity, in spite of Oz(x)
depending on E,, and consequently on n.

We can write for n is even: Y¥(x) = -

Y(x) = - _pC(Lx) \/E{sin(eR(x)) + cos(eR (x))}. The eigenfunction just changes sign. Well, by

inspection you find, with help of the above expression for 6z(0) : for nis even ¥ (0) # 0,
and forn isodd , ¥(0) = 0. The latter values of the eigenfunction at x = 0 indicate even
and odd parity. We could go a small step further by expanding 6z (x) near x — 0. Then we

have: Oz(x) = 2\/_E 2(1 — ﬂ) With the expressions for E,, and Ef, Egs. (3.71) an (3.72),

we find sin (Bz(x) + ) to be: sin ( (n+1) - “ZmE” x). Now we have for nis odd a

function of odd parity: sin (—“hx) and for n is even a function of even parity:
cos (—“zgwnx).

In this section Mahan also discussed the exact solutions in terms of Airy function as given in
Chapter 2. The eigenvalue equations are given and can be compared with the equations in
Homework 8 of the same chapter.

3.2.4 Discontinuous Potentials.

In this section Mahan dealt with two examples: A particle in a box and the half-space linear
potential.

For the particle in a box WKBJ gives the exact eigenvalue. The eigenfunction is also exact. For
a particle in a box we use Eq. (3.15) and find with help of the boundary conditions: ¥ = 0 at

x=0 - A =-Ayandfory =0atx=L- E, = —(—)2 For the eigenfunction we
. 2i4 : .
have, with p = \/2mE,,, Y,, = Wsm (kx), where k = T' To conclude with

. . 2iA1 2
normalization: ———— = |-
(2mEy)1/4 L

As Mahan writes: “The eigenfunction is exact”. What does this mean for the higher order
terms in the WKBJ expansion? For example, what is the contribution of o, in Eq. (3.6)? With
help of Eq. (3.8) you will find 0, to be a constant and in the expansion of Y(x), the

T h . . .
contribution is: exp (; constant). So, this term contributes as a phase factor. This leads to

the conclusion “The eigenfunction is exact”, is valid for the standard WKBJ where 0 (h?) and
higher order are neglected.
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The eigenvalue equation for the half-space linear potential is similar to the potential found
for the symmetric ramp given in the preceding section.

Homework 5, 6, 11.

Exercise 5.

Use WKBJ to find the eigenvalue of bound states in the one-dimensional potential:
=0 x| < a

V(x) {

= (xl - @)? x| > a
This potential to some extent (a = 0) resembles the harmonic oscillator. We need to
evaluate the phase integral between the turning points b; and by. The potential function is

symmetric so we evaluate 2 fObR p(x)dx = mh(n + %).

. . a b K
For the integral we write: 2[ [ " dx/2mE, + [ * dx\/Zm (En -k - a)z)] where by =
a+ /% . Now we have all the ingredients to evaluate the phase integral available. Then

mh (n + %) = 2[f0a dx./2mE, + f;R deZm (En —g(x - a)z)] ,with help of x=a+

sin a, we finally obtain for E,;:

En=h(n+%)\/g+4nil(+—\“(2am +2Kh (n ;)\/%]

For a = 0 the harmonic oscillator is recovered; Eq. (3.57).

%I
=| &

Exercise 6.
Use WKBJ to find the bound-state energies E,, in the symmetric quartic potential V(x) =
Kx*. Hint:

f dy1— LI ) ( )~ = 0.8740. Just for curiosity. This hint is based on the Beta Function:

fd 1 —vi = (4)F(2)_F(i)F(§)_lB(E 3)—fldtt_3/4(1—t)1/zandt— 4
0 va J/ - 7 - 1 3, — 4 4’2 —Jo - )7

4F(Z) 4F(Z+E)

(Abramowitz and Stegun).

1
Now the physical part: the potential is symmetric so 2 fObR dx\/Zm(En — Kx*)z =

hr(n + %), with turning point by = (%”)1/2. After substitution of y = (Eﬁ)l/‘*x the equation
n

1
. En\z (1 1 1 .
for the eigenvalues becomes: 2,/2mkE, (?")4 fo dy(1—y*)z =hn (n + E)' With the
above expression for the Beta Function the equation for bound-states energies E,, is:

hr(n+ )

En = [ 1.748 ]4/3(

)1/3

4m?2
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Exercise 11.
For the half-space potential

oo x<0
—_ 2
V(x)—{_e? 0<x

find all the bound-state energies by WKBJ.
We have a half-space potential and a discontinuous potential at x = 0, since V' (0) = oo.
With the phase integral given in Eq. (3.87):

% + %fObR dxp(x) = m(n + 1), we can find the bound-energies. Now we have:

p(x) = ’Zm(En + ex—z), where E,, < 0. For convenience we substitute E;,;, = —E . The

2
turning point by = % For the phase integral we find by substituting i—f =y,

e2\2m
VE
or with substitution and partial fractions you finally obtain:

fol dy /1;_3; = nh(n + %). With help of a table of integrals or with WolframAlpha app

1 2me*
412 (n+3)2’

fol dy /1;_3; = g The phase integral gives as a result for E,, = —FE = —

4
Forn=0,E, = —327:; . Well, this can hardly be called a close approximation of the exact
4
eigenvalue for the ground state: E = — iz% | expected to find with WKBJ something like:
2 2me* .
Ey = — 5=z 1 did not.

3.3 Electron Tunneling.

WAKBIJ is used to calculate the tunneling rate of particles through potential barriers. Mahan
mentioned WKBJ to be an accurate method of obtaining tunneling rates. An example is presented.

| do not know why Mahan used E for the states of the electrons and for the external potential of the
electric field.

Homework 15, 16.
Exercise 15.
At the interface between a metal and a semiconductor, a Scottky barrier is formed due to a
depletion region. The potential function is
V(x) = A(xo — x)%for 0 < x < x,
=0 forx>x5,x<0
where x = 0 is the interface; the metal is at x < 0 and the semiconductor at x > 0. Use
WAKBIJ to calculate the tunneling exponent 2 f dxa(x) of an electron with energy
E, [AxZ > E > 0] going from the metal to the semiconductor.
Remark: is the factor 2 in the tunneling exponent 2 [ dxa(x) relevant?
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. . vam opx L, n
We have a potential barrier V(x) > E, and 2a(x) = Tfo dx'\/V(x") — E. Eq. (3.92).
With tunneling we have a evanescent wave without phase factors.

The turning point of the right-hand side is found forV —F = 0: x = x, — \/é = bp.

So we have to evaluate: 2a = fObR dx\/A(xO —x)? —E.

2
After some manipulations with the integral and using § = IA% we obtain with help of a

table of integrals: 2 = %[ﬁ\/ﬁz —1-In(B ++/B%2-1)].

Exercise 16.

A potential V(x) is an inverted parabola:

V(x) =K(a?—x?),|x| <a andV(x) =0,|x| > a.

Remark: An inverted parabola? Convex? It is a parabola.

Calculate the WKBJ tunneling exponent a = [ k(x)dx , for values of 0 < E < Ka®.
There are two turning points by andb;.

VZmK (b E
We have to evaluate : & =~ beR dx |a% —x? ——.

We substitute § = + faz - % in the expression for a and with the turning points where the

Z;nK f_ﬁﬁ dx./? — x2. The integral can be found from a

table of integrals(Abramowitz and Stegun) and with WolframAlpha.

. 2mE? .a’K
The resultis: a = g /:;—K(aT— 1).

3.4 Variational Theory.

As mentioned by Mahan the Variational method is useful for finding the eigenfunction and
eigenvalue of the lowest bound state of a Hamiltonian. First the theory is explained,
followed by two examples: the half-space potential and the harmonic oscillator.

square root equals 0 we find: @ =

3.4.1 Half-Space Potential

The variational method is about assuming the trial function and find the lowest possible
energy functional. The result with the variational method is not as precise as the WKB)J
method for the same potential.

On page 79 Mahan introduced the functional E(¢); ¢ is the trial function. “The best
eigenvalue is the lowest value of £(¢).” On the same page Mahan explained how to find the
minimum energy by varying the parameters on which E£(¢) depends. Mahan gives the
resulting equations to find the parameters a;, .....m, Egs. (3.114) — (3.117). Well, I do not
understand these equations to be the equations to find the minimum energy. On page 81
Mabhan illustrates the optimization procedure for a single parameter a and the optimization

equationis: 0 = %. So | think Eq. (3.114) should read : 0 = :TS, and so on. See also

1
www.hitoshi.berkeley.edu , 221A Lecture Notes- Variational Method.
In this section Mahan illustrated the variational method for the linear half-space potential:
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V(x) = Fx. The trial function ¢ = Axe ™" has been used. This results into the trial

eigenfunction given in Eq. (3.137): Y(x) = A—xexp [—aox] Mahan concludes: “The prefactor

has the correct normalization”. Meaning: [ = 2! Use has been made of Eq. (3.129)

(2 0¥
with a replaced by a,, where «, is found from the optimization procedure.

3.4.2 Harmonic Oscillator in One Dimension.
A Gaussian trial function is chosen. The result equals the exact eigenvalue and eigenfunction for the
ground state.

Homework 7, 8,9, 10,13, 14.
Exercise 7.
Use the trial eigenfunction ¢ = Ax exp[—(ax)P] to find the lowest eigenvalue for the half-
space linear potential for p = %and p = 2 . Which of the three exponents p = (1,%, 2) gives
the lowest eigenvalue?
The trial function depends on two parameters: a and p. Mahan mentioned on page 80:
“Most of our examples have only one variational parameter, since with two or more one has
to minimize on the computer. “ So, | suppose this to be the reason to perform the

o o€ . . .
optimization 0 = P for a given value of p . Well, | will present the complete picture and at

the end | will substitute a value for p.
| shall start with the integral I = [ dx|¢|%.
Make use of the substitution |ax|? = y and 2y = z. The integral I becomes:

3
A% 1 o e A% (1\p .. 3
=, Q¥ fy dz(2) 7 exp(-2) = G) re). (C.3.3)
Now you will notice that finding 0 = Z_;' is a lot of work.

Substitute p = 1in (C.3.3) and you will find Eq.(3.129); I'(3) = 2!. Again, the WolframAlpha
app is of great help.

Now the Hamiltonian. First the potential energy PE = [ dxV (x) |¢|?. The half space linear
potential: V(x) = Fx. We use the substitutions given above for x and y:

4
O [ dz(z) 7 exp(—z) = —( )i r(g) . (C.3.4)
Substltute p = 1in(C.3.4) and you will recover Eq. (3.131).

AF1

2
The kinetic energy: KE = Zh—mf dx| % |2. Again using the substitution for x and y :

5 o ot w L
KE = Zmap )l/p [f dz(z) » e™* +pf0 dz(z)re % +p72f0 dz(z)» e—z] _
1
h? A% (1\p . 1+2p
%E(E) PreS - (C.3.5)

Forp =1, (C.3.5) gives Eq.( 3.130).
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KE+PE
; .

The energy functional: E(¢) = We substitute the expressions for KE, PE and [ into

h? Az{l)% F(1+2p)|A2F(l)%F(i
r o4
the £(¢) and obtain: 22 b/ a'p\2) v after rearranging this becomes:

-2 1
% a2(1)7 21420\, F(1\pp. 4
7 ) KT
g a, —2m4\2 P a\2 D
(a,p) F(%)
This equation illustrates the remark by Mahan to have one variational parameter. Now we
vary € with a for some values of p. For obvious reasons we write (C.3.6) as:

_ h%a? E wh 98 _ — (FmP®)\1/3
E(a) = - K(p)+aP(p),and with aa—O,ao = (hz K(p)) .

(C.3.6)

3
Py 4G)rE)

Furthermore: By pr @y (€.3.7)
P(p) _3

F =1,—=-Eq.(3.134

orp =175 =7 Ea.(3.134),

3PR) _BVE o P) 1

andp = = =—
2’ E(p) 9’ "E(p) 6V2m
Now we substitute the general expression for a, = (E—T%)lﬁ into (C.3.6) with (C.3.7) we
obtain:
_ EF 2ok P(P)\5 v (142 = K@)\ 1. (4
8ao) = 5072 ()T () + 27 (GE) T (c3.8)

F(E)
22
and Ep = (2—;)1/3, Eq. (3.72).

Finally, the Question is: does p = 1produces the lowest approximation of the ground state?
Well, for p = 1 we find with (C.3.7) and (C.3.8) €(a,) = 2.476 Er, Eq. (3.136), forp =

%, €(ay) = 2.671 Ep and forp = 2,E(ay) = 2.792 Er. So p = 1 gives the best

approximation for the three given values of p. Whether this represents the best

approximation for the given trial function is not clear. Then we have to calculate in addition

o€

Fei 0, substitute ay in the resulting equation and find the lowest possible value for p. May

be the equation for p is relatively easy found. However we have to solve this equation
numerical with help of a computer program.

Exercise 8.
Use the variational method to find the ground-state energy of the following potential
(—o < x < o)

Ve = —Voexp [ (2) 1,

2
g=2mri12V0=\/§.

Choose your own trial function, and obtain a numerical answer for the binding energy as a
fraction of V/;,.

At x = 0 the potential well is most “attractive” and a trial function must reflect the
probability to find a particle at x = 0 to be maximal for the ground state. So a trial function

1 .. .
couldbe:p = A exp[—z (%)2]. Now, similar to exercise 7 we calculate I:

44



foe) 2
I =[dx|p|* = [ _ dxA®exp[— (%)2] = Aa—a\/E (Normalization).
For the potential energy we find:

PE = [dxV(x) |p|* = —A*VyVr
The kinetic energy:

_ B a9 12 h_A 1
KE =_—[dx|_-|* = \/—
With I, PE and KE the energy potential is:

1+oc2

h%a? 1 a . .
E((Z) = maZa VO m, or with g, as defined above:
8@ _ g7 - &
ve & 2 1+a?’

So——O—Z\/_a—

(1+a 2)3/2

We have to solve 2(1 + az)a3 = 1. With the WolframAlpha app this is easy. You will find

one real solution and two complex solutions.
The real solution is : @ = 0.30849. Then we find for@ =

Vo
should be since V, is a positive number. Is this the best approximation? We could vary the

—0.3351. A negative fraction as it

Exercise 9.
Use the following trial function ¢p(x) = Ax exp(—ax) to find the ground-state energy

variationally for the half-space potential:
o x<0

= 2

4 {—% 0<x

Where e and m are the charge and mass of an electron.
For this exercise we can use some results of section 3.4.1.

Normalization: I = fooo dxA? x? exp(—2ax) = . Eqg. (3.129).

)
. . . _ h2A% (oo 2 _ h2A42 1

Kinetic energy: KE = Wfo dx(1— ax) exp( —2ax) = -~ M. Eq. (3.130).

A?e?

4q2°

0 2
Potential energy: PE = —A? [ dx%exp(—Zax) =—
2
The energy functional is: £(a) = zh—maz — e?q. Variation € with respect to a, then with % =

12me
O,wehavea=2 >

€=— 1 Zr:e A negative value as it should be.

Exercise 10.

Show that the ¢(x) (= Ax exp(—ax)) for the half-space potential:
o x<0

V(x)={_f 0<x
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is an exact eigenstate of the Hamiltonian, and find its eigenvalue. To this end we substitute

¢(x) = Ax exp(—ax) into, 0 = —(—— + + E)¢(x). The result is:

m dx?
12me*

E=—- .
4 h?

Exercise 13.

Use the variational method to find the eigenvalue of the harmonic oscillator with the trial
eigenfunction ¢ = Ax exp[—a? x?/2].

Remark: In section 3.4.2 Mahan gave the example trial function for the ground state

¢ = Aexp[—a? x?/2]. With variation of the energy functional the ground state wave

function is: Yg = Jj:%exp[—ag x%/2]and ag = 7;1—;( ( Keep in mind the amplitude A of the

ground state differs from the 4 of ¢ = Ax exp[—a? x2/2].)

This result, ¥ , is the exact result for the ground state n = 0. This is nice. However, not
knowing the exact result to find the “best approximation” is a bit more challenging.

With the best approximation of the ground state are we allowed to use the raising operator
to find the excited states?

Back to the exercise.

. . 2 [® 2 Az\/—
Normalization: I = A f_oo dx x? exp[— a?x?] = S
2 2
Potential Energy: PE = %ffooo dxx* exp[ — a?x?] = 31:15\/5.

242 o 242
Kinetic Energy: KE = %f_w dx| % |2 = hz_:,f_oo dx(1 — a?x?)? exp[ — a?x?] =
h?4? 3vm

2m 4a’
. KE+PE _ h% 3 3
The energy functional: £ = &2 = 2= 352 4 K—.
1 2m 2 4a
- . de h? 3
Variation with respecttoa : —=0=—3a — K—.
da 2m 2a3
. K . . . .
This leads to: a? = 7:—2 (= a?), Eq. (3.145). Substitute this value into the energy functional

and we finally obtain: € = ;h\/% = ;ha). This results is presented in section 3.4.2. This

eigenvalue is the exact value of the first exited state n = 1. As mentioned by Mahan the trial
function ¢ = Ax exp[—a? x? /2] is orthogonal to the ground state trial function ¢ =
Aexp[—a?x?/2].

By evaluating the integral: A2 [~ dx exp[—a? x?/2] x exp[—a? x?/2], we find the

. N 2a3 . . .
orthogonality. Normalization leads to A = /% So the wave function for the exited state is

Py = x‘/r eXp[—-alx 1= ,/2 xeXp[—-aox ] = agV2xip,.
This can be written as: ¥, = / XYg.

Remark: there is something troubling me. In chapter 10 of “The Theoretical Minimum”
Susskind dealt with the harmonic oscillator. He used a trial function for the ground state and
with help of the raising operator calculated the first two excited states(pages 339 and 340).
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_w,2 _w. 2
Susskind found: 1, (x) = 2iwxe 2", where e 20" is the ground-state wave function; w =
\/%. Compare the Susskind wave function with the Mahan wave function for the ground state

and you obtain: a§ = % On the other hand : a§ = Y;lf m . Well, Susskind did not

normalize the ground-state wave function. So, to make a correct comparison you have to use
normalization. That does not save the day. Since Susskind used an “x” different from that

used by Mahan. Susskind used: x = vm y. Where y represents the real world. In addition
Susskind ignored a factor —i/wh. Plugging this factor back into the exited state, this state
becomes normalized again.

Exercise 14.
Use the variational method to solve for the ground-state eigenvalue of the quartic potential
V(x) = Kx* using a Gaussian trial wave function.

A Gaussian trial wave function: ¢ = A exp(—%azxz).
1) A2
Normalization: I = [__ dx|$|* = ;\/_ Eq. (3.140).
L . _ h?% (oo ¢ o h aA?
Kinetic Energy : KE = —— J_ dx| — E \/— Eq. (3.141).
Potential Energy: PE = ffooo dx V(x)|p|* = ﬂ\/ﬁ

4a’
. KE+PE  h? 3K 1
The energy functional: € = =—a?+——.
I 4m 4 a*

Variation of the energy functional with respect to a:
6KmMm
h2

E =0= —a - 3K , gives for the ground-state value of a: ao =

1

) 25 +1).

The eigenfunction: Y, = j—%exp[— Eagxz]. This ground-state eigenfunction is similar to

3Kh*

So we finally find for the eigenvalue: €, = 5(

that of the harmonic oscillator. This is not surprising: the potential function for the quartic
potential is similar to the function for the harmonic oscillator. The quartic potential produces
a different a .

Homework.
The exercises can be found in the relevant sections.

4. Spin and Agular Momentum
In this chapter the eigenfunctions and eigenvalues for both spin and angular momentum
are derived. Mahan mentioned the derivation to be based on the Heisenberg approach,
i.e. the operator method.
In the introduction to this chapter Mahan mentioned the major contributors to the
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angular momentum are spin (5) and the orbital angular momentum (Z)). Adding angular
momentum in quantum mechanics is not a straightforward addition since the three
components of J = [+ 3 are guantized. In this chapter attention is paid to orbital or
orbital and spin components of angular momentum.

The eigenvalues for [ and 3 are derived.

Mahan concluded this introduction with: “........ formulas are valid for all values of
angular momentum. They apply equally well to spin or orbital motion.”

Question: What does “.... Apply equally well ... “ mean?

4.1 Operators, Eigenvalues, and Eigenfunctions
Mahan presented the expressions for orbital angular momentum. The expressions of the

components My, M,, and M, for orbital angular momentum ﬁ(z f?).

4.1.1 Commutation Relations
In this section Mahan showed the orbital angular momentum not to commute. As a

SR oyl el 2 i _
reminder: a simple example is X=X = [x 5% on x] # 0. In deriving Eqgs. (4.8)-(4.10)

use has been made of e.g.: yp, — p,y = 0,and xz — zx = 0. Furthermore

[Pz z] = —[z,p,], and [2,p,] = ih.

Keep in mind, page 88,: The components of spin angular momentum (§) obey the
commutation relations presented in Egs. (4.8)-(4.10). Mahan: “In fact, the components
of any kind of angular momentum obey these relationships”; the Egs. (4.8)-(4.10). So J
the total angular momentum obeys these relationships.

To find Eq. (4.11) use has been made of Eqgs. (4.12) and (4.17) : [M2,M,] = 0,

[MZ + M2,M,] =0

[M2 + M2, M, ] + [M2,M,] = (MZ + M2)M, — M,(MZ + M%) + MZM, — M,M? =
(M2 + M2 + M2)M, — M,(MZ + M + M2) = M>M, — M,M? = [M?,M,] =0,

Eq. (4.11).

On top of page 89: “Each eigenvalue is assigned a symbol: j with M2 and m with M,”. In
the introduction to this chapter J is used for the total angular momentum. A bit
confusing? Keep in mind: M is used for the angular momentum. The eigenstates for M?
and M, are represented by |j, m).

4.1.2 Raising and Lowering Operators

Mahan introduced the raising and lowering operators, LT and L for the orbital momentum
operators. Well, here both are just definitions. Two new machines (Wheeler, Feynman’s
mentor). It appears later on these newly defined operators work as raising and lowering
operators.

For example [M?,L] = 0: [M?,L] = [M?, M, — iM,| = [M?, M,] — i[M?,M,], and with Eq.
(4.18) this expression equals 0. Keep in mind the way commutation brackets work! So, Eq.
(4.25) is easily found without all the multiplications and using Eq. (4.8): [Mx,My] = ihM,,
and, e.g., [M,,, M, ] = 0.
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4.1.3 Eigenfunctions and Eigenvalues

Below the heading of this section: “The next step is to solve the operator relations.....” . To
solve the operator relations?

A basic relation in this section is: {(j, m|j’,m') = §; /6., Eq. (4.31), where |j,m) are
eigenstates and j is the eigenvalue symbol of the orbital angular momentum M? and m is
the eigenvalue symbol of the z- component of M, M,. Question: For a given j , m can vary? j
and m are both in the same range?

The expression for the expectation value and matrix element are presented, Egs. (4.32) and
(4.33).

Mahan writes, just below Eq. (4.33): “In the next section the state |j, m) is given an explicit
representation in term of matrices.” Well, | thought matrices to be related with operators
and |j, m) to be a vector related with states.

Just above Eq. (4.35) you can find f;'. I think this should read f/:.

In deriving matrix elements of commutation relations like Eq. (4.37) Mahan used:

firlt = Ly = fyrlt = Lt + LT = LYy = (fr = F)LY + [, L] = (Fjr = fi)LY, since
[fj, LT] = 0. As given by Mahan: f; is a dimensionless quantity. With help of this expression
Mahan calculates the matrix elements giving Eq. (4.37). Then Mahan evaluated the matrix
elements of the commutator: [M,, LT] = hL', Eq.(4.27).

In order to derive Eq. (4.41) use has been made of Ltm = mL". Here m is a number.

In Eq. (4.42) Mahan presents the matrix element of the raising operator:

L},,m,m = 0pm'=m+10q;(m). In Eq. (4.43) this matrix element is represented as:
L},,m,m = §;j1 6’ m+1119;(m). A minor difference since m' = m + 1? In Eq. (4.44) Mahan

presented the matrix elements for the lowering operator. These are found by the Hermitian
conjugate of the raising operator. A shortcut. Below Eq. (4.44) Mahan writes: “ Now m’ is on
the right(in the ket), while m is on the left(in the bra). Since m’ = m + 1, the operator L
lowers the value of the number m”. Well, this is fine. Below Eq. (4.42) Mahan writes: “....,

m’ = m + 1 The raising operator LT raises the value of m.” . What confuses me is the
discussion in this section to be about the matrix elements, the elements of the machinery,
and not about the operators, the machine itself.

Question: is there a convention about the raising operator operating on the ket and the
lowering operator on the bra?

No, let us go back to the shortcut, take a look at the procedure to derive LT and use this
procedure to derive L. You will arrive at the equivalent expression for L in eq. 4.36):

0= hz(fjr — £;){j',m'|L|j, m). So also for L we have (j',m’|L|j, m) = 8 Lit m'm- Now we
evaluate [M,, L] = —hL, Eq. (4.26). And similar to Egs. (4.40) and (4.41) we finally obtain:
h(m' —m+ 1)Ljs 1., = 0. This expression vanishes form' = m — 1. If form’ # m — 1, the

matrix element L = 0. I1f m" = m — 1, the matrix element does not vanish, but is still

' m'm
unknown (Mahan’s formulation for L},’m,m in Eq. (4.42)). There the unknown becomes the
function g;(m). Are we allowed to write Ljs ;1 = 8pprom_10qj(m — 1)? q;(m) is the
complex conjugate of g;(m). | do not know. My first thought is Lj .1y = &1y hi15(m)
where the relation between 7; and q; has to be found with an additional relation L is the
Hermitian conjugate of LT.
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What represents the difference between Eq. (4.44), the short cut, and

Lt mim = O’ =m—1hqj(m — 1)? Different m and m'? Or interchange m for m'?

Let us have a look at the matrix elements of L, Eq. (4.44). We interchange m for m'. Then we
obtain: (j', m'|L|j,m) = 8;s ;6 m-1hq"(m — 1), since m' = m — 1 by interchanging m for
m'.

In Eq. (4.45) use is made of Eq. (4.19): M,|m) = hm|m) and (j, m|j,m) = 1.

On page 92 Mahan derived an additional expression by using the identity operator for de
matrix elements of the raising and lowering operators. Well, for me it is was an exercise in
subtleties. Especially, the way the raising and lowering operators affected the quantum
number m . At first | was misled by the statement at page 91, below Eq. (4.42): “.....m' =
m + 1. The raising operator LT raises the value of m.” Is this a proof?

Below Eq.(4.44) : “Sincem' = m + 1, the operator L lowers the value of the quantum
number m.” Is this a proof?

So, to obtain Eq. (4.49) by using the above statements in the matrix elements of Eq. (4.48) |
got nowhere. Then | realized for the first term in Eq. (4.48) m' = m + 1 indeed. However,
for the second term, | have to switch m’ for m and obtainm’ =m —1.

At the bottom of page 92 Mahan writes: “So far it has been proved that when LT operates
upon an eigenstate........... ”. Well, what | learned is that the discussion was about the matrix
elements and not about operators. It is not easy to become a quantum machinist. | almost
got lost in operators.

On page 93 Mahan presented the results for the matrix elements of the raising and lowering
operators. There he introduced the upper limit n,, of n for the raising operator and the
lower limit n; of n of the lowering operator. Furthermore a number N = m + n,, and a

number N = n; —m — 1. Then Mahan equates both N to find the limiting value of the
guantum numberm: m = %(nl —1—mn,), Eq. (4.69). Apparently both values of N are
equal. Why is that? Since:

ag=m—m)(ny—m-1)=m+n,)(m+n, +1),and N =n; —m — 1, we have
ag=N(N +1) = (m+ny)(m+n, + 1). This again gives N = m + n,, leading to

m= %(nl — 1 —ny,). Or the other way around: equating a, for both the numbers n, and n;,
wefindm=%(nl—1—nu).SoN=m+nuandN=nl—m—1.

The quantity of N is the largest possible value of m or the lowest value of n,, = 0. Mahan
writes, page 94”,: “The largest negative value of m is —N.” Or the highest value of n; = 1.
At the bottom of page 94 j is identified with N. “Identified” means?

On top of page 95 Mahan summarized the results of this section and compared the results
for the harmonic oscillator with those for the angular momentum. In the text at the end of
this section Mahan writes: “"For the angular momentum, the commutator is another
operator: [L, L] = 2hM,.” | think the operator is: : [L, LT] = —2hM,, Eq. (4.25). A printing
error.

In this section a “c-number” is mentioned: Dirac’s nomenclature.

Homework 1.
The harmonic oscillator has

H =hw (aTa + %),
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[a,a] =1, [af,aT] =0, [a,a] =0.

Starting from just these operator relations, derive the eigenvalue spectrum of the harmonic
oscillator. In chapter 2 Mahan discussed the harmonic oscillator. There he derived

a’a|n) = n|n). When we use this we obtain at once the eigenvalue spectrum E,, with:
H|n) = E,|n). So, | assume we need to follow a different approach.

We have: hw (aTa + %) |n) = E,|n), Schrodinger’s equation with eigenvalue E,, and
eigenvector |n). Let us rewrite Schrédinger’s equation: ata|n) = (:—Z - §)|n). Now | use
Susskind’s notation: aTa = N and denote (:—Z) — %) = A, to be the eigenvalue of N . What

follows you can find in Susskind’s chapter on the harmonic oscillator and the raising and
lowering operators. Caveat: Susskind used ata|n) = n|n). We do not do that.
Mahan mentioned above to start with the given operators. Well, to find the spectrum of
eigenvalues we need to find in what way the spectrum is build.
Susskind wrote: “The trick is to find an induction procedure........ ”. Without that trick | was not
able to find the asked for spectrum. So, we consider a new vector: af|n) and prove this
vector to be an eigenvector of N.
So, we start with N(a'|n)) . Change this expression into: [aTN — (a'N — Na®)]|n). The
expression in parentheses resembles a commutator. Susskind derived this commutator to
be: a'N — Na' = [af, N] = —a'.Then N(af|n)) =: [a'N — (a'N — NaT)]|[n) =
al(N + 1)|n). We have defined N|n), to be 1,|n). So N(af|n)) = (4, — 1) (af|n}).
We conclude (aT|n)) to be an eigenvector of N with eigenvalue (4,, — 1). The same
procedure can be followed for the new vector (a|n)). Now you need the commutator
[a, N] = a, which can be found in Susskind. Briefly summarizing Susskind: writing in full the
commutator [a, N] = aN — Na = aata — aaa = (aa® — a’a)a. The commutator in
parentheses equals 1, then [a, N] = a. For the lowering operator we obtain in this way:
N(a|n)) = (4, — 1)(a|n)). Keep in mind: in the Hamiltonian you will find the raising and
lowering operator operating in tandem and not separately. With the operators separated we
have proven the eigen values of the harmonic oscillator to decrease or increase by an
integer step equal 1. No more no less. We can do a bit more however. We know the
lowering process not to continue since the lowest possible state is the ground state larger
than 0. The order of magnitude can be found by analysing the Heisenberg uncertainty
relation. Let us denote this number of steps to be m . We denote the lowest state by the
vector |0) and the eigen value by E,.

For this state vector we have: hw (aTa + %) |0) = E|0). Or,

hwa'a|0) + hTw |0) = E,|0). Now we know hwa' a]0) = 0, so: E, = hTw , the ground state.
By lowering A,, with m integer steps, say, we have 4,, — m = 0. Here we have shown 4,, to
be an integer. Without loss of generality we may replace m by n, n € N.

So f—:’) - % —n=A,—nm=0and E, = ho(n+ %), the eigenvalue spectrum.

May be it comes as a surprise, started with hw (aTa + %) |n) = E,|n) and using
En 1

T, n= 0, orf—:) - % = n, we have ata|n) = n|n), proven by Mahan in Chapter 2 and

defined by Susskind in Chapter 10.

51



How do the raising and lowering operators affect the eigenstates?

We have found afa|n) = n|n) and used the trick demonstrated by Susskind:

ata(atin)) = (n + 1)(af|n)), so we can write a’|n) = [n + 1). In a similar way you will
find:

aln) =|n—1).

Or having found N|n) = n|n), then obviously N|n + 1) = (n + 1)|n + 1). In a similar way:
Nin—1)=(mn—-1)|n—1).

4.2 Representations

The subject matter of this section is to represent operators and eigenfunctions by specific
functions.

On page 95 and the following pages you will find various representations of operators and
eigenstates.

As a reminder: |j, m) is an eigenstate of M2 and M,; page 89. So |j, m) is not a product state
or an entangled/combined state.

First Mahan dealt with

. 1
J=3

The spin up and spin down denomination is mentioned by Mahan on page 96.
In this case for the spin: j = %and s = % where the orbital momentum is represented by

[ = 0. See the introduction of Chapter 4.
Kets are represented by column vectors and Bras are represented by row vectors.
I learned about the spin states by Susskind.

For example, by Susskind, the up spin |u) is given by the column vector representation ((1))

Let us do a little exercise for the z —coordinate. We do know the operator: the Pauli matrix
0, and we want to find the column vector representation of |j, m). In general we have for

the elements of this representation (Z) The eigenvalues of g, = ((1) _01) are +1. We
1 0)\(a\_(a .
choose 1 and have (O _1) (b) _(b)' Consequently the column vector representation is
(g) . Normalization leads to a = 1. So, finally we have: ((1)), spin up. Similarly, for the
eigenvalue —1 and column vector representation (ccl) ((1) _01) (ccl) =— (ccl) Then the
. (0 . . . . (0
vector is (d) With normalization we find for spin down: (1)

On page 96 Mahan noticed the factors q;(m) to be zero or one. Fromm = %to be the

highest possible value of m and m = — % the lowest possible value, we have N = m. With
Egs. (4.58) and Eqgs. (4.63) q;(m) = 0. So, Eqs (4.91) and (4.92) are found.

Thenj = 1.

Now we have three states: |1,1),]1,0) and |1, —1).

Then Mahan derived the values for g;(m) with Eq. (4.58) and a; = N(N + 1) where N is the
largest value of m. In addition j = N, see bottom of page 94. So qj(m) is given by Eq. (4.94).
Mahan writes: : “These values immediately give the raising and lowering matrices.....”.
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Well, being familiar with constructing the matrices the result is immediately understood.
abc
On the other hand by writing for: LT = (d e f) and operate this matrix on the column
ghi
vector representations of the three states, you will find the elements of the raising and
lowering operators. Keep in mind the raising and lowering operators being mutual Hermitian

0 0
conjugates. An example of the exercise is: L (O) = (0) .
1 0
In the next step Mahan derived the angular momentum operators.

M, and M,, are given by Eq. (4.28) expressed in raising and lowering operators and

[L,LT] = 2hM,,.

Subsequently Mahan gives the r-space representation.

Mahan started this part of representations with the remark: “...., it is easy to construct...”.
Reading textbooks and finding sentences like “...it is easy to show...” makes me shudder.

At the bottom of page 98 Mahan presented the angular momentum state in terms of
spherical harmonics Eq. (4.117): |l,m) = Dy, r'P™(8)e'™?.

In this expression 7! is plugged into the spherical harmonic function ¥/™(8, ¢) and a part of
the factor Cy,, is used. Without explanation. Why? Or should one read chapter 5 in the first
place? Well, on top of page 99 there you will find the explanation. The factor is cancelled out
by normalization. This can be found by comparing Egs. (4.116), (4.118) and (4.119).
Additionally, a look at chapter 5 is helpful. The wave function in terms of spherical harmonics
is given as representation of the eigenstate.

On page 99 Mahan writes: “If one knows the Legendre polynomials P;(8) then one can
construct........... ”. Well, the relation between associated Legendre polynomials and Legendre

m gm l
polynomials reads: P™(u) = (=1)™(1 — p?)= ;Lm Py(), and P (p) = Z%,dd—m (u? - 1),
and u = cos 6. (Chisholm and Morris, www.chimica.it , www.ucl.ac.uk ).
With this knowledge you will find |0,0) = 1.

Mahan used the raising operator for the eigenvector |2,0) and obtained

12,1) = —\E z(x + iy), where the raising operator is applied to % [2z? — x? — y?]. Then he

arrived at the eigenfunction given above for |2,1). Well, you could think this eigenfunction

can be found with the spherical harmonic functions: |, m) = DlmrlPllml(H)eim‘i’.
12,1) = D, %P} (8)e'?, Eq. (4.117).

: _ __je-uyr_ 1

With Eq. (4.118): D, = /(2+1)! =-=
Furthermore Py (u) = —(1 — 2)%iP (1) and P,(n) = Ld—z( 2_1)2=13u2-1)
2 (u 22 Py(u 2 (1) = 750 (1 -~ (3u -

1
So P (n) = —3u(1 — u?)z. We know p = cos 6.
Then P;(0) = —3sin 0 cos 8, where we took the positive value of the square root. We

obtain for |2,1) = V3 r2sin 6 cos 6 e?. This we write in the following way with help of
spherical coordinates: |2,1) = V3 7 cos @ rsinf e!®? =+/3 z(x + iy). Alas, comparing this

with Eq. (4.127), |2,1) = —\E z(x + iy), the result in the line above differs a factor —\/%
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form Eq. (4.127). | cannot find my error. | leave it here.

Below Eq. (4127) Mahan writes: “Note that this (Eq. (4.127), Nz) procedure gives the correct
normalization of the eigen function.” So with Egs. (4.119) and (4.127) :

fozn do fon sin 8dO(l, m|l,m) = %fozn do fon sin 8d0z? (x + iy)(x — iy). This can be written
with spherical coordinates: ;fozn do fon df sinfr?cos8?r?sinf? ePe ¢ = 4?”7”4, as it
should be.

| leave this section with a question. We learned the eigenstates to be normalized. An
additional cheque is are the eigenstates orthogonal? Let us take for example the states |1,1)
and |1, —1). Well, using equation (4.121) and (4.123):

(1,-1|1,1) = — % (rsin 9e‘i4’)*r sin Be'?.

This expression is not zero. The two eigenstates are not orthogonal. Do we have to construct
a orthogonal basis by making a linear combination of these two eigenvectors? May be.

Homework 2, 3, 4.

Exercise 2.

Prove the following result, where & = (ay, g,, g,) are Pauli spin matrices, and
A= (A, Ay, Ay) and B = (Bx, By, B;) are ordinary vectors:
(6.4)3.B)=A.BI1+i6.(AxB), Eq. (4.174).
In this equation [ is the identity matrix.

o behaves like a three vector.

We define € = 4 x §, then

Cy = A B, — A,B,,

Cy = A,By — A,B, and

C, = AyB, — A,B,.

AB=AB,+A,B,+4,B,=D.

i¢.(Ax B) = io,Cy + i0,Cy + i0,C,.

6.4 =0,A, + ay,Ay, + 0,4;.
6.B = 0,B, + oyBy, + 0,B;.
10y (0 1y _ _ (0 —i /10
I—(O 1),0x—(1 O),O'y—(l, O),andaz—(o _1).
So:
5 A A, —iA
0.4 = i (A 2 , and
(Ax+lAy) —A,
¢.B = BZ. (Bx — iBy) .
(Bx +iBy) —B,
.~ D 0
A.BI—(O D).
N 1 . Cz (Cx_icy)
la.(AxB)— <(Cx+iCy) —c, .

Now we have all the matrices to prove Eq. (4.174). Plug these matrices into Eq. (4.174) and
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you find the correctness of this equation.
A nice exercise in matrix and vector algebra.

Exercise 3.

. . .3
Construct a matrix representation for the j = 5 angular momentum.
.3 31 1 3
J=o,som=—-,-,—-,— .
2 2°2 2 2
These values give the raising and lowering operators, the elements of which are found by

q;(m) = /j(j + 1) — m(m + 1) and the Eqs. (4.42) and (4.42):
4,0 =0 0,(5) = V3.0, (=3) =2.4,(-3) = V3

0 v3 0 0 \?_ 0 0 0
o o 2 0 30 00
Then LT =h 00 o \/g,andL—h 02 0 0
00 0 0 0 0 V3 0
With Eq. 4.25 we have 2hiM, = —[L, LT]. Plugging the raising and lowering operators into
30 0 O
thise [ ind: M, =2(0 1 0 0 [ ? i
quation we find: M, = lo 0o =1 o [ Is this result to be expected? Well, M, is
0 0 0 -3

diagonal with elements hm.
1 .
Furthermore, M, = E(LT +L),and M), = é(L —LM.

(0 N 0\‘ (0 V3 0 0\‘
2 0 ; -2 0

So,Mx=E V3 0 ,andMyzE V3 0 .

2 0 2 0 <3 2( 0 2 0 —\/§/

0 0 V3 0 0 0 V3 o
Now M2 = M2 + M2 + M2 , or with Eq. (4.30): M? = = (L'L + LL) + M2 .
We substitute the matrices into the equation for M? and find: M? = h? 1751. Again, is this
result to be expected? Yes it is. Bottom of page 94: The eigenvalue of M? is just h2a,.
And ay =j(j + 1) =175.
So far | did not pay attention to the column vector representation of the eigenstates. These
are the eigenstates of M, and M?2.

Eq. (4.76): M,|j, m) = hm|j, m). For the four eigenvalues hm we can obtain the column

vector representation of the eigenstates with the as yet unknown elements a, b.c and d:
3 0 O 0 a a

hf0 1 0 0|[Pb

2\0 0 -1 O c
0 0 0 -3/\d d

equation and apply normalization we obtain:

b
=hm c | Then plugging the various values for m into this
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|173/2> = ’ |], 1/2) = ’ |]'_1/2) =

1
0 . _
0 ,and |j,—3/2) =

(= )
=N o]
= O O O

0
All these column vectors are also eigenvectors of M?2.

Exercise 4.

Construct an r-space representation for the eigenstates with j = 3.

j=3,sowehavem =3,2,1,0—-1,—2 and —3.

We follow the recipe of Mahan: “If one knows the Legendre polynomial P;(8),then one can
construct the rest of the basis set using raising and lowering operators Eq. (4.107)-(4.109).”
That is to say, we first construct the eigenstate |3,0) and subsequently find all the others.
P;(0) is the Legendre polynomial for m = 0.

With help of the Egs. (4.117) and (4.118) you find |3,0) = r3P;(6).

Then: Lt|3,m) = hq;(m)|j, m + 1) (4.59)

and L|3,m) = hq;(m — 1)|3,m — 1) (4.60)

Furthermore q;(m) = /12 + m(m + 1). (4.58)

For the Legendre polynomial we have (Chisholm and Morris): with 4 = cos 6 and
1 a3 -

Py(p) = Ed_;ﬂ('uz — 1)3 the polynomial is

3
P;(0) = %(3COS3(9) — 1) . Then we can write for |3,0) = %(323 — (x% + y? + z%)z). Now
apply the raising operator on the polynomial representation of |3,0). This operator is given
in Eq. (4.109) : LT = h[z (;—x + i:—y) — (x +iy) %] The result of this operation is:

L1|3,0) = —h3z2(x + iy) and with Eq. (4.59): Lt|3,0) = h2v/3 |3,1). Equating both
expressions for Lt|3,0) we obtain the new eigenstate |3,1) = — ?ZZ (x + iy).

Now we look for the eigenstate m = —1. So, with the given recipe and Eq. (4.60):

L|3,0) = hgs(—1)|3,—1) = h2v/3|3, —1). Apply the lowering operator on the polynomial
representation of the eigenstate |3,0). This operator is given in Eq. (4.107):

a . N . . .
L =-h|z (E - 15) —(x—1iy) E]' The result of this operation finally is:

the new eigenstate |3,—1) = \/2—522 (x — iy). For the next step we apply the Mahan recipe
on the eigenstates |3,1) and |3, —1). Then we find the new eigenstates |3,2) and |3, —2).

These are: |3,2) = \/150 z(x +iy)?and|3,-2) = \/1?—0 z(x — iy)?. In a similar way we have
for the eigenstates |3,3) = —%(x +iy)3and|3,—-3) = %(x —iy)3.

Here | mentioned the question | raised in section 4.2 about orthogonality. Well, again you
will see, for example (3,1|3,0) # 0. So, do we have to construct a orthogonal basis by linear
combinations of the above derived eigenstates?

4.3 Rigid Rotations.

In this sections Mahan deals with rigid rotors.

The first example is about a hollow bead mass sliding around a horizontal circle with fixed
radius R. For the Hamiltonian the only variable is 6 .
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A second example is the rotation of an object around a fixed axis.
In the third place Mahan dealt with the rotation of a spherical top. There the operator M?
derived in section 4.2 is used: M? = h%[(l + 1). Eq. (4.135). The relation between M? and

~ ~ 2
the kinetic energy T is givenin Eq. (4.144): T = IZ—I, where I is the moment of inertia for a

spherical top (and not the identity matrix). So the eigenvalues are:

E =2 1(1+1),Eq. (4.145).

Now the spherical top. For a particular value of [ , m = 21 + 1. This results from the
associated Legendre polynomials: =l < m < [, thenm < 21 + 1 (Wikipedia.org). Also on
page 94 in the section on eigenfunctions and eigenvalues you will find =N < m < N, where
N is the largest allowed value of m and number of allowed values of m = 2N + 1.

Another special case is a diatomic molecule of identical atoms.

On page 102 at the end of this section Mahan writes: “The difference between this case(the
diatomic molecule, Nz), and the spherical top, is the degeneracy of each energy level. For the
spherical top it is (21 + 1), while for the diatomic molecule it is one.”

Degeneracy: “In quantum Mechanics an energy level is said to be degenerate if it
corresponds to two or more different measurable states of a quantum system”,
Wikipedia.org .

So the diatomic molecule has one eigenstate, m = 0 , for one energy level L.

At the bottom of page 101 the notation is a bit confusing. M is used for the mass of the
nuclei and for the momentum operator. In Eq. (4.146) it is clear M to be the momentum
operator. The expression with m? in Eq.(4.147) is found with help of Eq. (4.76) by operating
M, on M,|j, m) = hm|j, m), resulting into: M2|j, m) = h®m?|j, m).

Homework 5, 6.

Exercise 5.

Calculate the moment of inertia I, for a diatomic molecule when it is rotating on axis
perpendicular to the line between the two nuclei. Then calculate the value of E; = h?/2I;
in temperature units (T; = E| /kg) for the three diatomic molecules H;,, N, and O,. The
value for the nuclear separation can be found in the Handbook of Chemistry and Physics.
This exercise is completely dealt with in section 4.3-Rigid Rotations- and the diatomic

molecule.

: h? 1(1+1
The eigenvalues are: E;, = > +1)

, where m = 0, assuming ordinary temperatures.
1

Furthermore I, = ZMaSS(%)Z , with Mass the mass of the atom and d the separation of the
two atoms. In temperature units the eigenvalues are: Ty = il(l—“i.

2kp 2Mass(3)?

For all three diatomic molecules the numbers in the expression for T; can be found in the
Handbook of Chemistry and Physics.

Well, so far nothing has been said about the potential energy. Since the centre of mass is

chosen to be the rotation axis potential energy can be treated as a constant.

Exercise 6.
A molecule consist of four atoms in a perfect square of side a and atomic mass Ms. What are
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the eigenvalues of rigid rotation in three dimensions?
We choose the x- and y- axis to be in the plane of the four atoms. These axis intersect at the
diagonals of the perfect square. The z- axis is perpendicular to this plane at the intersection.

Now we have for the moments of inertia I, = I, = 4MS(%)2 = Ms a? and

I, = 4Ms(20)? = 2Msa? = 21, = 21,

2
M_%+ﬂ+M_zz]=z L
2l 21t

For the kinetic energy T = l[
2l T T

The eigenstates are the spherical harmonics Y™ (0, ¢).

~ 2 2
We have, similar to Eq. (4.147): TY/"(0, ) = h? [1(11;1) — mI—/Z] Y™ (6, p).

The four atomic molecule has the eigenvalues and eigenfunctions:

Y0, ¢) = ST 2 ym g, ),

In this exercise | took the centre of mass of the molecule for the position of the coordinates
origin. Consequently the potential energy is a constant. However, translating the coordinate
origin to one of the four atoms has some effect. Keeping the gravity field acting in the

direction of the z — axis, potential energy is again a constant. The moment of inertia is

. . . h? [1(l+1 2/2
affected. The structure of the expression for the eigenvalues is the same: Py W) M]

Iy Iy

4.4 The Addition of Angular Momentum.

This section is about product states of spin and angular momentum.

With Eq. (4.150) Mahan introduced the product state: |j;, mq)|j2, my).

The first example( there is no second example in this section) of such a product state
introduced on page 103 is a two spin system denoted by (@, ) . a; is the spin-up particle j
and f; the spin-down particle.

1

0
related to the Clebsch-Gordon coefficients(C-G) which are presented at page 105.

So the eigenstate for the total angular momentum M for the two spins aligned upwards
becomes:

So a; can be represented by ( ) and B; by ((1)) Keep in mind a constant has to be included

1

M =10=c-6()® (]

)=(-6)

= a;a, , where @ denotes the tensor

SO o

product.

In Eq. (4.153) Mahan gives the inner product (J, M|J, M) = (j;, my|j1, m1){j2, my|j2, my) .
This follows from: (jy, my |j1, mq){j2, M2 |j2, m2) = (1, My {2, M2 lj1, M) j2, m2)-

Here are neglected for the time being the Clebsch-Gordon coefficients. For the both spins
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upwards this becomes (J, M|/,M) = (1000) = 1. | suppose Mahan has written for

S O

0
convenience: (J, M|],M) = (1,1|1,1) = (a;|a; {a,|a;).
On page 104 Mahan derived the states for the two spin product state.
There are four states, three are derived by Mahan. The fourth follows from the other three.
Let us have a look:

1
_ 10
|111> =aa; = 0 ’
0
0
0
|11_1) = ,31,32 = 0/
1
0
1 _1(1
|1,0) = 5(51“2 + a,B;) = 7z 1
0
For this state M = 0. Since M = m; + m;, the value for M can be found by m; = %and
m, = — % orby m; = — % andm, = % This is the reason to have % (Braz + a1 B).
a
And now the fourth state |0,0) which we represent by the general column vector ? .
d
a
These four states are orthogonal, so (1 00 0) IZ = 0, and a = 0. Similarly you will find
d
0 0
d = 0. And with \/%(0 110) IZ = 0, we have b = —c. Finally normalizing —bb , we
0 0
obtainb = + \/if Let us take the minus sign (as Mahan mentioned the choice to be arbitrary,

phase ambiguity) and we can write for the fourth state vector as a tensor product:

1
10,0) = 5(31“2 —a,f3,) .
Remark: In Susskind this four state vectors are called triplets(of degeneracy 3) and a

singlet(no degeneracy). Instead of a,a, and B[, for the first two states Susskind used
a,a, + B1f, and aia, — f1B,. Susskind used u for the up-spin d for the down-spin.

In table 4.1 on page 105 Mahan summarized the results. | think the text of this table should
read: Vector addition of a two spin system of G) X (%) gives state |J = 1, M)|J = 0, 0).
In Eq. (4.161) you will find:

(0,0/0,0) = %((ﬁlaz —a,f2) (B1a; — a1B,)) . Well, | don’t understand () on the right-
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hand side of this expression. Most certainly it does not represent a mean value or an
expectation value. May be the vertical bar in the middle of this expression is missing. |
suppose it to be a printing error. Furthermore as far as | am concerned, the equality

1
(0,0[0,0) = 5((ﬁ1“2 — a1 5)|(Braz — a12)) =
%[(allal)(ﬁzlﬁz) + (@, |a;){B11B1)] is not so easily understood. (Nb. : | substituted a vertical
bar in the second term of the above expression).

werae 001 =515 +{(D () - (& (1) -

= —%ﬂal) Q |B2) — |B1) ® |az)).

0

Then (0,0(0,0) = %[(0 1-10) _11 I=1= (ay| ® (Bz] = (B1] ®{az)(|ar) ® B2) —

0
1B1) ® |az)) = (a1] ® (Bzla1)  |B2) — (B1l ® (az|a1) & |B2) —
(a1] & (B21B1) ® |az) + (B1] ® (az|B1) ® |az).
In the tensor product space we have composite vectors for which we have in general
<ai| X (ﬁilaj) X |:8]) = 6aiaj6ﬁiﬁj :
Consequently (0,0]0,0) = > [{a;| ® (Balar) ® |B2) + (B1l ® (@zlB1) ® |axz)].
This can be written as = = [{a [, )8, 1) + (a2 lazXB1 1), Eq. (4.162).

On page 106 Mahan gave some examples of product states.

Keep in mind: M = m; + m,, the maximum value ] = j; + j, and the minimum value of

J = |j1 — j2|- So the vector addition (g) X (1) has the values j; =3/2andj, =1,m; = 3/2
andm, = 1.

Eq. (4.170) is Z{}1+_j]?2|(2] + 1) = (2j; + 1)(2j, + 1). For a particular composite system,

(4) X (2) say, this equality is shown to be correct. In general you will find the expression for
J to be correct by writing down the summation. Then the number of steps is (2j, + 1). By
doing the summation twice: starting with the maximum value and with the minimum value
you will find the summation to be the number of steps times (2j; + 1). Well, as you noticed,
| proved the sum of an arithmetic series to be : % j, + D2, —j) + 142G, + ) +1].
So for j; > j, this sum equals the right-hand side of Eq. (4.170).

For j; < j, the sum of the arithmetic series is: % (2j; + D[2(, —j1) + 1+ 2@, +j,) + 1].
Again this equals the right-hand-side of Eq. (4.170).

J1 = jo needs no further explanation.

Remark:

.1 .
Let us return to the example of two systems, each spin > The system is denoted by:

1

1 . oy .
(E) X (E) The basis for vector addition is Eq. (4.150):

I, M) = Xinym, (€ = B)lj1, m1) @ [j2,m2), Eq. (4.150)
where (C — B) are the Clebsch-Gordon coefficients.

Nowmax]=%+§=1andmin]= |%—%| = 0.
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The first state is |/, M) = |1,1).
WithM =1,and M = m; + m,, we have m; =

11 11
So|/,M)=L1)=¢(, I5»5> ® I5»5>.

N |-

,my = %and asingle (C — B) = (.

(1), we have

With column vector representation of the state | %,3 0

1

11 11\ 1 1\ _ 0

aiigeini)=a(p)ek)=alg
0
Normalizing this state : C; = 1.
The second state is |/, M) = |1, —1).
we have m; = %,mz = %and asingle (C — B) = C,.
WithM = —1,and M = m; + m,, we have m; = —%,mz = —%and asingle (C — B) = C,.
11 11

Sol/,M) = 11,-1) = G, 12, - @ 12,-2).
0

1), and normalization : C, = 1.

With column representation of the state |%, —%) = (
The third state |/, M) = |1,0).

Now we have two sets m; and m,.

WithM =0, m; = %,mz = —%, andm,; = —%,mz = %
SolJ,M) = 11,0) = G; 12,3 @ 12, - 3) + G413, -2) ® 13.2).

2
Let us apply the lowering operator on |1,1) in order to find an additional expression for
I/, M) = [1,0).
For L|J, M) we use: L|J],M) = h\/](l +1)-MWM-1)|,M—1). (4.79)

So L|1,1) = ©/2|1,0). In addition we apply L on |%,%> X |%,%> = |1,1). On page 104 Mahan

used the chain rule for this expression. The reasoning for this L contains derivatives. Well,
this may be straight forward but not to me. Why is that? Image L to be in the matrix
representation L|J, M). We know |/, M) can be represented in this case in a column: a
column representation with 4 elements. Consequently L is a 4 X 4 matrix. Apply the chain

11 11 11 11 11 11 .
rule on |§'5> X |§'5>' [L | 5,;)] X |E’E> + |E’E> X [L |5’§>]' we see the lowering operator
. . . 1 .
applied to a column vector with 2 elements. So L in L |E,%> acts as a 2 X 2 matrix. How

come? Well, L itself can be considered as a tensor product of two 2 X 2 matrices:

1 1 1 1
L=l @ Lyand[L ® L 13,m:)| @ 13,ma) +13,m) @ [Ly ® L 13,ma)],
L, operates on m; and L, on m,. In this way | understand the product rule works. This

interpretation is based on Susskind’s Theoretical Minimum.

With help of this interpretation | can continue to apply the product rule as given above:
11 11 11 11
[L|5,5>] X |5,5> + |5’E> Q [L |5,§>] :
1 1

With help of Eq. (4.79) L | §§> =h|2, ‘E>-
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11 11 11 1 1 . . .
So L|1,1) = hy2|1,0) = h|5,—5> ® |5,5> + h|5,5> ® |5'_E>- This results finally into:
1,1 1 11 1,11 1 1
110 =515, -3) @135 + 5153 ® 15.—3)
. . . . 11 1 1 1 1 11
Comparing this result with the expression |1,0) = C3 |E'E> X |5, —5> +C, |E’ _E> X |E’E>’

1
we have (5 =—2,and Cy =—=.

The fourth eigenstate |J, M) = |0,0).

Again there are two sets for m; and m,.
. 1 1 1 1
W|thM:0,m1:E,mzz—z'andmlz—z’mzzz_

I S&l=

11 1 1 1 1 11
So I/, M) = 10,0) = G512, ® 12, 3) + G 13, -2 ® 12.2).

and Cg = -,

The coefficients are found from orthogonality with the other states: C5 = - 5

V2
Homework 7, 8, 9.
Exercise 7.
Derive a table of Clebsch-Gordon coefficients for (%) X (1) and also (%) X (g) .
The basis equation for this exercise is Eq. (4.150).

| will show some results for (%) X (1).

Eq- (4150) |], M) = Zml,mz(CGcoefs) Ijllml) ® |j2'm2)-

We have: j; = % andmy = %and —%;jz =1,andm, = 1,0and —1.

The maximumvalueof ] = j; +j, = %, the minimum value of ] = |j; — j,| = %

We start with |J, M) = |%,§>.

So |§,g> = Yim,m,(CGcoefs) |%,m1> R |1, m,).

We know M = m; + m,.Since M = 2, we only have m; = %and m, = 1. Consequently
there is just one Clebsch-Gordon coefficient (CGcoef's), denoted by C.

Then |§,§> =C| %,%) & ]1,1). Normalizing gives C = 1. This is demonstrated by the results

of section 4.2 in Mahan. With column vector representation and tensor multiplication:

1 1
1 0 X

E §> C(l)®(0)=6 0 Theinnerproduct'<§§|§§>=C2(100000) O1=1
) O O ) “\27212’2 0
0 0 0
0 0

and C = +1. We will continue using C = +1.

We have found one coefficient.

The above column representation of the eigenstates reminds us applying the raising or
lowering operator to be a tensor product of two matrices. One matrix a 2X2 matrix and the
other a 3 X 3 matrix. The 2 X 2 matrix only operating on the 2 column vector representation
and the 3 X 3 matrix only operating on the 3 column vector representation.

This reasoning of matrix application and tensor products | based on Susskind “The Theoretical
Minimum”.
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Next |§,%> = Ym,m,(CGcoefs) |%,m1> & |1, m,). Now with the constraint M = m; + m,,

M= %,we have two values for m; and m,: m; = —%, m, =1,andm, = %,mz =0.
31 11 11
SO:|EJE>=C1|5;5>®|1,O)+C2|E,—E>®|1,1). (ca.1)

We follow the procedure by Mahan and apply the lowering operator L to | %,3 to find

another expression for | %,3 To this end we use Eq. (4.79):

Llj,m)=hj(+1) —m(m—1) [j,m —1). Eq. (4.79)
3 3 31 3 3 11 . _

Then: L|5'5> =hv3 |E’E>' We know already |E’E> =C |E’E> ® |1,1), with € = 1.

All we have to do is to apply the lowering operator on this tensor product and use the
product rule to apply the operator:

LD =1(23) @) =La33) @11 +15.2) ® L4,

With help of Eq. (4.79): L 5,3 =h l,—l X [1,1) + l,l ® hv/2 |1,0), since we already
2 2 2 2 2°2

found L] ;,%) =hv3 | ;,%>, we equate the latter expressions for L| %,3 , with the expression

of one line above and have : L|§,§> =hV3 |§,%> = h|%,—%> ®|1,1) + |%,%> ® hv2 [1,0),

and we have for the new eigenstate |%,%> = \/% | %, —%> Q |1,1) + % | %,%> &® |1,0). Now
compare this expression with (C4.1) and you find C; = % and C, = \% .

The next eigenstate can be found with help of the lowering operator applied to |%,%> or by

starting with |J, M) = | %, — §> For this we have only one set of m; and m,.

M = —g,andwithM =my+m,,m = —%andmz =—1.

3

. 3
However, | prefer to apply the raising operator to | > _§>'

So we start with: |§, —;) = Ym,m,(CGcoefs) |%,m1> X |1, m,).

We know M = my; + m,. Since M = —%, we only have m; = —%and m, = —1.

Consequently there is just one Clebsch-Gordon coefficient (CGcoef's), de noted by C;.
3 3 1 1
Then: |E'_E> = C7 |E'_E> ® |1,—1)

Normalisation gives: C; = 1.

Now apply LT | ;, —;)

Then with Eq. (4.78): LT|2, —%} =hv3 |2, —%> (C4.2)

Next apply Eqg. (4.150): |%, —%> = Ym,m,(CGcoefs) |%,m1> & |1, m,). With the constraint
M=m;+m, M= —% , we have again two values for my and m,: m; = —%, m, =0, and
my = l,mz = —1.

2
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so: |2, —-> Cs13.3) ® 1L, -1) + G5, -2) ® [1,0) (c4.3)

We apply the raising operator again to |— ——> C |— ——> ®11,-1), C = +1.
LT| = ——> = LT[| = —> ® |1, —1)]. With the product rule we have:
=Y =t -en-n+1i - e wiL-1)
with: LT |j,m) =hjG+ 1) —m@m+1) |jm+ 1), Eq. (4.78)
Lt |— ——> h|-= —> Q1 -1) + h\/§|l —3> ® |1,0) . Now equate this expression with
(€4.2) and we obtain |5,—§> =112 E> -1+ 211, ——> 11,0).  (Ca.4)
. o : B 2
Compare this expression with (C4.3) and you find Cs = E and Cg = 5

We have found the Clebsch-Gordon coefficients of (%) X (1) for] = %

As a cheque | will apply the raising operator on | ;, - %>, (C4.4) , and compare the result with

| E, l}. The latter state is found by using the lowering operator on the former page.

With Eq. (4.78) we find LT | 2, —-> h2|2, -> (ca.5)

Now we apply the raising operator on (C4.4), use the product rule and Eq. (4.78) to obtain:

LT %, —%) = h[j_ % ——> ® |1,1) + i | E l) & |1,0)] equate this expression with (C4.5)
1 V2,11

and we have |5,2> \/_|2 >®|11)+\/_|2 2>® |1,0), as before.

For the product state (5) X (1) we did not consider the product states |/, M) = |%,%> and

UMy =13,-3)

From this product state we know j; = %andjz =1,andforM = %+ % there are for each

value of M two sets of m; and m,. Knowing these values the Clebsch-Gordon coefficients
are found with the above procedure.

The other product state to investigate is (%) X (%) .Soj; = % and j, = -

The maximum value of ] = 2 and the minimum value of ] = 1.
I/, M) =12,2),2,1),12,0), |2, —1),|2. —2), and

|/, M) =|1,1),|1,0), |1, —1).
1 1

ml_zl 2/
31 13 3

my, ==, —=,5,—=.
2" 2 2°2 2

The above procedure can be applied in a straightforward way.

| leave this exercise.

Exercise 8.
Derive a table of Clebsch- Gordon coefficients for (1) X (1). List only states with m > 0.
Soj; =1,andj, = 1. Here we have max J = 2 and min J = 0.
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|/, M) =12,2),12,1),2,0),|2,—1),|2.—2), and

I/, M) = 10,0).

Furthermore

m; =1,0,—1.

m, =1,0,—1.

Onlym; =1,0,and m, = 1,0, have to be considered.

The constraint M = m, + m, completes the information we need.
The procedure of exercise 7 can be applied in a straightforward way.
| leave this exercise.

Exercise 9.

Write down the angular momentum states obtained by combining three spin %states.
Treat the particles as distinguishable.

Remark: this part of homework is not clear to me. Is the exercise about a three particle
system with spin % ? Chapter 4 is about spin and angular momentum. Citing Mahan:

o«

........ The many particle aspects are deferred until chapter 9. The present chapter is
concerned with understanding the properties of only one or two separate components of
angular momentum”. The two separate components of angular momentum: spin and orbital
angular momentum? In the section on The Addition of Angular Momentum Mahan

mentioned two systems each with spin % Further on he mentioned the spins of the
components. | considered this two be a two particles.
The only way out for me is this exercise is about three particles each with spin %

Let us assume this to be correct.

We have three particles each represented by a state |j, m).

With one spin system we have two(2) states; with a system of two particles we have
four(22) states and with a system of three distinguishable particles we have eight(2%)
states.

In general we can write for this combined state: [j;,m;) & |j2,m2) X |jz, m3) .

We know m; to be +1/2. For the up-state we use |u), for the down-state we use |d) as
Susskind did. Let us use a condensed notation. For example the particles in the up-state:
|uuu). Then the other states are: |uud), |ludd), |ddd), |ddu), |duu), |dud) and |udu).
Again, for example |udd) — |u) ® |d) ® |d).

Homework.
The exercises can be found in the relevant sections.

5. Two and Three Dimensions.
In this chapter techniques presented in the previous chapters are applied. Exact and
approximate methods are given.

5.1 Plane Waves in Three Dimensions.

In this section Mahan starts the discussion on plane waves Y (r) and potential energy V = 0.
Spherical coordinates are used. Spherical harmonics are used as solutions to Schrédinger’s
equation. With the operator equation for M2, Eq. (4.134), and the eigenvalue equation,
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Eq. (4.135), V2y(r) = o (r228) - L2y, (€5.1)
In this equation Y(r) = R(r)Y"(6, ¢). (5.14)

We met the function Y™ (6, ¢) , a spherical harmonic, in chapter 4, section 4.2 on
representations. In the Egs. (5.8) — (5.10) Mahan showed some examples for [l = 0,1, 2 and
—-I<m<L

With the spherical harmonic given the only function to be found is R(7) .

The resulting Schrédinger equation expressed in R(7) is:

19 ( ,0R l(l+1)

S (r? ) - 2R+ B ER = 0. (€5.2)
21,2

In (C5.2) E represents the kinetic energy: E = hZ:l . (5.15)

On page 110 Mahan presented the solutions in terms of spherical Bessel functions for the
radial function R;, where the subscript [ is introduced for obvious reasons. At the bottom of
page 110, Egs (5.20) - (5.25) some properties of spherical Bessel functions are given.

On page 111 the spherical Hankel functions are introduced as well. With help of Eq. (5.20),
two Hankel functions are given.

At the bottom of page 111 Mahan introduced the generating function for spherical Bessel
functions. On the next page Mahan the expansion of the plane wave solution is given. For
me it is not clear to what purpose this expansion is given. On this page the addition theorem
for momentum is mentioned, Eq. (5.38). | do not know where this theorem has been proven.
In section 4.4 the addition of angular momentum is discussed. Eq. (4.150) represents the
relation for addition. The theorem has not been mentioned. | just except the theorem.
Remark: Looking for more information on the addition theorem | found the answer. The
addition theorem is about the addition of spherical harmonics (www.scipp.ucsc.edu ).
Information on the addition theorem can also be found In Whittaker and Watson, chapter 18
section 4. A new proof of the addition theorem for the Legendre polynomial.

Below Eq.(5.39) writes: “The last bracket is 2 cos(6 — 8") ......". | think this should be: “The
last bracket is 2 cos(¢ — ¢'").....”. A printing error | suppose.

In his lectures Fitzpatrick dealt with the example of an Infinite Spherical Well. This example is
shown in the second exercise of Homework.

Due to the length of chapter 5 | first work on exercise 1 of Homework.

Homework: 1, 2.

Exercise 1 . Verify the addition theorem for [ = 2.

The addition theorem: (21 + 1)P;(8") = 4n Y ™=t v/™(0, p)Y;™ (8", ") . The various
angles are defined on page 112.

For [ = 2 we have:

5P,(0") = 4m Y m=2, yJrym
All the elements of the rlght -hand side are given in the Egs. (5.8)-(5.10).
Furthermore the Legendre polynomial P,(6") = %[3(005 6% —1]. (4.124)

We also need Eq. (5.34), the relation between 6',8,0", ¢ and ¢"'. With all the ingredients
the exercise becomes an exercise in goniometrical manipulations.
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We could choose a goniometric “Light” approach. This approach is based upon the
alignment of the vectors k and r. This is just one of the possible values of 8.

Then the addition theorem becomes:

5P,(0) = 4m > =2 |Y2m|2 ’ (C5.3)

with 8’ = 0 the angle between k and r. Again all the ingredients are available. Eq. (4.124),
P,(0) =1,and Yy, Yzil, and Y;—r2 are given by Egs. (5.8)-(5.10). The summation on the right-

hand side of (C5.3): Z (3cos?6 — 1) 2 + 15sin?Ocos?6 + 1Tssin‘le = 5. So for this particular
situation the addition theorem is verified with [ = 2.
Another approach for this “Light” case is to rewrite the addition theorem with associate

Legendre polynomials.

So for 8’ = 0 the theorem reads:1 = Y2, __, E:::B: [P, (C5.4)

P,(0) = 25 [ - 1)) (c5.5)
>

and

PP = (~D™(1 = x2)7 2 Py (). (c5.6)

P, (x) with (C5.5) becomes: P,(x) = %(sz —1).
Now we can derive all the expressions for PJ* and substitute these in (C5.4) to obtain

1
[% Bx2-1D]*+ % [3x(1 - xZ)E] + 1—12 [3(1 — x?)]? . After some manipulations we find this
expression to be equal 1. Another verification of the addition theorem.
Exercise 2.
Find the exact eigenvalue equation for any value of angular momentum for a particle in a
spherical well:
0 0O0<r<a
V(r) = .
™) {Oo a<r
The equations describing this potential are given in the Egs. (5.63) and (5.64) with the above

values for V(r) or Eq. (5.16) with V(r) = 0.
Then in the spherical well we have the solution Eq. (5.19). Since the solution y;(kr) diverges

atr = 0, the solution for the radial part of the wave equation is: R;(kr) = C,j;(kr). And
kz — 2mE

hZ
by Mahan on page 16 the function j;(kr) must be forced to vanish at r = a. This will give us
the eigenvalues. For some values of [ these are given in the table below, b).

a. What is the specific result for [ = 0 ?

. The constant C; is found from boundary and initial conditions(Mahan). As written

sin kr

The specific result for the radial part of the wave function is j,(kr) = pat Eq. (5.20).

Atr =a:jy(ka) = Siz:a, consequently k,,a = nm.So k,, = % The eigenvalues are:
_ h? nmo

En=—()"

b. Look up a table of zeros of spherical Bessel functions (e.g., Handbook of Mathematical
Functions). Use these data to list, in order, the six lowest eigenvalues considering all possible
values of angular momentum. Remark: what does all possible values mean? On page 109
Mahan writes: “The most frequently used spherical harmonics are those with small values of
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(Lm).”
This does not bring me any further, since what does small values mean? [ = 0,1,2?
For [ = 0 you will find again the numerical values for k,,a = nt, n = 1,2,3,4,5,6.
2
And the six lowest eigenvalues are: E,, = Zh—m (%)2, n=1,2,3,4,5,6.

For [ = 1 and 2 you will find the numerical values for k,,a , n = 1,2,3,4,5,6.

zeros [ l=0| [ =1 =2
n= |ka=| ka= ka =

1 T 4.4934 | 5.7635
2 2w | 7.7252 | 9.9050
3 3 | 10.9041 | 12.3229
4 4 | 14.0662 | 15.5146
5 57 | 17.2208 | 18.6890
6 6m | 20.3713 | 21.8539
2
And the eigenvalues are : E,, = 2:1(12 (ka)?.

Let us return to the expression: “All possible values of angular momentum”. With Eq. (5.63) |
h2 _ n? 2
(1 +1) <E (= 5= (ka)?).

2mr?
Let us plug some numerical values into this equation. With r of order a and ka of order 10

we have [? < 100 or [ < 10. Well, in the above table | gave the values for three values of .
Assuming the upper limit of [ to be correct | have still a couple of values of [ to go. | leave it
here.

suppose to find bound states for

5.2 Plane Waves in Two Dimensions

In this section Mahan presented the general plane wave solutions to the eigenvalue
equation. The solutions are given in terms of Bessel functions and Neumann functions. The
generating function for the Bessel function is also given.

5.3 Central potentials
In this case the potential V() depends just on the magnitude of r. These potentials are
spherical symmetric. The eigenvalue equation will be treated in two and three dimensions.

5.3.1 Central Potentials in 3D

Eqg. (5.57) has been derived from Eq. (5.55), where use has been made of Eq.(5.12). The
latter equation is fund from Eqgs. (4.134) and (4.135). In the line above Eg. (5.69) Mahan
writes: “Here the most general solution is Eq. (5.19)...”. Caveat. | consider this a bit confusing
since this solution is given for the differential equation with V(r) = 0.

On page 116 Mahan gave as an example the attractive three dimensional square well. On
page 117 Mahan matches the solution of the Schrodinger equation at the boundary of the
potential well and obtained the expression for the phase shift §;. In Eq. (5.78) Mahan uses §
instead of §;. A printing error | suppose.
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Just below Eq. (5.79) Mahan writes: “It’s an interesting exercise to evaluate this expression
(Eq. (5.78) or Eq. (5.79), Nz) for [l = 0...”. Let us give it a try.
For this we use Eq.(5.20).

Then jo(2) =22, ji(2) = =S5+ 22, yo(2) = -

prime denotes derivative and z = pa or ka.

We substitute these expressions in to Eq. (5.78) and after carefully manipulating the
tanka+tandy, _ tanpa
k(1-tan g tan ka) - P

sinz sinz

4_

z2 z

Ccosz

and y((z) = , the

’
z

following expression is found:

tan a+tan f

With help of the goniometrical relation tan(a + ) = the expression Eq. (5.80) is

1-tanatan
found. The result of the one-dimensional well; Eq. (2.49).

Mahan concluded this section with the expressions for the second example: the repulsive
three dimensional square well.

Another example of a central potential is the 3-D harmonic oscillator. In textbooks you will
find the this oscillator to be analysed in a Cartesian frame. The Hamiltonian is a sum of 3
independent oscillators. The eigenvalues are a sum of the 1-D eigenvalues. With this result
the degeneracy is calculated. The results are reviewed in “Quantum Harmonic Oscillator”,
www.en.m.wikipedia.org .

Homework: 3,4,5,6,7,14, 15, 17.

Exercise 3.

A deuteron is a bound state of a neutron and a proton. Fermi calculated the binding energy
assuming the nuclear forces could be approximated by a spherical square well of depth

V(r) ==V, forr <aandV(r) =0 forr > a.His values were I/, = 36 MeV and a = 2.0
fm (femtometer: 1071° m). What numerical value did Fermi get for the bound-state energy,
in MeV?

Hint: Use the reduced mass in relative coordinates. For a classical rehearsal of reduced mass
see: www.en.m.Wikipedia.org : Two-body problem. For the reduced mass concept for
guantum mechanics see Steane.

Now with reduced mass and relative coordinates the Schrédinger equation in radial direction
is separable. It separates into an equation for the motion of the centre of mass and a
separate equation for the motion expressed in the relative coordinate r = r, — 1, . The
subscripts p and n denote the proton and neutron respectively. In the analysis | suppose the
centre of mass to be stationary.

MpMn_

The reduced mass u = .
mpy+my

h2 i
= I(l+1)is, Eq. (5.19):

The solution fora > rand V,(r) = =V, + o

Ry(kr) = Cujpkr) = €y 5] 2 er), (c5.7)

with k = {25 (Vo + E)}/2 > 0.

Forr > a and V, = 0 we have the solution

R;(ar) = Bk;(ar) = B /% Kl%(ar). (C5.8)
K, 1 is the modified Bessel function of the third kind.
2
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_ 2
(Xz = _h_ZE' E <0.
For large r the modified Bessel functions [;,1/, and I_,_1 diverge(Abramowitz and Stegun).
2

In order to find the eigenvalues for the bound states we have to match R;(kr) and R;(ar)
and their derivatives at r = a.
This results into:

with (€5.7) and (C5.8): C; [-—],,1(ka) = B /T’;Kl+1(aa).
2 2

The derivatives can be found from Abramowitz an Stegun. We could use the general
expressions. However, the exercise is about to find a number for the bound-state energy.
So let us start with [ = 0.

Then Cyjo(ka) = Bky(aa).

sinka

With Eq. (5.20) jo(ka) = e (C5.9)
And with Abramowitz and Stegun ky(aa) = g [Coi};aa — Sm;aaa]. (C5.10)
sinka 1 coshaa sinh aa

50 (y ka _BE[ aa  aa ]
; —aa

This can be C; sinka _ -BZZ _ (C5.11)
ka 2 aa

For the derivatives at r = a, we find

coska sinka T e”da pgTaa
Cl[ a  ka? ] - _B;[_ a aaz]' (C5.12)

Again as in chapter 2 by dividing Egs. (5.11) and (5.12) the constants cancel and we finally
found the equation for the eigenvalue with [ = 0.

So ka cotka = —aa.

This can be written as tar;(ka = - é (C5.13)

Well this looks familiar. The one dimensional square well Eq. (2.32).
We can plug in the analysis of page 19 of Mahan end rewrite (C5.13) as

tan/g?(1 —¢) = — % Eq. (2.37).

. . v 2uVya?
In this expression E = —¢&V,, and g2 = E—O = “h—g
a

However, this exercise is about to find a number for the bound-state energy. So we have to

calculate g2.
myMy

The reduced mass: u = . We need the mass of the proton and of the neutron. In this

my+my
exercise, as a reasonable approximation, | will use the same value for the neutron and the
proton. m, = 1.673 10727 kg. So the reduced mass u = my /2. The potential Vj is

expressed in Joules: V, = 5.767 10712 Joules.

h2 h? 1.113 1078 -
E, = = = — = 1.663 107" Joules .
2pua? mpa?  6.69210757

Finally we have g2 = Z—O = 3.468. Then Eq. (2.37) gives as a solution € = .056 , where use

a

has been made of WolframAlpha.

Then we have for the eigenvalue E = —0.323 10~ 2Joules.
Or, E = —3.039 MeV for | = 0. We found =V, < E < 0.
Reminder: € = 1 is the trivial solution of Eq. (2.37).
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What about [ = 1?
The expressions become a bit more complicated. We need the expressions for spherical
Bessel functions and modified spherical Bessel functions. | present here the result for the

. . k? tank 2 . . . .
eigenvalue equation: P :;nkaa = aZ+ This expression can be rewritten in terms of g2 and «.
Nrde
And we obtain tan/g?(1 — ¢) = 1i(f i)f_

Solve this equation for € and you will find € = 1. Out of the range of allowed values of €.
So the value for the bound-state energy is: E = —3.039 MeV. So with [ = 0 this means the
orbital angular momentum is zero.

Exercise 4.
Calculate the s-wave (I = 0) phase shift for a repulsive (V, > 0) square-well potential:

V(ir)={V, 0<r<aand

Vir)={0 a<r.

Then assume that I/, > E > 0 and find the limit of the phase shift §,(k) in the limit V, — oo.
Mahan dealt with the repulsive potential in section 5.31. The general solution is presented at
the top of page 118. So “inside” the repulsive potential the eigenfunction is a decaying one.
Using the notation of Mahan, we have for 0 < r < a:

R(r) = Aij(ar),

with a2 = 2 (V, — E).

i; is the modified spherical Bessel function of the first kind. For [ = 0 we have
smhar

lo—

ar

For a < r we have R(r) = C[j;(kr) — tan(8;)y;(kr)], Eq.(5.86).
Ji and y; are spherical Bessel functions.

k? = 2mE /h?.

Forl = 0 we have R(r) = C[j,(kr) — tan(8,)y, (kr)].
Expressions for j,(kr) and y,(kr) are:

joler) = =2, and yo (kr) = — <27,

By matchlng the eigenfunctions at the boundary r = a we find the eigenvalue equation and
the expression for §,(k).
Matching the functions for R(r) atr = a:

A sin;aaa _ C[sm ka + tan (50) coska] (C5.14)
For the derivative of R(r) atr = a we have:
coshaa sinh aa coska sinka sin ka coska
Affoshen _ shad] _ ppeoska _ SKS g (a,) S 4 k)
(C5.15)

Now we divide the two Egs. (C5.14) and (C5.15) and obtain
t (5 ) __ ktanhaa-atanka
an{9o) = ktankatanhaa+a '

Now Vy = o and 0 < E <V, what will §, looks like?

(C5.16)

Well, V, — o : we may expect a? = zh—zl (Vo — E) = 0. So with (C5.16) we expect
tan(6,) = — tanka, or 6, = —ka + nm.
This result for the phase shift can be found directly by the condition for the radial part of the
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coska
ka

sinka
ka

wave function to vanish at r = a. Then with (C5.14): + tan(dy) = 0. This results

into: tan(dy) = — tan ka. As it should.
This exercise is a prelude for exercise 5

Exercise 5.

The hard-sphere potential in 3D has V(r) = oo forr < aand V = 0 for a < r. This potential
forces the radial wave function to vanish at v = a, R(a) = 0. Derive the formula for the
phase shift §;(k) for all angular momentum. Use it to derive simple expressions for the
phase shiftforl = 0and [ = 1.

A lot of work has already done in exercise 4.

The expression for the phase shift is given by Eq. (5.86):

R(r) = C[jy(kr) — tan(6,)y; (kr)].

So with R(a) = 0, we have

j1(k
tan ; (k) = % (C5.17)

Now derive the phase shiftforl = 0and [ = 1.
For l = 0, we have with (C5.17), jo(2) = %, and yy(z) = —

8o(k) = tan~1(—tan(ka)) + nmn.

This result has been obtained in exercise 4.
sinz cosz cosz sinz

COSZ |

Z

For l = 1, we have with (C5.17), j;(2) = — — and y;(z) = — —~
_ —17 ka—tanka
&, (k) = tan [1+ratanka]'
Use has been made of Eq.(5.20).
Exercise 6.
In three dimensions, a spherically symmetric potential has the form of a delta function away
from the origin: V(r) = —A8(r — a), where A is appositive constant.

a. Find the eigenvalue equation for an s-wave bound state(l = 0).
b. Show that A has to have a minimum value for bound states to exist. What is that value?

a. First we consider r — oo, away from the singularity.
2m

We are looking for bound states: E < 0 and a? = _h_ZE'

Similar to what has been found in exercise 3 we have:

R,(ar) = Bk;(ar) =B /% K, 1(ar), Eq. (C5.8), with | = 0 representing the decaying
2

s-wave.
7 [coshar  sinhar e %
Thenforl = 0: Ry(ar) = BE[ — ] =Bs—. (C5.18)
(Abramowitz and Stegun).
Now r < a, away from the singularity.
Ry(ar) = A\/Ell(ar), (C5.19)
ar 2
Where I1(ar) is the modified spherical Bessel function of the first kind.
2
T sinhar
And \/;I%(ar) =— (C5.20)
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We match the wave functions given by Egs. (C5.18)-(C5.20) at:r = a

gSinhaa _ pre (C5.21)

aa 2 aa

In Chapter 2.6 we learned to deal with the delta-function potential.
The matching at the singularity reads(bottom of page 45):

dR dR 2mAa
(E)r=a+e - (E)r=a—e =T R(a), (C5.22)
with € = 0.

Alas, (C5.22) is wrong. Why is that? Well, to apply the matching procedure for the derivative
at the singularity using the one-dimensional case, we need Eq. (5.64):

0 =[5 — 2 () - ENIx(r) , where x(r) = rR(r).

dr?
Then the matching condition at the singularity for the derivative, similar to the one-

dimensional case, is:

dx ) __m
Creare = () __ =-"2(@. (C5.23)
So (C5.22) should have been:

dR dR 2ma
(R + r;)r=a+e - (R + T;)r:a_e = —h—ZR(a)

We need to find and evaluate the eigenvalue equation for «. So it is a bit more convenient to
deal with (C5.23).

Fora <r:

x(r) =Ce™*", (C5.24)
Fora > r:

x(r) =D(e" —e™ ™). (C5.25)
Matching (C5.24) and (C5.25)ata =7

D=C—""_ (C5.26)

eaa_e—aa

Substitute (C.4.24) and (C5.25) into (C5.23) gives:

— _ 2mA -
aCe % + aD(e** + e~%%) = h—zCe aa, (C5.27)

With (C5.26) we rewrite (C5.27) and find:
2mA 1
-z = ( )-

(C5.28)

tanh aa
This represents the eigenvalue equation for an s-wave bound state.

b. Now show A to have a minimum value for bound states to exist.
To find out about this existence we rearrange (C5.28):

2maAl
= aa(1l+ p— aa). (C5.29)

Keep in mindaa > 0.
Differentiate the right-hand side of (C5.29) with respect to aa and set the resulting equation

1 1 .
equal to 0. Then: (1 + tanhaa) (1 +aa(l — tanhaa)) = 0. This leads to
tanh aq = —%% o S&Shae _ 1-aa (C5.30)
1-aa sinh aa aa
The solution of (C5.30) gives us aa = 0. Keep in mind we have in (C5.29) the quotient
aa 2mai

, we find the minimum value of to be equal 1. The second derivative with respect

tanh aa h2
2mal

hZ

toaa of gives us a positive infinite value. So we have a minimum? Alas, aa = 0. So
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there are no bound states.

2mal . .
T:f = 1. We can rewrite this in the

Let us have another look at the minimum value

following way: zhizl = 1/a. So, what happens for a = 07 | think exercise 7 deals with this
limit.

Exercise 7.

Does an attractive three dimensional delta-function potential bind a particle in three
dimensions? Explain your answer. Use atomic units so that the Hamiltonian is

H = —V% — B53(#) , where B > 0 is a constant. So the delta function potential is an
attractive potential.

The differential equation for the radial component rR = y of the wave function is
(V2+B83(#)+E)y =0, (C5.30)
with E < 0. We set a? = —E.

Away from the singularity R = 0 forr — oo.

e—DZT

Soforr >,y =Ae " * orR=A , with 4 a constant.

r

e—(ZT

Now comes a more difficult part: R = A , diverges for r — 0. So what does the solution

T
looks like for r = 0? On page 115 in the section on central potentials, Mahan mentioned the

close connection between one dimension and three dimensions. So can we use the analysis
of the one dimensional case of section 2.6 on delta-function potentials? Intuitively we
expect one bound state and one eigenvalue, similar to the one-dimensional case.

Let us isolate the “black hole” by encapsulating the singularity with a sphere of radius € with
€ — 0. Now integrate Eqg. (C5.30) over this small volume:

[V2xdV = — [ ExdV — [ B&3(F)x dV.

With help of Gauss theorem the volume integral on the left-hand side can be replaced by a
surface integral over the gradient:

[VxdA =— [Exdv — [ B&3(#)x dV.

Evaluating the integrals gives:

[VydA = — aA4me?.

The integrals on the right-hand side are:

[ Exdv = Ex(0)>me® and [ B&°(F)x dV = fx(0) sme®.

Since € — 0, the left-hand side and the right-hand side of

[V2xdV = — [ ExdV — [ B&3(#)x dV are both zero.

No conclusion can be drawn from this evaluation. So we stay with our intuition: one bound
state and eigenvalue similar to the one-dimensional results presented on page 45(Mahan).

Exercise 14.

Solve the exact eigenvalues and eigen states of the three-dimensional harmonic oscillator

. . . . Kr?
using spherical coordinates and central potential V(r) = Tr

r’mw

+1 4
Hint: Set z = and find the equation for G(z), wherey(r) = z 2z e 2G(2).

We are dealing with a 3-D central potential. The differential equation is:

2
0=[L_2mK o WD 2mp x(). (C5.3.1.1)
hz

dr? h2 2 T2
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. . _ |K .. 2mK ma)z_z _2m .
Inthlsequatlonw—\/;,thenwewnte — 2—(h) =Yy and e = —E. With these

2
expressions (C5.3.1.1) can be written as: 0 = [% —yir? — mr;zl) +&] x(r). (C5.3.1.2)
2
Mahan proposes a coordinate transformation z = - ;nw = yr2.

. . . Lood d az _ d da? .
With this transformation we obtain: - = 2yr — and -z = 2y -t 4yz 7 Substitute
1(1+1)

Z

2
these transformations into (C5.3.1.2): [42% +2 % -z -

+1 z
Furthermore, Mahan proposed a trial function y(z) = z 2 e 2G(z). We substitute this

function into (C5.3.1.3) and then a tedious job arises. The result is:

+ f];((z) = 0. (C5.3.1.3)

d oz _ dG
2 =z7e 2[{(l+1)z T-16+227)

d?y 1z 2 -1 G
47— =z2e2[{(P-Dz7' =20+ D+ 236 + 20+ D —2z+2(1+ 1) - 22} — +
4Zdz—G.

dz?

+1 z
We plug these expressions with the trial function into (C5.3.1.3), cancel z 2 e 2, we finally

obtain a differential equation for G:

z%+(l+%—z)2—j—(¥—i>6=0. (C5.3.1.4)

This equation resembles the standard differential equation satisfied by the confluent
hypergeometric function F(a, b, z), where:

__21+3 £
R 4y’

3 r’mw 2
b=l+5,andz= =y

Similar to the analysis of section 5.4.3(Mahan), G becomes:

6() = CF ==, L+ 5y, (€53.15)

C, is a constant.

This expression diverges at large values of r because of the exponential factor e’ . Similar
to the analysis at page 122(Mahan) the series for F are truncated after n terms. The
consequence is a to be negative integer or zero. The requirement a to be a negative integer

or zero is:
201+3 £ . . . . . _ Z_m _ mw
Ny =a=— - Y. this eigenvalue equation gives, with, € = = Eandy = —
Eni = ho@2n, +1+3). (C5.3.1.6)

This expression shows the degeneracy: when 2n,. + [ is considered to have a integer value
n,, [ and m vary. This results into varies eigenfunction for one eigenvalue E;, ;. See also the
next exercise 15.

The eigenfunction for the 3-D harmonic oscillator is:
7.2

_yr? 4l
wnlm(rr 0, ¢) = (yrie 2 LnTZ(yrZ)Ylm(e’ ®).
C, is found by normalizing the eigenfunction.

Exercise 15.
For the 3-D harmonic oscillator, what is the degeneracy G (N)(do not confuse the above
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function G (r) with the degeneracy) of each level? That is, how many different states, as a

function of N, have the same energy hw(N + %)?

Exercise 14 resulted into the energy eigenvalues: E;, ; = hw(2n, + [ + g) .So,N =2n, + L

All states with the same N have the same eigenvalue. Then for a given N, choose a particular
[.We have 2n, = N — [. There are N — | + 1 possible values of 2n,.. Caveat: N — [ has to be

even.n, :n, € Nand 0 < n, < N — [ this results into:

G(N) = {VzoN —-1+1= w ( www.en.wikipedia.org ).

This analysis is based on the 3-D independent oscillators. In the same Wikipedia summary
this result is also based on the 3-D isotropic harmonic oscillator.
Another approach is based on counting, finding a pattern and induction.
Let us start with counting.
With N,n,and ! € N, and m € Z we make the following set of states:
N =0,2n, = 0,1 = 0,m = 0 :one eigenstate the ground state.
N =1,2n,=0,l=1,m=—1,0,1:3 eigenstates, G(N) = 3.
2n, =0,l=2,m=-2,-1,0,12) _
2n, =2,1l=0m=0 }'G(N)_6'
2n, =0,l=3,m=-3,-2,-1,01,2,3) _
2n,=2,l=1m=-1,0,1 }'G(N) =10.
2n, =0,l=4,m=-4,-3,-2,-1,0,1,2,34) _
2n, =2,l=2,m=-2,-1,0,1,2 }'G(N) =15
A pattern? Well, it appears G(N) = G(N — 1) + N + 1. This recurrence relation can be

translated into a direct relation for G(N). Then we have G(N) = N + 1+ N + --- 0. This

series add up to: Y843 k = w _

Now we assume G (N) to be true, what about G(N + 1)?

With GIN +1) = N + 2+ N+ 1+ N + 0 = g2 = S22 Qe DD+

So G(N + 1) is true under the assumption G (N) to be true. So G(N) is true for all N.

N =2,
N =3,

N =4,

Exercise 17.
Kratzer’s molecular potential has a minimum at V(r = a) = —D and simulates the binding

a

2 a
of two atoms: V(r) = D[((;) -2 (;)].
Find the exact eigenvalue spectrum for bound states in three dimensions.

Remark: as in exercise 3 we work with reduced mass and relative coordinates.
mpmy

The reduced mass u = . The two atoms necessarily do not have the same mass. So, |

my+my
will work with u.
The differential equation describing the above problem is given by Eq. (5.64):

_ i _ 2uDa? _lI+1) | 4pDa | 2u ]
0= [drz n2r2 r2 + h2r + 1h2 E X(T) (C5.3.1.7)
We rewrite this differential equation in dimensionless form. The unit length we take the

Bohr radius a, and the unit of energy Eg,,, with mass the reduced mass.

We are looking for bound statesso E < 0,set E = —E,,and € = ;—”

Ry
d? Da? 1(1+1) 2Da
C5.3.1.7) becomes: 0 = |— — — —¢ 7). C5.3.1.8
( ) dp?  Egyap? p? ERyaop x(r) ( )
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We can deal with this equation as shown in the section on Coulomb Potentials.

2
On the other hand we choose for a sort of short cut. Equate — Daz > — z(1+21) = - A(A;rl).
ERryapp p p
A mathematical short cut.
2

A=-14 J1+ P FI(+1). (C5.3.1.9)

2 4 Epyad
Substitute this into (C5 3.1.8) and obtain :

_ | 4*  A@+) 2Da

0= [dpz F——" 8])((r) (€5.3.1.10)

This equation resembles the equation for bound states of the hydrogen atom, Eq. (5.99).
From section 5.4.3 we derive the eigenfunction'

x(r) = C pAA+De=PVep(A + 1 — ERy \F 24+ 2 ,2p3¢e). (C5.3.1.11)
Using the analysis for the eigenvalue equation on page 122. We find:
n=n.+1= ERyD;lO\/E — A . This expression represents an integer.
Sos = (E;yaao)z >E, = (E:yi
(n-4)? T (-2 RY

with A given by (C5.3.1.9).

Now we leave this exercise. In section 5.5.1 we use the potential of this exercise(Kratzer’s
molecular potential) to apply WKBJ in order to find the eigenvalues.

5.3.2 Central Potential in 2D

Mahan mentioned the derivation to be quite similar in two dimensions.

In this section Mahan used the dimensionless coupling constant g. This constant has been
introduced as the potential strength Eq. (2.196). At the bottom of page 41 the potential
strength is called the coupling constant.

Homework 8.
Exercise 8.
Find the exact eigenvalue for any value of angular momentum for a particle in a circular
square well in two dimensions:

0 0<p<oO
v ={ o Wl
Look up a table of zeros of Bessel functions(Abramowitz and Stegun). Use these data to list,
in order, the six lowest eigenvalues considering all possible values of angular momentum.
Remark: what does all possible values mean? On page 109 Mahan writes: “The most
frequently used spherical harmonics are those with small values of ([, m).”
The differential equation for the radial part R(p) of the wave function is given by Eq. (5.44):
(;—; + ;ddp + kz) R(p) =0, where k? =
particular potentlal wellis: Y(k,p,0) = X, Dy (k)]n(kp)eine, n is the angular momentum.
The eigenvalue equation is found from the zeros of J,,(kp) at kp = ka since Y(k, p, ) is
forced to zero at p = a.
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zeros| n=0|n=1|n=2
s=| ka= | ka= | ka=
2.405 | 3.382 |5.136
5.520 | 7.016 | 8.417
8.654 | 10.173 | 11.620
11.792 | 13.324 | 14.796
14.931 | 16.471 | 17.960
18.071 | 19.616 | 21,117

A NP WIN|E

From Abramowitz and Stegun we can find the zeros up to n = 8, page 4009.

5.4 Coulomb Potentials.

Mahan mentioned the Coulomb potentials to occur often in physics. For example,

V(r) = —Ze?/4me,r. Continuum solutions are the only allowed solutions for repulsive
potentials. Attractive potentials have bound and continuum states.

5.4.1 Bound States.

The differential equation describing the bound states are satisfied by confluent
hypergeometric functions. Mahan writes; “All eigenfunctions of the Coulomb potential
involve these functions”. Mahan explained these functions in section 5.4.2

5.4.2 Confluent Hypergeometric Functions.
The hypergeometric functions are presented. Asymptotic representations are given.

Homework 9, 12.

Exercise 9.

Use the series definition of the confluent hypergeometric function F(a, b, z) to show it
obeys its differential equation. The series definition:

F(ap b; Z) = Zn:o%%; (C5.31)
(@,=a(a+1)..(a+n-1), (C5.32)
and the differential equation

d*F dF
O—Zﬁ‘l‘(b—z)z—a}?. (C5.33)

Well, plug F, its first and second derivative into (C5.33) equate equal powers of z and
conclude the factors of equal powers are zero. Of course you do that for just a few powers of
z. However, it is not particularly satisfying to do this n times.

So what to do? Plug the expression for F into (C5.33). You will find two powers of z : z"*~
and z™. In the series of z™ there is z""1. So what to do next is collect all the powers of z™* 1.

With (C.5.31) the following expression is obtained:

n-1pnn-1D (@n M- (@n_1 , bn(@n a (@1
A e S M S ML My W (€5.34)
We know (a), = a(a+1)..(a+n—-1).

1

So(@)pq =ala+1)..(a+n-2), (C5.35)
and
(@n = (@n-1(a+n—1). (C5.36)

Similar for (b),,
We have all the ingredients to show the series to obey the differential equation.
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Substitute (C5.36) into (C5.34) and we find:

<n21>'$§§ 1b+n [((m-D@@+n-1D)-n-DB+n-D+bla+n-1) -

alb+n-1)]. (C5.37)
The expression between brackets adds up to 0.

Exercise 12.

Find the exact eigenvalue and eigenfunction of the s-wave ground state of an electron in the
2

potential V(r) = — ﬁ where a is a positive constant and e is the charge of the electron.

Taking into account the potential, this exercise is on a coulomb potential in 3-D.
The eigen function is: Y(7#) = R(r)Y"(6, ¢).
With y(r) = rR(r) and [ = 0, the differential equation for the radial component of the

function is: 0 = (o5 + 222~ + 2% ). For bound states E < 0 and with ao = ——,

wave functionis: 0 = (dr2 e ). For bound states and with a, = ,
h2 E . . . .

Epy = P— and e = —athls differential equation becomes : < + z s)x(p) =0.

Substitute in this equation y for p + a/a,. This leads to the following dlfferential equation:

(W +—— s))((y) = 0, similar to Eq. (5.99) with [ = 0. Then the analysis of the confluent

hypergeometnc functions can be applied.

And y(y) = Cye™ V\/_F(l - = 2 2yVe). With Laguerre polynomials: F = TL}LT %y).
As a reminder: L%, (x) = X%, (Trnntclr) ¢ lx) Taken all the ingredients together we obtain:

x() = Cye™rVe Iyl (nr i 1) (_l_) withy = (a+7).

(Z)nr n, —1
Some additional relations are: —n, = 1 — \/_E =1-nand (2),, =, +1!.
E
The eigenvalues for the s-wave ground state are E;,, = — %.

The hydrogen atom is highly degenerative (Fitzpatrick). Many different states with possess
the same energy. E,, is only dependent on n and not on [ and m.

2(a+r) i
" (nr + 1)( —a; )
i

“o (. — i Po(0),
where Py(8), is the associated Legendre polynomial and P,(8)=1 (Chisholm and Morris).

For the eigenfunction we have ¥, (7) = Cai (a/r +1 ~ 1+1
0

5.4.3. Hydrogen Eigenfunctions
In this section the eigenfunctions and eigenvalues are derived as an example of the Coulomb
Potentials and the confluent Hypergeometric Functions.

The eigenvalue Eq. (5.121) shows n,. + [ + 1 to be an integer. ConsequentIyT_ has to be an

integer, n, say.
The hydrogen atom is highly degenerative as illustrated by Eq. (5.123). E,, is only dependent
on n, with n the principal guantum number(Fitzpatrick).

On page 123: is absorbed in the prefactor N, Eqgs. (5.125) and (5.127).

(2 )nr
In Eq. (5.125) we find the expression:

o TZ) where n, is the radial quantum number. Since
nr

n, can become 0, we have to consider (21 + 2), | could not find this case. However, |
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assume (21 + 2), = 1. In the examples given in the text you can conclude this assumption
to be true.

In Eq. (5.128) a do not understand the factor p? in the integrand. It looks like the
normalization of x(p). | understand R(p) to be the real-world radial wave function. This is
not really a problem, the factor p? is related with the coordinate transformation as
presented at the top of page 109. Eq. (5.128) can be writtenas 1 = fooo)((p)dp. x has no
direct physical interpretation. However, |x|? has. |y|?> = r2|R|? is the probability density for
finding the electron(particle) at r anywhere in the spherical shell of radius r and thickness
dr ( Steane, A.). So a shell with volume 4mrr2dr.

Basically in deriving some normalized functions for R,;;, Mahan suggests the radial part of
the wave function can be normalized separately from the angular part. | understood
normalization to be about the wave function Y ,;(7, 8, ¢).

Consequently, fooo fon foznl,b* Yr?sinOdrdfdp = 1.

Then an additional problem arises. Which spherical function should we use? Is it

Y™ = CpuP™(6)e™?, Eqgs. (4.115) and (4.116) or |I,m) = Dy, P™ (6)e™® , Egs. (4.117)
and (4.118)? For the ground state wave function the difference is just a factor 1/\/@ .

For example let us normalize the ground state wave function with |[,m) = |0,0) . In that
case Dy, = 1 and the normalization expression reads:foOo |Ry0|? 4mtr?dr. Then with the
normalization factor N, o the latter expression becomes, using Eq. (5.127)and p =r/a, :
Ny o24m fooo dre~"/% r% = 1 and we obtain Ny o = —L_ See eq. (5.140). On the other hand,

3
mag

with Y2, Nyo = is | cannot explain this away. Can we explain this difference due to plane
Jod
waves, section 5.1, and other waves, section 5.4? We will encounter this problem for sure in
exercise 13 below. On the other hand | do not know when to use Y™ or |l,m). | suppose it
to be written somewhere in the text. Then to me it is hidden in plain sight.

What will give us an idea is to analyse the examples given by Mahan. Let us analyse the
matrix element example on top of page 124: (2p,|z|1s),n =2, =1,m =0,

and z ==rcos, fortheketn = 1,1 = 0,m = 0. | will use the spherical harmonics.

Soforn=1,l=0,m = 0 we have R; o = 2e™", with and Y = \/%. So expect

Y10 = \/iﬁe‘p. Comparing this with Eq. (5.140) a factor ~
3

ap

is “missing”. The question is: is

1 o properly normalized? To find out we calculate fooo fon fozn Y3 o Y1072 sin 6 drdfde and
we find this integral to be a3, a sort of Rydberg volume. We need an additional

normalization factor ——. This results into Y10 = L er , Eq. (5.140). When we analyse
a3 |maj

the bra (2p,| in a similar way, the result is the need to normalize 1, ;. Doing this, again we

1 . rcosf _
—. The expression for 1, ; = e~ T/2%,

3 5
ag 32magy

find the additional normalization factor

Eq. (5.141). The conclusion is : even R, ; and ¥;"" to be separately normalised, we need to
normalize the wave function 1, ; . With this analysis | will use ¥;™* in the exercises.
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In addition | don’t know under what condition | am allowed to use a separate normalization,
radial normalization and angular normalization, or not. | assume an additional normalization
of the resulting wave function.

On page 124 Mahan derived the two eigenfunctions ¢ for particular values of n,l and m. To
prevent confusion about the notation for the eigenfunctions | prefer 1 instead of ¢. See

Eq. (5.56).

So Y5 = -+ Eq.(5.141), and 5,5 = -+ Eq. (5.141).

Homework 10, 11, 13.

Exercise 10.

Use confluent hypergeometric functions to find the exact solution to the Hamiltonian of the
hydrogen atom in one dimension. Hint: ¢(x = 0) = 0. Remark: | prefer to use Y for the
wave function.

The differential equation for the One-dimensional hydrogen atom(Z = 1) is:

(EL 4+ S+ E)peo) =0.

. _ h? n? _ _E X e . . .
With ay = — By = Tmac ,E = Fr and p = p” this differential equation becomes:

dZ
(d—pz +2-2)p(p)=0. (C5.38)
Eq. (C5.38) is equal to Eq. (5.99) with [ = 0.
In our case of the hydrogen atom the parameter a = —n,.. See Mahan page 122.
As mentioned by Mahan, the confluent hypergeometric function for a = —n,. is identical to
an associated Laguerre polynomial. With [ = 0, the Laguerre polynomial is:

1\ (=i

Ly, (x) = X7, ("r * )ﬂ (C5.39)

r n,—1 i!
(Warnaar).

. _ 2_p _ Ny 1 Z_p

So with Eq. (5.125) F (—n,, 2,%2) = Lk, (2). (C5.40)
The solution to the Hamiltonian of the hydrogen atom in one dimension with Eq. (5.119) and
(C5.40)is : 1 (p) = Crpe /"1, (22). (C5.41)
The factor — is absorbed into Cy.

nr
In the 3-D case pe /™ is e P/™,
Now as an example we look for the ground state wave function n = 1(n,. = 0) and find the

value for C; by normalization. Withn =1, L}lr (27,0) =1.
Then1 = [ CZp?e2 dp. Due to symmetry this becomes: 1 = 2 fooo Cip2e=2P dp.
And C; = V2. The ground state wave function in one dimension is:
P, (x) = Zxe¥/a0,
Qo
The eigenvalue, e = 1,is: E = —Ep,,.
In using WolframAlpha with € = 1 : you will find at once:
P1(x) = Cixe™ .
Exercise 11.

Solve the Hamiltonian for the bound states of the hydrogen atom in two dimensions. Find
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the eigenvalues. Hint: Use polar coordinates(p, 8), and the solution for R(p) involves

confluent hypergeometric functions.

This exercise is about a central potential in 2-D, about a Coulomb potential and the

Hydrogen atom.

In section 5.3.2 the differential equation for the radial wave function is given:

(42l ()~ El}R(p) = 0. Eq. (5.87)
dp? '~ pdp p? k2

The wave function has the form y,, = R(p)eing(Eq.(5.43), wheren € Z.

Caveat: Now p is the non-dimensionless radial coordinate.

With y,(p) = \/_R(p) we obtain Eq. (5.94):
(- - B Ve - Bl xale) = 0. €. (5.94)

We rewrite Eq. (5.94) as in section 5.4.1 on Bound states, using

h? h? E Ze? x
ao—ﬁ, Ry_m'g__E'V(p)__T’Z_landp_a_o
d we obtain |- _ 5 2 =0
and we obtain—— ——*+-—¢ xn(x)=0. (C5.41)

To find x,,(x) we make use of (C5.41) resembling Eq. (5.99) except for the factorn? — 1/4 .
With help of the substitution t = n — 1/2 we finally find for the differential equation

(C5.41): {;2 2 e})(n(x) = 0. (C5.42)

This is equivalent to Eq. (5.99) equating Z = 1.
Similar to the analysis of the sections 5.4.2 and 5.4.3, the solution to the differential
equation can be expressed in an associated Laguerre polynomial.

So the confluent hypergeometric function F(a, b, z) = (Ca)t L(b 1)( ). (C5.43)
b(—a
In(C5.4.3)—qr=a=t+1—\/—_ ,b=2t+2, Z—Zp\/_/ao andq—F q-+t+1.
+2t+1 i
The Laguerre polynomial: L2541 (z) = X7, (qr g — i >( j) . (C5.44)

The radial eigenfunction in two dimensions becomes, with Eq. (5.119), (C5.43) and (C.5.44):
xn(p) t+1/2 ,—pve __ar' 2t+1 2p
R(p) =222 = C(pfag) *H/re P i i ().

Jp q
_ o _ Ve qr! a qr + 21\ (-pVe/ay)
Yna, = Re, ()™ = C(p/ag)e™V¥/% o — ( T )R, (csas)
i =X
with p = o
The prefactor C is found by normalization and depends on the quantum numbers. The
i —__ Ery
eigenvalues £, , = ZRTEyrCy
So for the ground state we have E, = —4Ep,,. The same result is found with the WKBJ

approximation, section 5.5.3 Two Dimensions, page 130.

Exercise 13.

Using hydrogen bound-state wave functions, evaluate the following integrals, which are
given using Dirac notation:

a. (1s]2p,)

b. (1s|p,|2p,)
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c. (1s|z[3p,)

ad a. (1s|2p,): we have to use the relevant wave function to find out about this inner
product. The nomenclature 1 > n=1,s>[l=0and2->n=2,p—->1l=1,z->m=0.So
we have to evaluate the integral: fon fooo Ry oR21YY Y2 sin 0 drdo fozn d¢. (C5.4.3.1)

At the beginning of this section | discussed the choice of type of wave function. In this
exercise | use the expressions of Mahan.

Yy = \/%, YY = \/%cos 6, Egs. (5.8) and (5.9) and R, ¢, R, are given by Egs. (5.129) and
(5.132) respectively.

In Eq. (5.4.3.1) will use r = pa,, since R is given in terms of p.

SoR g =2ePandRy; = \/%6_5

with the above expressions (C5.4.3.1) becomes:
aj (moo 5 B3 .
ﬁfo J, p*e" 7 cos@sinbdpdd . (C5.4.3.2)

The factor in front of the integral is not correct. The wave functions 1, 5 and ¥, 1have to be
1

, 3
magy

and

normalized. See the discussion at the beginning of this section. At least factors

1
32mag

This does not matter.

Evaluate the integral and you see immediately the result to be 0:

fon sinf cos 8 df = 0.

Did we expect this? Well, the inner product is about two orthogonal wave functions.

ad b. (1s|p,|2p,): a matrix element. Is it? The ket and the bra are two different wave

functions. However, does p, represent an element of an operator? Well, | think it

represents the angular wave function. So, evaluating the integral (1s|p,|2p,) most certainly

leads to a 0. This is necessary, however not sufficient. Let us find out.

We will write down the complete integral:

are missing.

1 rcosé@ 3
= ——e?, (Eq. (.140)), = ——— (Eq.(.141))and p, = Y = /—cos 0,
Iplp J;;§ 1#2& J;;;;§ | 1 4

(Eq. (5.9)).
rcos6

Then we have (1s|p,|2p,) = fooo foﬂ fozn\/%e_a_ox/gcose\/ise_ﬁrz sin Odrdfda.
nTa, 32mag

Well, this integral # 0, since fon (cos§)?sinf do = %, fozn d¢ = 2m and the “radial” integral
16
27Veérn
The question is : what does |p,| represent? It is not a state vector p, = Y which | used to

do the calculations. Does it represent the angular momentum operator? Then with the
eigenvalue of M2 - I(I + 1)h% and | = 1,m = 0 we have p, = h\/I(l + 1). Using this we
find f: cos Bsinf df = 0 and (1s|p,|2p,) vanishes. As it should. Since with

P, = h\/l(lTl), (1s|p,|2p,) becomes: h\/musIsz). With the inner product of ad a)
h\/W(lsIsz) = (. Quite a conundrum.
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ad c. (1s]z|3p,): this clearly represent the matrix element of the position operator.
1 _
Yis = P10 = e ?, Eq. (5.140).

3
wag

|3p2> = l/)3,11 withm = 0.
5 1 contains Rz ;(Eq. (5.133) and ¥{? = \/%cos 0. In addition the product of these two

functions has to be normalized. This normalization is the usual procedure. The constant is

12 . . . . .
found to be \/: This results into the following expression for the wave equation:
a3

3v2
Y31 ==
Now we need to evaluate, using z = r cos 8 and r = pa, , using Eq. (5.140) and (C5.4.3.3):
fooo fon fozn P10 T cos O3 r*sin O drd6 d¢. Using the ingredients given above, this integral
yields: (1s|z|3p,) = 3.58 a,. An expression with the dimension of length as it should be.

2\3 _
(5) p(1— %)e P cosB. (C5.4.3.3)

5.4.4 Continuum States.
For continuum states E > 0. This affects the radial eigenfunction.

5.5 WKBJ

5.5.1 Three Dimensions

As Mahan mentioned there are two major changes with respect to the one dimensional
case. In three dimensions the radial function y(r) is found. Furthermore the potential

2
function contains the centrifugal barrier, Eq. (5.63): V;(r0 = V(r) + I(1+1).The

h
2mr?2
second term on the right hand side represents the centrifugal barrier.

In this section Mahan introduced a slightly modified centrifugal barrier, Eq. (5.152), (l + %)

replaces (I + 1).
a(r) in Eq. (5.153) is similar to the “a” in the one dimensional case, Eq. (3.17), except for the
centrifugal barrier.

Keep in mind v/r exp [(l + %) In r] = r!*1 Egs. (5.156) and (5.157).

h2
2mr2

When E >V, Eq. (158) should be p(r) = \/Zm[E -V(r)] - L+ %)2. A printing error.
Homework 18, 19.

Exercise 18.

Use WKBJ to find the eigenvalues of the potential of exercise 17.

. , . a\? a
The potential, Kratzer’s molecular potential, reads: . V(r) = D[((;) -2 (;)].

Kratzer’s molecular potential has a minimum at V(r = a) = —D and simulates the binding
of two atoms.

Remark: as in exercise 3 we work with reduced mass and relative coordinates.

mymy .

— The two atoms necessarily do not have the same mass. So |

The reduced mass u = —
D n
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work with u.
With WKBJ in 3-D we use y () for the radial function.
The potential we use for this three dimensional problem is:

— a)? a 2
v, = D[((;) _2 (;)] o+ (C5.5.1.1)
The differential equation describing the above problem is:

_|a*  2upa® (H%)2 apDa | 24

- ldrz h2r2 r2 + h2r + h2 E X(T) (C5512)

Rewrite this differential equation in dimensionless form. The unit length we take the Bohr
radius ay and the unit of energy Eg,,, with mass the reduced mass.

We are looking for bound statesso E < 0,setE = —E,,and € = ;—”
Ry
The differential equation is:
_,ad? 1 Da? 1(1+1) 2Da
0= dp?  4p?  Epyagp?  p2 + ERy@op &)x(p).

With E > V we have a right (bg) and a left hand(b; ) turning point. The equation for
momentum gives us

2
Ve [PR42[_p2 4 2Dap —1(l+1) _ D9 q172 = i, ) (C5.5.1.2)

by, p eERyap € 2 €ERya§

Mahan: “The factor within the square root is a quadratic expression, which has two roots

”

bg 1. The turning points....”.

We rewrite (C5.5.1.4) in the following way: 7 (nr ) \/—be dp\/(bR p)(p —by),

€ERyao — | “€ERyag eERya}

2
where by, = —22 +J( 2ba )2—§(l+§) _ Da? (C5.5.1.3)

The integral beR%p\/(bR — p)(p — by) is given in Chapter 3-Mahan, a standard integral:
[ord
F =k = p)(p = b) =75 (b, + bg — 2y/bgby) .

bR p
Thenm (nr ) Vel (bL + by — 2,/bRbL) Substitute (C5.5.1.3) into this equation:

1 n| 2Da 1 1\? Da?
m(n, +3) = Ves e zj; (1+3) + | (C5.5.1.4)
1 Da 1\?> = Da?
n, + > = SEryds - J(l + E) + m. (C5.5.1.5)

2 2
Da >+ (L + 1), plug this into (C5.5.1.5) with [(l + 1) +i = (l + %) ,

Set 4 = —1+\/1+
2 4 ' Egya3

D . . .
we have n, + 2= ¢ _1_ A soforthe eigenvalues we finally obtain:
2 eEgyap, 2
( Da 2
E
= _Ry%0 Egry, with n, + 1 = n. The same result we found in exercise 17 for the
n (n-4)2 RV

eigenvalues.

85



Exercise 19.
Use the three dimensional form of WKBJ to obtain the eigenvalues of the three dimensional
harmonic oscillator. What is the lowest eigenvalue. (See exercise 14: Solve the exact

eigenvalues and eigen states of the three-dimensional harmonic oscillator using spherical

2
coordinates and central potential V(r) = KTr

The result: the exact eigen values are £, ; = hw(2n, + 1+ g) )

. . Kr? Kr? h? 1
With the potential V(r) = —we have V, = - t5— A+ 5)2 . Eq. (5.152)
Kr? h2 1.5
NowE > —+—({+>)*>0.
2 2mr 2
The equation for momentum is: p(r) = [2m [E B I+ l)2 Eq. (5.158)
) 2 2mr2 27 " A
h2

L+ %)2. | think this to be wrong.

2mr2

Caveat: Eq. (5.158) reads p(r) = \/Zm[V(r) —E] -

h2
2mr2

The equation for momentum should be: p(r) = JZm[—V(r) + E] - (1+ %)2.

Furthermore f_bgR dr p(r) = nh(n, + %). Eqg. (5.161)

This equation gives us the eigenvalues.

. _ 2 _ 2..2 _ dz . . .
We substitute K = mw?*, z = (mw)*r* and dr = P—— into Eq. (5.161), we obtain using
the expression Eqg. (5.158),
b dz 1 1
beR mez\/sznTlZ —z%2 — (mwh)?(l + 5)2 = mh(n, +2) . (C5.5.1.6)

The turning points by ; are found following a similar procedure given by Mahan page 128.

Theyare:bg, = mE, + \/(mEnrl)Z — (mwh (l + %))2. (C5.5.1.7)

Integrating (C5.5.1.6), standard integral, ﬁ [bg + b, — 24/b.bg] = th(n, + %). Substitute
the value for the turning points, (C5.5.1.7), into this expression and we have for the
eigenvalues: E, ; = ho(2n, + 1 + g). (C5.5.1.8)
The lowest eigenvalue, n, = 0and [ = 0, is hw % Three times the value of the 1-D
eigenvalue. As it should be.

5.5.2 3D Hydrogen Atom.

The WKBJ method produces the exact eigenvalue for this classical problem. However, keep
in mind to use the adjusted centrifugal barrier.

Homework 16.

Exercise 16.
The WKBJ method gave poor results for the hydrogen atom in 1-D. In 3-D we had to add a
2
potential term 6V = B:WZ to get a good answer. Try the same thing in 1-D. Add the potential

6V (with x instead of r) to the potential of the 1-D hydrogen atom. Show that (a) this gives
the proper form of the WKBJ wave function at small x, and (b) it gives the correct eigenvalue
using WKBJ.
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2
Remark: The hydrogen atom: “In 3-D we had to add a potential term 6V = Sirz

good answer (Mahan)”. Did we? Can | find this approach in Chapter 5? In section 5.5.2

h2
3D-Hydrogen Atom no 8V = —

6V=

V(‘r) -)2 =V(r)
represents the repulswe part of the potentlal.
At the end of the 3-D Hydrogen atom section, after deriving E,,, Mahan writes: “The WKB)J
method with this additional term produces the exact eigenvalue for this classic problem”.
First | start with the 1-D case without the additional repulsive potential included and look for
the exact solution.
1-D Hydrogen Atom with confluent hypergeometric functions. The Hamiltonian:

h? d?

(%ﬁ+ +E)1p(x)—0 (C5.5.2.1)
Substitut h—E = ¢ = _E andx = pa, into (C5.5.2.1) and obtain:
ubstitute ay = RY = Jmaz = 20 € = 5py AN X = P into (€5.5.2.1) and obtain:

( + - —&)P(p). (C5.5.2.2)

Well, (C5.5.2.2) reminds you of the equation for the radial function y of section 5.4.1 Bound
States and Coulomb potentials (Mahan) with [ = 0. Then we can use the analysis of this

section and section 5.4.3 and find Y = C;pe p\/_F(l — = 2 Zp\/_ (C5.5.2.3)

What is illustrative: plug (C5.5.2.2) into the WoIframAIpha App and you will find the same
answer. If you do not trust the result start the analysis of page 120(Mahan). For small values

2
of p the differential equation is 0 = (;—pz + %)lp(p) and Y(p) < p. For large values of p the

2
equationis 0 = (:—pz — &)Y(p) , with the same result as Mahan presented. The trial function
becomes, analogous to Eq. (5.102): pe‘p‘/EG(p), and so on.
With (CS 5.2.3) we can find the eigenvalues with the analysis of page 122 by Mahan.
1- \/_, has to be negative or zero: 1 — % = —n,. This eigenvalue equation results into:
and the ground state n,, = 0, with Ey = Ej,,.

= oy 1)2’

Secondly.

Mahan mentioned the WKBJ method to give poor results. Let us find out.

So back to the equation (C.5.5.2.1) (—— +—+ E) (x)=0.

With p(x) = /2m(E — V(x) and the analysis of chapter 3 section 3.1(Mahan) we have:
the eigenfunction for x < b, left from the turning point, with E(= —E,) < 0,

Y(x) = sm f dx'p(x") + B]. Eq.(3.20)
Is there a need to evaluate the integral in Eq. (3.20)? Well, for x — 0, m — 0 due to the

Coulomb potential.
What does p(x) look like? p(x) = v2m./(Ex + e?)/x. With E,, we write this expression as

2
follows: p(x) = \/2mE, (;— — x)/x. The integral in Eq.(3.20) results with this expression
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for p(x) into: /2m {[ (— - )] zeEZn [Siﬂ‘%%ﬁ)]}ﬂ. (C5.2.2.4)

Where use has been made of standard integrals (Abramowitz and Stegun).

2
We know b to be b = ;—, the turning point. Now let x — 0 and substitute the values for b

n

and x into the expression (C5.2.2.4). We obtain for sin[% fxb dx'p(x') + B] with g = %

sin|m (_ T h )] We know already for x — 0, T(x) — 0. However we could also force
: 1 e? [2m 1 ez [2m _
sin[r (; — E—n)] tobe zero. Then ;. =<~ == =n.

Remark: f = % is discussed in chapter 3(Mahan).

. me* 1 e? [2m E 2
With Eg, = —, -~ —— |[— = n becomes :— = —.
2h%2" 4 h 4| Ep Ery  (n—?

A poor result indeed.

Thirdly we will work with an repulsive term added to the Coulomb potential. We have to
show this gives the proper form of the WKBJ wave function at small x and the correct
eigenvalue.

Questions: what does Mahan mean by the proper result for small x? The WKBJ
approximation, Eq. (3.20) and (C5.2.2.4), for small x gives 1 (x) « (x)>/*, without the
repulsive term.

| will compare the result of WKBJ, the repulsive term included, with the exact result of the
expression (C5.2.2.3). Assuming this comparison to be correct.

So, back to the exercise with the additional potential term.

. g , . h? a2 e?
Schrédinger’s equation is: (ﬁﬁ +—- 8mx2 + E) Y(x) = 0. (C5.5.2.5)
Now we have a potential similar to the one shown in Figure 5.2(Mahan). With E < 0 there
are two turning points, a left one and a right one.

Substitut th = ¢ = _E andx = pa, into (C5.5.2.5) and obtain:
ubstitute ay, = Ry = Zma(z)_Zao'g_ ERy,an X = pa, into (C5.5.2.5) and obtain:
2
0= (d_pz + ; - 4_p2 - E)llJ(p) (C5.5.2.6)
An interlude: The exact solution of this differential equation is
1+V2
W(p) =C(2pVe) 2 e p‘/—F(H\/_ \/ig;l+\/7; 2pV/2). (C5.5.2.7)

This equation has been found with the WolframAlpha App. There the solution is given in
term of Whittaker’s function M. Applying the analysis of sections 5.4.1-5.4.3 the same result
can be found.

Another approach: Let us forget about the physics for a while and compare (C5.5.2.6) with

Eq. (5.99) tofind I(1+ 1) = = and l = Just a number. The solution of Eq. (5.99) for
Coulomb Potentials is represented by Eq. (5..118) with a hyper geometric function.
V2-1

Substitute [ = — into that equation and you will find again (C5.5.2.7). Completely similar
to the analysis of page 122 for the eigenvalues we have the eigenvalue equation :

—n, = %(1 + \/5) — \/iE Remark: the right hand side of this expression has to be an integer.
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E
The eigenvalues resulting from this equation are: E,, = %
ny+=

ERry
the exact solution with just the Coulomb Potential: E,, = = +1)2 So far for the exact

solution with the repulsive potential included. End of the interlude.

The last part of this exercise is to apply WKBJ for the solution of the differential equation
with the repulsive potential included. We will use the analysis of Chapter 3, section 3.1 on
Bound States of WKBJ, page 70 Mahan.

The solution for the wave equation, from Mahan, Y, = Y = \/%sin(gbﬂ,), Eq. (3.48)

. Not nearly close to

. 1 b r
with ¢p = % + gbeR dx'p(x"). Eq. (3.44)
Andp(x) = \/Zm(E -V(x)). (C5.5.2.8)
For bound states E < 0. For the eigenvalues we denote E = —E,,. Plug the Coulomb

potential and the repulsive potential into (C5.5.2.8) and obtain:

o2
pC) = [2m(E -
Between the turning points b, and by E > V and the character of 1 is sinusoidal as
represented by Eq. (3.48). The eigenvalues are found> The eigenvalues are found from the
total phase ¢ = g + %fbbLR dx'p(x") = mm. Eq. (3.45)

Following the analysis of page 70 we have for the eigenvalue equation:

fbbLR dx'p(x") = mh(n + %).

The next step is to plug into this equation the expression (C5.5.2.9) and we obtain the
following eigenvalue equation:

hZ
8mx?2

— Ep). (C5.5.2.9)

f”Rdx\/Zm(ﬁ— — E,) = nh(n +2). (C5.5.2.10)
by, x  8mx? it
2 hZ
The turning points by and b; are found by (7 ~omiZ En) =0,
1
e? En, 2
bri =11+ (1 - @) l. (€5.5.2.11)
me*
Use have been made of Ey, = e

The integral in (C5.5.2.10) can be found from tables on standard integrals(Abramowitz and
Stegun). This is represented by the integral in Egs. (3.62)-(3.64).

— x2) = L

So./2m f dx J( ~ e ¥ ) =mh(n +3).

With the turning points this expression becomes:

J2m be dx>\[(bg — x)(x — by) = mh(n + l) (C5.5.2.12)
b

SR dx=[(bg = ¥)(x = b,) = (Jbg = \/bL)? = T [bg + by — 2/,

We need to evaluate the expression (See Eq. (3.63)) with help of (C5.5.2.11) :

(br = BL)? = b + by — 2/beby] = S [1 - 221,

ERy
Then with (C5.5.2.12) we finally obtain the eigenvalue equation:

E E 1 . . .
X —n+1, or E—” = (ﬁ)z' The same result as with the hypergeometric functions, the
n Ry
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exact solution for the Hamiltonian without the additional term. There we used n, instead of
n.

Do these results also produce the proper form of WKBJ for small x? | assume Mahan asks to
compare the WKBJ with the exact solution at small x. Well from the exact solution we find
for small x using (C5.5.2.3):

P < x.

For the WKBJ we just apply the analysis of page 65(Mahan) with small x. Now E < V and

E > 0. Following Mahan we find:

b ! !
Y(x) = J%exp{—%fx dx'a(x")}, (C5.5.2.13)
With a(x) = \/Zm[V(x) —E],V(x) = 8:;2 - ex_Z and b the turning point.

2

For small x only the term contributes in (C5.5.2.13). Then a(x) = % and

8mx?2
—%f: dx'a(x")} = % Ing. Plug these results into (C5.5.2.13) and we obtain:

Y(x) « \/Eexp(ln(g)l/z. So (x) x x. The same results as we obtained for the exact

solution without the repulsive term.
It is time to leave this exercise.

5.5.3 Two Dimension.

In two dimension there is no need for an adjusted centrifugal barrier.

The WKBJ approximation gives the exact result. See exercise 11 in the section on Hydrogen
eigenfunctions, section 5.4.3.

At the end of this section, page 130, Mahan writes: “The lowest eigenvalue is E, = —4ER.”
This should be: Ey = —4Ep,, a printing error.

5.6 Hydrogen -like Atoms.
In this section, as the title indicates, we are harvesting the knowledge gained on the
hydrogen atom.

5.6.1 Quantum Defect.

The question to be answered is: to what extend can we apply the Rydberg series for
hydrogen-like atoms? The approximation is expressed in a so-called effective quantum
number n* = n — C;(n), Eq. (5.194). Here C;(n) is defined as the quantum defect.
Mahan uses the expression Rydberg series. | suppose this to be the eigenvalue series
expressed in the Rydberg energy. This relates with the effective quantum number:

2
E,=— ZBry where Z; is the charge of the ion. In table 5.1(Mahan) you can find the

2’

effective quantum numbers and eigenvalues for various states of Lithium and Potassium.

Homework 20.

Exercise 20.

Construct a table of effective quantum numbers n* for the ns series of KI and Call. Call
means one electron outside of the closed shell in calcium. The data can be found on the
physics library shelf in C.E. Moore, Atomic Energy Levels (QC453.M58, Vol. 1).
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Remark: ns series? KI? Potassium with one electron outside of the closed shell in
potassium?

Since | have no access to the library reference shelf | searched on the internet and found the
Handbook of Atomic Spectra Data, by Sansonetti, J.E. and Martin W.C., American Institute of
Physics [DOI : 10.1063/1.1800011].

Now | just give in order to produce the table the procedure to follow.

For the spectra, i.e. the wave length A(A) given by the spectra data we find E,, = Z’th_ With
ZFE

Ep = - (‘n;y and a given value of Z; calculate n*. Finally, C;(n) = n — n*, where n is given

in the data.

5.6.2 WKBJ Derivation.

WAKBJ is used to derive the origin of the quantum defect C;(n) (Mahan).

The analysis similar to the hydrogen atom can be used and the exact eigenvalue is found
with the effective quantum number.

5.6.3 Expectation values.
Mahan showed the results obtained for the hydrogen eigen values, now with the effective
quantum number. A good approximation is found for (r?) .

5.7 Variational Theory.

Mahan: “The variational theory for two and three dimensions is similar to the theory for one
dimension, chapter 3”.

Choosing a suitable trial function is key.

5.7.1 Hydrogen Atom: n = 1.
In this section Mahan analysed the ground state of the hydrogen atom with the trial

function: ¢, (r) = Aexp[—%azrz], Eq. (5.214). Mahan concluded this trial function to be a

poor approximation for the ground state eigenfunction.

Homework 21, 24.

Exercise 21.

Use the variational method to determine the eigenvalue of the ground state of the hydrogen
atom in two dimensions. Choose your own trial function.

For the ground state we have no angular momentum and the trial function depends just on
r.

The exact solution is found with the exercise 11 in section 5.4.3 Hydrogen Eigenfunctions.
For the two dimensional problem | choose the eigenfunction to be: Y = Ae™*". We have to
evaluate three integrals: normalization, kinetic energy and potential energy. Having done
this the energy functional is optimized. With the trial function ¥ = Ae™%":

Normalization: I = fooo 2nrdr|P|? = 2mA? fooo rdr e 297 = 271(2)2 ,

mh?

inati . _ h? (oo T2 — 02 2 (*® -2ar — 2
Kinetic energy: KE = —— J, 2mrdr |[VY|? = —2n(Aa) J, rdre =A%

and
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_ n(ed)?
—

Potential energy: PE = fooo 2rrdrV () |[Y)? = —2m(eA)? f0°° dre~2ar =

Now we plug these three expressions into the energy functional:

2
E@p) =EPE - I° p2 _ 9qe?. (C5.7.1.1)
I 2m
2
We find the minimum value of E by: 0 = Z—i = h;a — 2e?. The resulting value for a from this
tionis: @ = 4" = 2 (€5.7.1.2)
equationis: a = oz ‘10. AL

2

2
We substitute (C5.7.1.2) and Eg,, = 267 = into (C5.7.1.1) and obtain:
0

2ma?
E = —4Epg,,.

The same result as obtained with the WKBJ in two dimensions and exercise 11, the exact solution.

Exercise 24.
Use the variational method to solve for the ground-state energy of a hydrogen atom in a

constant electric field F along the Z-direction. The Hamiltonian is

2 2
H= —h—Vz—eT—eFrcose.

2m
Use a trial wave function of the form

Y(r,0) = Ae /1 — /’lgcos 0]. Eq. (5.345)
where a is the Bohr radius and A is the variational parameter.

a. Find the value of A that minimizes the energy.

b. Express the energy as a function of F.

c. Expand (b) in power series in F about F' = 0. If a is the polarizability, the correct answer
has the form

E(F) = —(?)Egpy — %Fz + O(F*).

What value for a is predicted by the variational procedure?

ad a. We start with the normalization integral:

I=[d3r|y(r,0)|%

Plug Y (r, @) into I. We have:

[e9) 2 _ .
I=A%] fon fone 2r/a(q — Agcos 0)?r? sin 0drdodd. (C5.7.1.3)
This gives: I = mA%a3(1 + A2). (C5.7.1.4)
The kinetic expectation value:
W . 3 o2y on  BE . 3 w2 | |oy|?

Substitute the trial function Eq. (5.345) into KE and we find :
2 . 2
KE = zfrlzaZAz I 02n e=27/a[(1 + Acos 8 — Agcos )" + (Asin 6)*]r% sin Odrdfde.
For KE we obtain:
_h® 2 2
KE = —mA’a (1 +2 ) (C5.7.1.5)
The expectation value for potential energy:
2
PE=—[d’r l/)*(eT + eFrcos6) .
Hence :
0 2 g2 .
PE = —A® Jo f: f02ﬂ e=2r/e(1 — Agcos 9) (67 + eFrcos 0) r? sin 8drdOde¢.

For PE we obtain:
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PE = —2m A[

(1+ ) AeFat]. (C5.7.1.6)

The energy functional is:
KE+P

E) = . Substitute (C5.7.1.4), (C5.7.1.5) and (C5.7.1.6) into the expression for the

functional and £(A) = —E T tera? C5.7.1.7

unctional an ()——Ry-l'm, (C5.7.1.7)
h? e?

where use have been made of: Eg, = Tt = 30

After setting% =0, wefind 4,, = 4Feaz * 4Fa2 ‘/1 + (4Fa )2. Small values of F indicates

e e 4Fa?
A= e T wa it
With (C5.7.1.7) we have the energy as a function of F.

ad c. Now we expand € in power series of F for F — 0.

)2 (C5.7.1.8)

We start with A: A = — 22921 — -(“‘Z “2)2 + O(FY)]. (C5.7.1.9)
Substitute this value of /'l up to orderF# into (C5.7.1.7):
€(A) = —Egy — 2a®F* + O(F*).
Now with a the polarizability and E(F) = —Eg, — %Fz + O(F*), we may conclude a =
4a3,

3

9
The exact value of & = Sa.

5.7.2 Hydrogen Atom: [ = 1.

In this section Mahan applied the variational method with angular momentum, [ = 1. The
exact result is found. Mahan concluded the variational method to be suited. However, in a
restricted way. For each case [ must be different.

5.7.3 Helium Atom.

“The ground state can be accurately described by the variational method” (Mahan).
The nucleus of the system is regarded as fixed. No effects of reduced mass are included.
The (1s):n = 1,1 = 0 state is considered. The electrons have antiparallel spin, Pauli’s
echusion principle is applied and the electrons are in the singlet state:

10,0) = [051,32 azfl. Eq. (5.235)
See aIso sectlon (4.4) The Addition of Agular momentum (Mahan).

Mahan first dealt with the solution without the electron-electron interaction. Then the
ground state is the sum of the system with one electron-nucleus interaction and Z = 2.
Hence the ground state E; = —8Ej,,. Eqg.
(5.243)

On page 141 Mahan presents the experimental result to be: E; = —5.808Ey,,. The electron-
electron interaction is supposed to be essential. To find the energy functional an additional
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integral has to be included representing electron-electron interaction.

a(r1+r2)]
a

The trial function used by Mahan reads: ¢ (ry,1,) = Aexp[— . Here a is the

parameter to minimize the energy functional, a, is the Bohr radius, ¢(14,13) is the
orbital(radial?) wave function and ry, 1, represent the positions of the two electrons. |
assume 7; represents the unit vector the position of the electron.

Remark: In Eq. (5.244) Mahan presents the normalization integral. The subscript 1 and 2 for
the radial coordinated has been deleted. So it is the product of two normalisation integrals.
Finally after minimizing the energy functional Mahan found E; = —5.695E%,,, a 2%
deviation of the experimental value.

There are other approaches for this problem. For example by Fitzpatrick. This author started
with a trial function equal to the ground state wave function of the hydrogen atom with Z =
2. The expectation value (H) is calculated and this results in the ground state eigenvalue of
E, = —5.5ER,,. “The trial wave function treats the electrons as non-interacting particles. In
reality, we would expect one electron to partially shield the nuclear charge from the other,
and vice versa.” (Fitzpatrick). Then Fitzpatrick introduced a new trial wave function with Z as

parameter. And uses the variational method (Like Mahan used a.) This results into: Z = g,
where Mahan found ay = i_Z'

Homework 22, 23, 25.

Exercise 22.

Use the variational theory to solve for the ground-state energy of two 1s electronsin a
Coulomb potential of charge Z. The result for Z = 2 should reproduce the helium result in
section 5.7.

a.Z = 1: Does H™ exist? What do you predict for its binding energy?

b. Z = 3: Compare with the Li* ion, whose experimental ionization energies are 75.3 and
121.8 eV for the two electrons.

For this exercise use has been made of the results of section 5.7.3 Helium atom. The
Hamiltonian is almost complete similar to the one presented in Eq. (5.240). The only thing to
do is to replace the factor 2 in the coulomb potential by Z. As a consequence replace the
factor 8 in Eq. (5.251), the potential energy, by 4Z. The energy functional becomes:

E() = (202 — 4Za +> ). (€5.7.3.1)
Minimize this functional with respecttoa: a = Z — 136. (C5.7.3.2)
ada)Z =1:

5 11 . : : _ 112 _
a=7-— = I With this value for «, (C5.7.3.1) gives: E(a) = —2 (1—6) Ery =

—.945Eg, > —Eg,.

So there is a bound energy for the hydrogen anion and the anion can exist.
adb)Z = 3:

Nowa = Z — — = g. With this value for a, (C5.7.3.1) gives: E(a) = 7.3359E,,.

16
For the Li* ion we find 75.3 eV < 7.3359E,, < 121.8 eV.
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Exercise 23.

Use the variational method to find the ground-state energy of two particles in one
dimension bound to a delta-function potential, and which interact with a delta-function
potential:

H=-2 [a"’; + %] — A6 () + 8(xz) — 8(xy — x)]. (C5.7.3.3)

Dirac: ”Thus 6(x) is not a quantity which can be generally used in mathematical analysis like
an ordinary function, but its use must be confined to certain simple types of expressions for
which it is obvious that no inconsistency can arise”.

We use the trial function:
_alxal+lx2D

Y(xy,x,) = Ae a (C5.7.3.4)
where a, represents the Bohr radius and the trial function is cusp-shaped. This shape results
from the Delta-Function Potential, see section 2.6(Mahan).

The normalization integral in the variational theory is:

I=[dxq[dx; |[(x,x2)]% (C5.7.3.5)

_2a(lxa|+Ix2))

With (C5.7.3.4) I can be written as: [ = A2 [ dx, [ dx, [e ao ] . This is a product of

two integrals with a symmetric integrand, hence:

20x1 _2axp _2ax 2

2
I—A24f dx,e @ f dx,e @ —4A2f dxe @] = A2 (%) C(5.7.3.6)

The expectation value for the two particle system is:
For the two particle system we find:

hZ foe) foe) " d2 " d2
KE = == [ dx; [7) dox, [ et TR d—x%zpz] . (C5.7.3.7)
SoKE = 2%[2 [ dx |E| ] . (C5.7.3.8)
With the trial function (C5.7.3.4) , (C5.7.3.8) becomes:
"2 o? o 2
KE = 2%%[2 Jy dxlpl?]” . (C5.7.3.9)
2ax 12
KE = ——4A2 [f dxe @ | .With (C5.7.3.6) the expectation value of the kinetic energy
is KE = ——21. (C5.7.3.10)
mag

Now the expectation value of the potential energy:
PE = — [ dx; [ dx, [Y(xq, x2) [P{AL8 (x1) + 8 (xz) — 8 (xp — x2)]3 (C5.7.3.11)

_a(xl+lxz))

With the trial function ¥ (x,, x,) = Ae a0, (C5.7.3.11) can be written as:

o _2ajx| _2ajxy|
PE = —1A? {f dx15(x1)e ao f dx,e @ +
2alxp| _2alxq| 2a(|x1|+|xz|)
f dx,6(xy)e f dx,e @ — f dxlf dx, |e [ ]6(x1 — xz)}

The expression with §(x; — x,) gives a contribution for x; = x, . Hence:
PE = —)A? [2@ — (ﬂ)z] Using the normalization integral (C5.7.3.6)

PE = —/1( ) [2 % _ (22 ] (C5.7.3.12)
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Finally we obtain for the energy functional:

KE+PE 2 p2
E(a) = XE* z(aio) %—1(2%—1). (C5.7.3.13)

@ — 0 we will find the value for a giving the

smallest value of E(a).
mA

a=- (C5.7.3.14)
For the eigenvalue, the ground-state energy, of the two particles with a delta-function

potential:

E=—p21% (2 - —) + 2. (C5.7.3.15)

h Qo
Let’s look at the just obtained result and compare this result with the expression for the
ground state of a single particle in a delta-function potential as given in chapter 2(Mahan).
Wesetay, = 1in (C5.7.3.15)and A = W.

Then we have E = —W2 m” ~+ W. Hence W2 — |s twice the ground state energy of the

single particle(Eqg. (2.235)) and +W reduces the effect of the attractive part of the two
particles. By the way: a = ?—j = n;_zv’ the result given in Eq. (2.333).

Exercise 25.

Consider the Hamiltonian of an electron of charge e bound in a three-dimensional harmonic
oscillator potential, which is also subject to a static field F.The potential energy is:

V(@) = grz —eF.7.

Find the exact eigenvalue spectrum. What is the polarizability a of a charged particle bound
in a harmonic oscillator potential?

As we can see we are not dealing with a central potential. Hence we cannot apply the
techniques of this chapter 5. How to proceed? Well, we are free to choose the direction of
the electric field to be in the Z-direction. Then it appears feasible to use a Cartesian frame,
since the Schrodinger’s equation is separable.

We have:

2
[zh—mVZ —g(x2 +y2+2z%) +eFz+ E] Y(x,y,z) =0, (5.7.3.16)

where we set E = E, + E), + E; and Y (x,y,z) = ¥, (x)P2(y)P3(2).Plugging these
expressions into (5.7.3.16) and separation gives three equations:

h? d? K

[%ﬁ__xz +E ]¢1(x) —0, (C5.7.3.17)
2

%E— —}’2 +E ]1/)2(3’) =0, and (C5.7.3.18)

h? d? K

s~ 572+ eFz+ E]$a(@) = 0.

The first two equations represent the 1-D harmonic oscillator.
The oscillator in the z-direction can be manipulated in such a way leading to an equation

resembling the equation of the harmonic oscillator. Let’s have a Iook
2 2
The equation for 3 (2) is written as: Eh—d— -z (Z - ? - ) +-F ]ng(z) =0

mdz?

With the transformationu = z — 7 , the latter differential equation becomes:
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222z — (L)} + 26| waw =0,

h? a2
[% du?

~5u2 4 (&, + 20| ws ) = 0.

(C5.7.3.19)

Now most of the work has been done. We see that the static electric field changes the

2F2
eigenvalue in the z-direction into (E, + ez—K). So with the result of exercise 14 where we

calculated the of eigenvalues for a 3-D harmonic oscillator, without an electric field, we

finally obtain:

2
E =ho(2n, +1+3) + = F2,

with w = \/E
m

If the polarizability a is defined similar to the polarizability of hydrogen atom, then

a e?

2 2K’

Remark: In the above exercise we found the exact solution. Hence there is no need to find

an approximation by means of the variational method.

Nevertheless let’s give it a try, just out of curiosity.

r 2

As a trial function we choose Y (r, 0) = Ae_%(l — Aricos 0),
0

where we define 1y = /% and w = \/é (Mahan page 30).

Normalization:
w (2w —()>2 :
I=A%] fon fone o’ (1— A%cos 0)? r? sin Od¢pdodr.
With r = Rry and the trial function C(5.7.3.20), we find for I:
3
— A2.5..3 1,2
I = a2morg (14222).
The kinetic energy,
_ ﬁ 0 T (2T oY 2 2
KE=—[ [, I, [ + | 55| Ir?sinodgpdodr.
With the trial function C(5.7.3.20) and (C5.7.3.21) becomes:
3
— A2.5..3 3,52
KE =A nzrowh(4+8/1 )
The potential energy:

ap|?
ar

(C5.7.3.20)

(C5.7.3.21)

(C5.7.3.22)

(C5.7.3.23)

(C5.7.3.24)

(C5.7.3.25)

o ERY)
PE = A% fon fozne Go) (1- Aricos )2 (%rz — eFrcos 0) r? sin d¢dodr.
0

We finally obtain the expression for the energy functional:

e— KE+PE _ wh(%+§/12)+1(r02(%+§/12)—/16Fr0.

1 1+£
2
(C5.7.3.21) gives K1¢ = wh. Substitute this into (C5.7.3.26):
~whA%—eF
£ = 2 oh 4 22
2 1+7
E _ _ 12 wh _ _ . .
Then Fri 0=+ ZeFTO)l 2 =0, gives:

97

(C5.7.3.26)

(C5.7.3.27)



for 1 to be finite : 1 = — 2= + 21 |1 42(20)2, (C5.7.3.28)
eFry eFry
For small F we find for A from (C5.7.3.28):
A = £ substitute this value of A into (C5.7.3.27) and we finally obtain:
€=2wh— —FZ, (C5.7.3.29)
2 K

Where use has been made of (C5.7.3.21).

2
Now we find for the polarizability a: % = — %

Hence with the variational method we find a polarizability being a factor 2 too large.

5.8 Free Particles in a Magnetic Field.

In this section Mahan discussed a free particle in a static magnetic field.

5.8.1 Gauges.

Magnetic fields are introduced into Schrédinger’s equation. Now we find a vector potential
in the Hamiltonian. The Hamiltonian is derived and justified in Chapter 8. There it is shown
the momentum to be equal to

p=mv+ %A.

The magnetic field B is given by B = V X A.

Mahan presented three vector potentials.

Mahan has chosen a particular gauge and presented the Hamiltonian for a particle of charge g and
mass m in a constant magnetic field B:

1 B \?2
Ho = [(px +Zy) +p3+pZ]. (5.275)
The subscript a denotes the choice of gauge.

5.8.2 Eigenfunctions and Eigenvalues

H, does not depend on x and z. They can be considered as constants of motion(Boccio, 9.7.38) and
can be replaced by their eigenvalues.

The eigenfunctions for x and z are plane wave functions. Then the Hamiltonian has been solved for
the variable y. Mahan showed this to represent a harmonic oscillator and presented the eigenvalues
end eigenfunctions. The quantum number k,determines the centre of oscillations.

Mahan showed the results another example of another example of the vector potential. The
Hamiltonian depends in that case explicitly on x.

Homework 26, 27, 28.

Exercise 26.
Find the eigenfunctions and eigenstates(? Eigenvalues?)of an electron confined to two dimensions

that is subject to an electric field and magnetic field (ﬁ 1 §). The Hamiltonian is

eBx\2
H——[px Py — C)]—eFx.
We will apply the results of the 3-D case(section 5.8.2) to the 2-D case. Keep in mind we are dealing
with another gauge A= B(O x,0), Eq. (5.273). By applying Eq. (5.282) for the 2-D case, we find:

Hpyyp(x,y) =

\/_ [— + mw?(x — xy)? — eFx]f(x), (C5.8.2.1)
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hcky, 2mE
y
*and k,, -

Now let us take care of the expression between brackets in (C5.8.2.1):

eB
where w, = X =

rZ 1 eFx pZz 1

=+ Emwcz(x —x9)% — S = o Mg 2(x —x9)% — eF(x — xo) — eFx,.

The right hand side can be written as:

PE L w2 — ) ——fF__eF ]

o T o ma (x —xp) [(x X0) = o5z m(wc)z] eFx. (C5.8.2.2)

Define & = (x — xy) — % and substitute ¢ into (C5.8.2.2), the expression between brackets in
Bi mw? 2__1 2 2__

(C5.8.2.1) becomes v + — & S Mg (m(wc)z) eFx,, (C5.8.2.3)

the first two terms represent the harmonic oscillator, the last two terms represent a shift in the
eigenvalues E, .
eF

m(wc)?

hck
With w, = ;—BC and x, = 2 (C5.8.2.4) can be written as:

2
The eigenvalues are: E,, = hw.(n + %) - %mwcz ( ) —eFx,. (C5.8.2.4)

1
E, = ho, (n +5) s —hck, (C5.8.2.5)
This result can be found with BOCCIO(9.7.38).The eigenfunction becomes:
Yy, y) = J— “F @),
. eF . . . eF .
withé =x — x5 — @ f (&) are the oscillator eigenfunctions and x + @? determines the

centre of oscillations.

Exercise 27.

Consider the Hamiltonian of an electron confined to move only in the (xy)-plane. There is a
magnetic field in the z-direction and a quadratic potential in the (xy)-plane. Show that in the
symmetric gauge the Hamiltonian can be written as

1 eB _\? eB \°] K, 2, 2

H —%[(px +Zy) + (py —Z—Cx) ]+5(x + y2).

Solve this Hamiltonian exactly using polar coordinates. The problem was originally solved by V. Fock.

The symmetric gauge, Eq. (5.274):

A= g(—y, x,0).

Mahan presented the Hamiltonian for a charged particle in Eq. (5.268):
Llp-2aw)] +v),

where the Pauli interaction is left out of this expression.

For the symmetric gauge A(r) = —%r XB , B=(0,0,B)andr = (x,y,2).

Ay=—3(yB—20),
1

Ay = —E(Z.O — xB), and

A, =—(0-0).
Hence Eq (5.268) becomes:
B \2] «k
H=o (e +5 y) +(py —22%) ] +5 (% +y?). (C5.8.2.6)
We rewrite (C5.8.2.6).
1 eB eB \2 eB
H= %[p,% + VP + (Zy) +p3 ——xpy + ( — ) ] += (x +y2), (C5.8.2.7)

keep in mind px%y =0, and py%x = 0.
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So we obtain for the wave function ¥ (x, y):

h? K 1
{—gv = (ypx —xpy) + (; —(%) )(x + yZ)}¢(x ) = EY(x, ). (C5.8.2.8)
When M, = xp,, — ypx = 0, Eq. (4.1) Chapter 4 Mahan, the wave equation (C5.8.2.8) is:
—ﬁv2+(5+i(ﬁ)2)(x2+ 2)lyCx,y) = Ep(x, y) (C5.8.2.9)
2m 2 2m\2c y 24 Y- e
S “ - ” Kp — E i ﬁ
We use a modified “spring” constant 5 =3 + Py (ZC) .

Part of this exercise is to solve the Hamiltonian exactly using polar coordinates. Why polar
coordinates? | will deal with this question later on.
Let us work on polar coordinates, using the results of section 5.2(Mahan),

vy, 0) =12 (r ) + 122 Eq.(5.42)
In polar coordinates xp, — yp, becomes: —ih %. Now the resulting Schrodinger equation is
separable.
The general solution for angular momentum n can be written as

= R(r)e?. Eq.(5.43)

For central potentials we substitute R(r) = %){(r), (Mahan).
With Eq. (5.43) and R(r) = \/i?)((r), (C5.8.2.8) becomes

2 2_1
{d__u_z_m[K_Brz _Er]})(n =0. (C5.8.2.10

This equation comes close to (C5.3.1.1) of exercise 14.
We rewrite (C5.8.2.10) with:

_ |[Ks 2mKp _ (mwp)? _ _2m
WB = | h22_(h) —yB,ande—thr
d? n—l
PR —yiri+etx, =0. (C5.8.2.11)

Now we follow the analysis of Exercise 14:
(l 1)

2 1
4-

In (C5.3.1.2) we have the term —— instead of . Then, from an algebraic point of view, we can

substitute n = + (l + E) in (C5.8.2.11).

For the eigenfunction ’J)n we obtain:

¥B
Y, (r,0) = Cire” 2 LZ"(y r2)ein?, (C5.8.2.12)
where n,. is the radial quantum number, R(r) = %){(r) has been substituted and the prefactor C;

is the normalization coefficient. L%[rl , is an associated Laguerre polynomial and the positive value of n
has been taken.

Now for the eigenvalues of the radial part of the wave equation. In the three dimensional case we
have

En = ho (an +1+ 2) (C5.3.1.6)

Hence for the 2-D case(it is not a real two dimensional case), withn = (l + %) , we have
Epn=hwg(2n, +n+1).
Finally, let’s look at the angular part of the wave equation.

The result of the separation of Schrédinger equation gives for the angular part:
eB 2m

—nﬁ = h—zEg. (C5.8.2.13)

We define w, = ze_nfc and Eg = —%hwcn. (C5.8.2.14)
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Hence, for the 2-D we find:
Ep-p = hwg(2n, +n+ 1) — Zhw.n, (C5.8.2.15)
Having a zero “spring” constant K, (C5.8.2.15) reduces into: E;_p = hw, (an + %n + 1).

Remark: In a Cartesian frame Schrddinger equation is not separable. Since M, = xp, — ypy # 0.
As mentioned before: we are not dealing with a 2-D case. See section 5.8.4 on the Quantum Hall
Effect(Mahan). The particle is confined to a plane. A lattice.

Exercise 28.
Consider the Hamiltonian of an electron confined to move only in the (xy)-plane. There is a
magnetic field in the z-direction. Consider the Hamiltonian in the symmetric gauge:

Bl (et 500) + (s = 522) ]

Show that the wave function |n) = A(x — iy)"exp[—

x24y2

412

] is an exact eigenstate of this

Hamiltonian and of the z-component of angular momentum. What is the eigenvalue?
A lot of work has already been done in exercise 27.
We rewrite the Hamiltonian and the wave function |n) in polar coordinates(r, 8) and find:

h2 19 (_ a 192 r* w0
ambrar (737) * 7505 ~ 1+ 150550 (582,16
. - eB h hc
In this expression w, = —, and [? = — = —.
2mce mw, eB

Now we can use the results of exercise 27 and we have for the wave function resulting from the
operation Hy = Ey:

ver? .
Yn(r,0) = Cyre” 2 LA (yrH)e?, (C5.8.2.17)
mwc _ i u H ” —
where y, = o = o The “spring” constant K = 0.
2 2
We need to compare (C5.8.2.17) with |[n) = A(x — iy)”exp[—x;;y ].

We rewrite |n) in polar coordinates and obtain:

_ n _i —in6
|n) = A(r)"exp[ 412]e .

From comparing this expression for the wave function with (C.5.8.2.17) we set the associated

Laguerre polynomial equal 1, substitute y, = % in (C5.8.2.17) and we find:

rz .
Y, (r,0) = Cyre nZeind,
we 0

We have a little more work to do. Substituting —8 for 6 in the Hamiltonian (C.5.8.2.16), i?£
T2 .
%%, (C5.8.2.17) becomes Y, (1, 8) = C;r"e 4Ze "% So what we basically did is

separating the wave function 1,,(, 8) into a radial wave function as we did in exercise 27 and an
—in6

changes into —i

angular wave function e
Another approach is to choose polar coordinates:
_ _ . e .. h* 10 i 102 r? w0
x = cos @ and y = —sin 6.The Hamiltonian is —[~— (r 6r) ey el S B
. . . . L 1
The eigen value of this operator becomes, with Eg (Exercise 27 ) changing sign : Eg = + Ehmcn.
. I 3
The eigenvalues of the Hamiltonian are: hw, (an ton+ 1).
Now the eigenvalues of the momentum operator M,, . We rewrite the operator in polar coordinates:
. 0 .
M, = xpy, — ypx = lh@, where we used x = cosf and y = —sin6.

Use this operator for the eigen state |n) (in polar coordinates) and we find: M, |n) = hn |n).
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. . I s 3
Hence the state |n) is an eigenstate of the Hamiltonian with eigenvalues hw, (an ton+ 1) and an

eigenstate of the angular momentum operator with eigenvalues hn. In chapter 4 the angular
momentum is dealt with. We could have applied the results for the momentum operator: Eq. (4.76),
Mahan.

5.8.3 Density of States

The subject matter is about solid state physics. The Hamiltonian of a free particle in a magnetic field
is applied to obtain the density of states. In the limiting case the density of state of a three-
dimensional free particle system is obtained. With respect to the subject matter, | suppose the basis
for the density of states is presented in an undergraduate course.

5.8.4 Quantum Hall Effect.

In this section an example of particles in a magnetic field is presented. It is about semiconductor
superlattices.
On page 148 Mahan introduced “curvature” which is described as an effective mass m*. This is given

in Eq. (5.303). I do not know where this can be found in previous chapters.

27,2
We know for plane waves k is defined as E = hzi

In addition the spin is included in the Hamiltonian for a particular gauge and the effect on the
eigenvalues is given by the term —mA. In do not know where to find this in the previous sections.
Reading this section | think there should be a reference to additional reading on the subject matter.

5.8.5 Flux Quantization

The final section of this chapter deals with the flux quantization in the centre of hollow cylinders and
super conductivity.

Homework.

The exercises can be found in the relevant sections of this chapter.

6. Matrix Methods and Perturbation Theory.
6.1HandH,

Solving Hamiltonians perturbation theory is a very helpful tool.
| repeat a few characteristics given by Mahan:

e Find an Hamiltonian H, which can be solved exactly. This Hamiltonian should
resemble the exact problem H as much as possible.
e [ts eigenfunctions should be simple functions that are easy to generate and integrate.

Hence H = Hy +V,
where V is considered to be the perturbation. Usually small compared to H,.
The evaluation of matrix elements is an essential feature of this chapter.
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6.2 Matrix Methods.

In this section Mahan presented the fundamental equation of the matrix method.

Mahan discussed the practicalities of the matrix method. The problem with this method is
encountered in the infinite dimensions of the matrix. Hence the matrix need to be
truncated.

In the next section Mahan presented the determinant of a 2 X 2 matrix.

In this general section on the matrix method | shall derive the 2 X 2 matrix. | will apply the
Dirac notation.

First, Mahan presented in this section the general method.

For H, we have Hy|¢p,,) = E,(lo)|¢n) (C.6.2.1)
and for the Hamiltonian H|y,,) = E,|Yy). (C.6.2.2)
With H = Hy + V, we have

(Ho + V) [¥n) = Enlibn). (C.6.2.3)
Now we expand [i,,) into |¢,,):

[¥n) = (11| @1) + (D2|Yn) D), (C.6.2.4)
hence (Ho + V)|n) = (p1|¥n)(Ho + V)|$1) + (P2 |¥n)(Ho + V)| h2). (C.6.2.5)

Mahan considered ¢,, eigen functions of H,.

To illustrate the general approach l used m = 1,2.

As a reminder: Mahan expanded |Y,,) = Cp1|¢1) + Crz|P2). (C.6.2.4a)
Multiply (C.6.2.4a) on the left and the right with (¢, | and you find C,; = (¢ |¥y)-
Multiplying (C.6.2.4a) similarly with (¢, |, you will find C,,, = (¢, |¥,,) .

Multiply (C.6.2.5) with (¢, | and we obtain:

(P1] (Ho + V) [Yn) = (D1 |YnX 1| (Ho + V) |1) + (D2 |nXd1| (Ho + V)|h2). (C.6.2.6)
Plug equation (C.6.2.1) into (C.6.2.6):

(D] (Ho + V)W) = (D1 [PndE + Vin) + (b2 [0n)Vis, (C.6.2.7)
where V;; is shorthand for the matrix element (¢i|V|¢j).

In addition (¢;|¢;) = ;.

Multiply (C.6.2.3) on both sides with (¢,] :

(1] (Ho + V)[$hn) = (1] Enlhn)- (C.6.2.7a)
Subtract the equations (C.6.2.7) and (C.6.2.7a) we obtain:

(baltpn)(E” = En + Via) + (b2 ln)Viz = 0. (C6.2.8)
Now we multiply (C.6.2.5) with (¢, | and we find completely similar to (C.6.2.8):
(Pln) (B = En + Vaa) + (@1 90n)Var = 0. (€C6.2.9)

Keep in mind {(¢;|y,,) equals Cy,,, Eq. (6.6) Mahan.
(C.6.2.8) an (C.6.2.9) are two coupled equations for (¢ |1,,) and (P, |,) .
In matrix presentation:

(0)
E7 —E, +V, V.
( 1 nt Vi . 12 >((¢1|¢n)) _ (0)' (C.6.2.10)
V21 EZ - ETl + VZZ <¢2 |¢n) 0
The eigenvalues E,, are found with the determinant:
(0)
E;7—E, +V, V.
g mo o © 12 = 0. (C.6.2.11)
V1 E;" —E, +Vy,
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Since the Hamiltonian is Hermitian V;, = V,;".
For a m X m matrix the diagonal element is:

0
E® —Ep + Vi,
and the other elements are Vy;, with [,k = 1(1)m.
Eq. (6.14): 0 =det||E'” — 2|8y + Vil
represents the elements of the determinant. Through this short-hand notation it becomes
clear V}; to be part of the diagonal and A(= E},) represents the eigenvalues.
The matrix method as presented in this section is not about perturbation. It is not a
particular perturbation method. V' is dealt with as a part of the Hamiltonian.
Mahan discussed the problems with matrix methods: the dimensionality is infinite.
In practice the matrix is truncated. Convergence tested.

6.2.1 2X2

In this section we will deal with the eigenvalues of (C.6.2.11) forn = 2.
For this 2 X 2 case, the perturbation is considered to be small: V;, < E; — E5.

Mahan dropped the superscript of E1(,oz)- The two eigenvalues are second order in V;,, see
Eq.(6.17) page 160.

Mahan mentioned the case where the states |¢;) and |¢,) have the same eigenvalue:
E, =E,;,and: Vi1 = Vs,

What is not clear to me: V;; = V,,. Is that just an assumption? | suppose so.

6.2.2 Coupled Spins
Coupled Spins: | suppose it’s about entanglement.
This is another example of the matrix method. It is helpful to read again Chapter 4 on
momentum and spin. The relation for the momentum operator are applicable to the
spin operator. In this section Mahan first solved the Hamiltonian exactly. He used,
what he called a trick to do the job to find the exact solution.
Mahan mentioned, just above Eq. (6.27): “......gives two possible states, S = 0 or § =
1.....7.
Eq. (6.27): Es = AR2[S(S + 1) — g] .
These are the eigenvalues | suppose.
This section is about the addition of angular momentum and entangled spins. The
Clebsch-Gordon coefficients are given in Table 4.1.
Let’s have a look at the eigenstates. For a two spin entangled system there are two
states: the singlet state and the triplet state. We will present these state in the
column vector representation(Chapter 4). So we have to find the tensor products of
the two spin states. There are four basis column vectors. For convenience | use the

notation of Susskind: u for up and d for down spins.
1

Hence: |[u Q@ u) = (1) X (1) =

0 0 and

, u®d) = , d@u) =

o oo
cor o
o oo
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o O O

d ® d) =
1
These states make up the eigenstates.
0
For the singlet eigenstate (Susskind notation): |sing) = Tli _11 , for one of the
0
0
. .o 1[1
three triplets we have for |Tripl) = AR
0
The % factor is obtained with normalization.
Now we can prove the singlet and triplets to be eigenvectors of
H = 2455, (Eq.6.23)

where s; represents one of the Pauli matrices of particle j. However, | consider it to
be a bit more elegant to find the eigenvectors in a straightforward way(See
www.leennoordzij.me ).

The tensor product of the matrices in Eq. (6.23) gives for the Hamiltonian, with the

Egs. (4.80)- (4.81) and the factor ; 4% 4 matrix:
1 0 0 0
h2 -
251% 7 4 %)
0 O 0 1
of which the eigenvalues Ai are found from the determinant leading to the polynomial:
(1 —2D%((1 +21)?—4)=0,
with two roots 4;=1 and root 4;,=-3.
Now let us find the eigenvectors. Let’s start with the eigenvalue —3 and assume the
components of the column vector representation of the eigenvector to be a,b,c and d.
Then:

(C6.2.2.1)

a
b . . e .
¢l applying matrix vector multiplication and equating:
d

QL o T Q

0 00
-1 20
2—-10
0 01

OO O R

a=-3a,»a=0,d=-3d,-d=0,and b = —c.
With normalization,

* * -1 —_1
bb* + cc* = 1,b—\/2,and c=-7
Now which eigenvector can we construct given these components? The eigenvector
is

0
1 1
V2| —1
0

This is the column vector representation of the singlet.
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Hence with the eigenvalue equation for the wave function :
Hy = E, and (C6.2.2.1)

we have E = — %Ah2 , the same result as is found with the trick method of Mahan.
In, not exactly, the same way for the eigenvalue +1 you will find the energy level
E = %Ah2 for the three triplets. Let us see what happens:

So what about the three eigenvectors with eigenvalue +1?

1 0 00 a a
0-1 20|\|(b)_|[Db
0 2—-10 c c/l

0 0 01/ \d d
applying matrix vector multiplication and equating the corresponding components:

a=a,d=d,andb =c.

The eigenvector isnu and the normalization condition is:

QU TN T Q

a*a+ 2b*b + d*d = 1. This represents three equations. In addition we have the
orthogonality condition, giving us three equations en plus. Alas, there are nine
unknowns. However, we derived the singlet eigenvector, giving us another three
equations based on the orthogonality condition. This should be sufficient since the
vector space is a four dimensional vector space. It is not sufficient, since no new
information is created. Hence we have to assume some vector components. This is
done with simplicity in mind.

Starting with a simple eigenvector where a = 0 and d = 0, and b is real, we find for
the first eigenvector with eigenvalue +1 the triplet \/% (Jud) + |du)). The other two

are found by setting b = 0anda = d, and b = 0 and a = —d. This produces the
eigenvectors, the other two triplets. Finally the orthogonality of the four state
vectors can be verified.

As mentioned by Mahan the trick method is not always straightforward. The matrix
method is straightforward. | think the matrix and determinant as given above are
part of the matrix method. We will see.

For the matrix method Mahan used the notation of Chapter 4 in this case of a two
spin system, a neutron and an electron system say.

The Hamiltonian is given in Eq. (6.23) and rewritten in terms of raising and lowering
operators: Eq. (6.32). To derive this expression for the Hamiltonian use has been
made of the similarity of angular momentum and spin operators:

Hence sj(+) = Sjx +isj,,, and sj(_) = Sjx — 1Sjy .

The matrix elements of the Hamiltonian in Eq. (6.32) are found with the operators

given in Eq. (6.33).

So 51(+)sz(_) = h? (8 (1)) X (2 8) = h?

S OO O
oS oo O
(el i)
S OO O
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0 0 0 O
. _+2(0 0 0 0\_ 0 0 0 O
and s; °s, _h2(1 0)®(1 o)_h2 0100
0 0 0 O
1 0 0 0
_n/ 0 1 0\_r[{0 -1 0 0
Furthermoreslzszz—z(0 _1)®(0 _1)—2 00 -1 o0
0 0 0 1

Now we plug these three matrices into the Hamiltonian given in Eq. (6.32) and find

(C.6.2.2.1):
hZ
A7 0 0 0
0 _a¥ AR 0
H= 2 ) .
0 anz Ay O
0 0 o af

Remark: What is a bit confusing to me is Mahan denoting the matrix elements by V;;
(on top of page 162). Keep in mind this V;; is not the same as the matrix elements of
V in Eq. (6.5).

The matrix representation of this Hamiltonian H leads to the four eigenvalues.
Remark: what is also not clear to me why Mahan uses M = m; + m, instead of using
S =51+ 5,

Homework 1,2,3.

Exercise 1.

Find the eigenvalues of a 3 X 3 matrix for which all matrix elements are identical:
EP =4 Vy=V.

According to the matrix method:

and

0
H0¢n = ET(l )¢n
Hyy, = Exy,

we have with Eq. (6.14) the general determinant for the eigenvalues.
First the matrix:
A+V |74 %4
( %4 A+V %4 ) .
% vV A+V

Some elements of the matrix are more identical.
The equation for the eigenvalues:

A+V -2 |4 4
|4 A+V =2 |4 =0.
4 |4 A+V -2

The polynomial for A is:
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(A+V—-2)3=3V3A+V -1 +2V3=0.
We rewrite this equation as:
(A-21)?A+3V—-21) =0.

The eigenvalues are:

Ay =4, and 1, = A+ 3V.

Exercise 2.

Evaluate Eq. (6.23) for the case that s; has spin-1 and s, has spin—%. Do the problem two
ways: (i) using the trick method, and (ii) using the matrix method.

The Hamiltonian represented by Eq. (6.23) is about coupled spins: H = 245, .5,
“Evaluate”: | suppose it is about eigenvalues and eigenvectors.

With the trick method come the results of chapter 4 On the Addition of Angular Momentum.
In exercise 7 of that chapter we calculated the Clebsch-Gordon coefficients for a (%) X (1)
coupled spin system.

Now in this exercise we have to do the (1) X (%) job. Are the Clebsch-Gordon(C-G)

coefficients the same as for the (%) X (1) system? What about the matrix s; ® 5,7
Let us find out.

(i) The Trick Method.

As given by Mahan: the trick method uses the total spin Stobe S = S5;+ 5,

with Eq. (6.26) the Hamiltonian reads:

H=AR?[S(S+ 1) —s5,(s; + 1) — 5,(s, + 1)],

Where use has been made of §.§ = h25(S + 1) for spins.

There are two possible states: the maximum value § = s; + s, = ;, and the minimum value
of S =|s; — s, = %
Now we will work on the (C-G) coefficients for (1) X (%)

Using the notation of Mahan Eq. (4.150) Chapter 4 |/, M) = }.,;,, m, CGlj1,mq) @ |j2,m3),
we evaluate j; = 1 withm; = 1,0, -1,

and

j —lwithm =1_1
J2 =3 2 =573

We start with |J, M) = |§,%>.

3 3 1
Then: 12,2} = Zon, m, C11,my) ® |3,m,).

. 3 1
M=m1+m2,W|thM=;wehavem1= 1 and m, =3

So |§§> = CG|1,1) ® |§§> (C.6.2.2.2)

With column vector representation (C6.2.2.2) is written as :
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3 3\ 11\ L 1\ _
|5,E>—CG|1,1)®|5,5>—CG<8>®(O)—CG

Applying normalization (CG)? = 1 and CG= +1.
Hence we obtained two states:

3 3 11
I5,5> =+|1,1) ® |5,5>. (C.6.2.2.3)

We continue with the positive value. The negative one is not considered: just a phase
difference of im.

31 1
Now we evaluate |E'E> =Ym,m, CGl11L,m) & |;,m2>.

1 1 1
M = E,and we have two setsof m; and m,: m; =1,m, = —Eand my; =0,m, =3

31 11 11
|5,§> =(G4|1,0) ® |5’E> +CG,|1,1) ® |E’_E>' (C.6.2.2.4)

/ \l
\2)

Normalization: (CG,)? + (CG,)? = 1.

. . 31
with column representation |E’E> =

Next we apply the lowering operator on |§,§>, and with help of Eq. (4.79) we obtain:
3 3 31
L |E'E> = hV3| E'E>' (C.6.2.2.5)
Then using the lowering operator again, (6.2.2.3 produces with Eq.(4.79) and the chain rule:
3 3 11 11 1 1
L2 =10 @133 = (/2010 8 12.3)) +ha1n ® 12, -3
This result is equated to (6.2.2.5) giving:

31\ _ 2 11 1 11
2Y=Z(oet ) +x(Lnell-) (c6.2.26)
Do compare this result with (6.2.2.4) and:
CG; = % and CG, = % These coefficients and (6.2.2.4) produce another state.

This result is similar to the result of exercise 7 in chapter 4 except for the order of tensor
e . . 31 .
multiplication. With column vector representation it follows |E’E> to be normalized.

The following state to be to be evaluated is

31 1
1573 = Znam €11 m) © 15,m2).

For convenience we first evaluate :

3 3 L
15 =3) = Znam COI1Lm) © 15,m2).
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3 1
M = —5,somy = —1andm, =-—3

3 3 1 1

Hence |2, —5> = CG|1,-1) ® |5,—5>. (C.6.2.2.7)
Similar to the evaluation of the first state we CGs = 1, and

3 3 1 1

|E'_E> —11,-1)® |5,_5>, (C.6.2.2.8)
By applying the raising operator LT | %, — §> and using Eq. (4.78) we find:

3 _§> _ 3 _1>
LM =, = hV3 | ~ =) (C.6.2.2.9)

3 1 1

Now, back to |2, —5> = Yo, CGI1,my) ® |5,m2>.
M = —é, and we have two sets of m; and m,: m; = 0,m, = —%and m; =-1,m, = %
Hence:

3 1 1 1 11

L -Y = a0 et -+ e -ne L) (C.6.2.2.10)

We know the procedure and apply LT on (C.6.2.2.8) and the chain rule:
with Eq. (4.78) we find
3

3 1 1 11
H12,-2) =m21L0) ® [3,-3) +hiL -1 @ 11,3,

2
Equate this expression with (C.6.2.2.9), then

3 1\ _ V2 1 1 1 11
12, _E> =210 ®1;, —;>) +=(L-1® |5,5>). (C.6.2.2.11)
So we have 4 states for | = % .

We have still 2 state vectors to go: | = % We start with | %,3

M = %, and we have two setsof m; and m,: m; =1,m, = —%and m; =0,m, = %
The state vector is:
11 1 1 11
I5,5> =CG|L1) ® |3, —5> + CG;|1,0) ® |5,5>. (C.6.2.2.12)
With normalization : (CG¢)? + (CG,)? = 1. We need some additional information. Well,

orthogonality is the other constraint: apply the orthogonality of | %,%} of (C.6.2.2.6) and

|§§> f (.6.2.2.12), we find CG; = -=and CGq = — =
11\ V2 1 1 1 11
So E’E> = _\/_§|1’1> X |;,—;> + NG [1,0) ® IE’E>' (C.6.2.2.13)
The fifth state,
The final state to obtain is | %, — %)
M = —%, and we have two sets of m; and m,: my =0,m, = —%and m; =-—1,m, = ;

The state vector is:
1

1 1 1 11
-3 = L0 ® 12, -2 + ool - ® 11,) (C.6.2.2.14)

Normalization: (CGg)? + (CGo)? = 1.
Orthogonality: |§, — %) of (C.6.2.2.15) and |§, — §> of (C.6.2.2.14).
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We find: CGg = %

The final state:

1 1

1 1 1\ V2 11
LY=L ool -)-Zn-nelll) (€6.2:2.15)

We found the 6 states for the 6- dimensional vector space. Quite an evaluation. Now, what
about the eigenvalues? Well, with the 6 X 6 matrix we could do the job. However, | consider
this to be the second part of the evaluation: the matrix method.

With the trick method, the Hamiltonian is (Eq. (2.26)):

H=AR?[S(S+ 1) — 5,(s; + 1) — 5,(s, + 1)].

For the (1) X (%) coupled spin system we have:

J(=S$) =§and/(= S) =§;s1 =1lands, = 1/2.

With these values the Hamiltonian gives two eigenvalues:

Eijp = —2Ah? and Es/p = AhZ,

ForJ(=S) = % we have 4 states and degeneracy of 4;

and CGg = —

il

forJ(=S) = % we have two states with degeneracy of 2.

(ii) The Matrix Method.
We have a 6 X 6 matrix.
s, isrepresented by a 3 X 3 matrix given by the Egs. (4.100)-(4.102) in Chapter 4 and 55 is
represented by 2 X 2 matrix based on the Pauli matrices given in Egs. (4.80) and (4.81)
multiplied by h/2. The resulting matrix representation of the Hamiltonian is found by tensor
multiplication s; @ 5.

0 1 0 0 —-i O

— AR2¢L 0 1y, 1. : 0 —i
H=An{5s(1 0 1)®(1 0)+ﬁ(z 0 —1)®(i 0) +
0 1 0 0 i 0
10 0
() O)®(1 O)}.Resultingintothematrix:
0 -1
0 0 -1
1 0 0
0 —1 2 0
H=anz|0 V2 O
0 V2 0
0 V2 -1 0
0 0 1

The matrix elements are H;; .

Hy; = Hgg = 1and Hyy = Hss = —1. (C.6.2.2.16)
The 4 off diagonal elements are: Hys = Hz, = Hys = Hgy = V2. (C.2.2.2.17)
All the elements to be multiplied by the factor AhZ?.

The determinant for the eigenvalues A is, with Ah? = B,:
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=0. C.6.2.2.18
-1 BV2 0 ( )
0 BV2 -B—-1 0
0 0 B-1

The determinant has Block diagonal form with two separated blocks.

The first block and the second block both produces:

(A—B)>=0,and (1 + 2B) = 0.

So one eigenvalue: A = Ah%and degeneracy of 4, the other eigenvalue A = —24h? and
degeneracy of 2. This result we also found with the Trick method.

The eigenstates? We need to find 4 states with eigen value Ah? and 2 states with eigenvalue
—2AR?,

Let us start with A = —2Ah?. We use a column representation of the eigenvectors and
determine the elements.
1 0 0 a a
/ 0 -1 2 0 \ ( b\| ( b\|
0 V2 0 c|_ c
0 VI 0 | 4 |= —2| d |l (C.6.2.2.19)
o aole) )
o o 1/ VY f

For the elements we obtain:

a=-2a—->a=0,

~b+cV2=-2b->b=—cV2,

bV2 =—-2c > b =—cV2,

eV2 =-2d »d=—eV2/2,

dV2 —e=—-2e—->d=—-eV2/2,

f=-2f->f=0.

So we have 4 elements of the state vectors: b, ¢, d and e. The 2 vectors should be
orthogonal. A simple solution to choose:

0 0
b 0
8 and 2
0 e
0 0
Applying normalization, b? + ¢? = 1, we find b = +¥2 andc=+-L.
! ! — V3’ —3

With these elements we can construct 4 vectors of which only 2 are relevant. The other 2
vectors are the relevant ones multiplied by a phase vector e'” . | choose one particular
combination of b, c. On the basis of orthogonality. Then we have:
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"als e

= | (C.6.2.2.20)

w

0
0
0

Again applying normalization, d? + e? = 1, wefindd = i—%, ande =+ .

| choose the combination which gives for the second state vector:

(C.6.2.2.21)

ﬁal"o oo

= 3l

With some “backwards engineering” we can write both state vectors as tensor products of a

spin 1 and a spin % .

V2 1 0 1 0 1
Then we have for (C.6.2.2.20): —ﬁ<o> ® (1) + ﬁ<1> ® (0). (C.6.2.2.22)
0 0
0 0
For (C.6.2.2.21) we find: %((1)) ® (2) - %(g) ® (é) (C.6.2.2.23)

These are the same as we found with the Trick Method:
(C.6.2.2.22)<>(C.6.2.2.13) and (C.6.2.2.23)«>(C.6.2.2.15).

Now we look after the other eigenvalue 1 = Ah? and see what the eigenvectors will look

like.
1

0 0 a a

0 —1 2 0 b b
0 V2 0 0 VI o 2 = 2 (C.6.2.2.24)

0 \/E -1 0 e e

o o 1/ VY f

From equating the elements of the matrix product on the left hand side with the elements of
the vector on the right hand side, we find:

a=a,
—b+cV2=b-c\2/2,
bV2 =c - b-cV2/2,

eV2=d-d=e2
dV2—e=e—>d=eV2,
f=r

Now we have 6 elements to construct 4 state vectors. The leading principle is simplicity.
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1

. . V2.
It comes as no surprise we will meet the factors — and 75 again.

V3 V3
The most simple state vectors are, complying with orthogonality:
1 0
0 0
8 and 8 (C.6.2.2.25)
0

\0

0 1

These two state vectors can be constructed with the tensor product of spin 1 and spin %.
Hence

1 1
(0) ® (0) (C.6.2.2.26)

0
and

(8) ® (2) (C.6.2.2.27)

1
These two state vectors we found with the Trick method: (C.6.2.2.3) and (C.6.2.2.8)

Still two state vectors to go.

We have, on the basis of simplicity and orthogonality(with (C.6.2.2.20) and (C.6.2.2.21), the
combinations b,c and d,e.

These are the 2 column vectors we need:

0 0
(£} (o)
3
0
7
2 and )

= % (C.6.2.2.28)
0 1
0 V3
0 0
The tensor products are:
1 1 0 V2 0 1
\/—5(8> ® (1) + \/—5((1) ® (O), (C.6.2.2.29)
and
V2 0 0 1 0 1
ﬁ<(1) ® (1) + ﬁ<(1) ® (0). (C.6.2.2.30)

These two are the same we found with the Trick method:

(C.6.2.2.29)<>(C.6.2.2.6) and (C.6.2.2.30)« (C.6.2.2.11).

Alas, the evaluation is left with some ambiguity, since the signs of the elements of the
column vectors derived with matrix method could be interchanged. However, then the signs
of the constants in the resulting state vectors would differ from the signs of the vectors of
the trick method.

To conclude, the matrix representation of a coupled spin (%) X (1) is presented The Clebsch
Gordon coefficients are derived in Exercise 7, Chapter 4.

The Hamiltonian:
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1.0 o O 0 O
00 0 V2 0 0
Ah200—10«/70
0 V2 0 -1 0 0
0 0 2 0 00
o o o O 01

We leave this exercise.
Quite an evaluation.

Exercise 3.

Find the eigenvalues of the Hamiltonian of three interacting spin-1/2 particles:

H = A[5.5; + 5.5 + 5.5

The Hamiltonian is a sequence of 3 pairs of spin(%) X (%) couples. The matrices representing

the couples are indistinguishable.

Hence the Hamiltonian reduces to: H = 3A[s;.5;].

The results of the analysis of section 6.2.2 on Coupled Spins can be used for the Trick
Method and the Matrix Method.

The eigenvalues found in section 6.2.2 are multiplied by the factor 3/2 or denoting the

Hamiltonian of section 6.2.2 by H;, we have H = ;Hl.
So the eigenvalues for the 3 pairs of coupled spins are:
E, = —zAh2 with the spin singlet as eigenstate

and

E, = 3 AR? with the spin triplet as the three eigenstates.
4

6.2.3 Tight-Binding Model

Feynman et al derived the states and eigenvalues by solving the recurrencyrelations as given
in Vol lll-chapter 13-1 and-2, Eq. 13.6. Like those given by Mahan, Egs. (6.47)-(6.49).

This section is about electron eigenstates in solids and molecules. The Hamiltonian is:
H=H,+V,

where Hy isa N X N diagonal matrix and Mahan illustrated this model for a one dimensional
lattice and a circular lattice(carbon atoms in benzene). The eigen functions and eigenvalues
are found. The eigenfunctions are expressed in the atomic orbital, Eq. (6.43). No further
attention is paid to the atomic orbitals in this section.

Since the Hamiltonian is a N X N matrix operator we will have N column state vectors with
N elements. So we have to find N X N vector elements. As mentioned by Feynman (Vol. Ill)
determinants are fine when there are 2, 3, or 4 equations. So, for N > 4 it is not convenient
to work with the matrix and the determinant. | suppose for this reason Mahan chooses the
trial function given in Eq. (6.52) as Feynman did, Eq. (13.10) Vol. IIl.

In Eq. (6.52) Mahan presented the components of the eigenvectors. | suppose these have to
be normalized separately. | will investigate this in some detail.

Let us start with an almost trivial case: a linear lattice with two atoms, N = 2 . We will start
with the Hamiltonian and compare the results with Eq. (6.52).

E
ForN=2:H=( 0

vV E ) We denote the eigenvalue A and the determinant to be
0
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Ey—A2 % ‘ ~0

|4 Ey— A )

We obtain E, — 1 = V.

Hence the eigenvalues for this systemare: 4, = Ey —Vand 4, = E; + V.

Remark: These eigenvalues are found with Eq.(6.64).

With these eigenvalues we can construct the eigenvectors with components a;, i = 1,2.

(B 2D =22,

evaluated is

This expression gives us 2 equations with the result a; = —a,.
Normalization leads to: a; = % 2anda, = —%\/f
L2

1 . Remark: the other vector differs a phase shift factor e™

2

The eigenvector is: i, =

and is irrelevant.
The other eigenvector for 1, = Ey + V is found to be, in a similar way:

1z
Y, = .
N
Now let us work with the expressions given by Mahan: a; = sin j6, and 6, = Nn—i

For N = 2 the 2 X 2 components of the eigenvectors are: sin 6, , sin 26;, and
sin 6, ,sin 260,. With the value of 8, = Nn—i the results for the eigenvectors are:

L3 L3

P =| 2 1\/§ and Y, = . Obviously, these vectors are not normalized.

1
2 V3
Consequently we have to multiply the elements of the vectors by %\/8 and obtain:
= an = .
) e

The result is: two eigenvalues and two eigenvectors.
What could the atomic orbitals be in this N = 2 case?
The next case to analyse is the one dimensional lattice with N = 3.

E, V O
For N = 3 the Hamiltonian is: (V E, V),

0 V E,
and the determinant for the eigenvalues A to be evaluated is
Ey— 21 vV 0
%4 Ey— A7 V |=0.
0 vV Ey— 21

The eigenvalues are A; = E; — V2,1, = Ey, and A3 = Ey + V2.
Remark: these eigenvalues are also found with Eq. (6.64).
Similar to the N = 2 case, we find for N = 3 three eigenstates given as column vectors:
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( 2 V2 (%
Wi=|—-vV2 |, .= 0 |andys=|3vZ|.

2 ) 2
1 -2 \ 1
2 2
Using the approach by Mahan for the components a; of the column vectors a; = sin j6,
a
and Qa = m :
1 1
22 1 22
Y= -1 |, =| 0 Jandyp3=| 1 |
) AT
As you will notice, these vectors are not normalized. All the components need to be divided

by V2.

The result is: three eigenvalues and three eigenvectors.

Now we analyse the one-dimensional lattice with N = 4.

As can be expected this analysis, using the matrix and the determinant, becomes a bit more
complicated.

Ey, V 0 0

V E
For N = 4 the Hamiltonian is: 0 VO EI: (I)/
0 0 V E,

The determinant for the eigenvalues A to be evaluated has as diagonal elements again
E, — A. The remaining elements are the same as found in the Hamiltonian:

E,—1 V 0 0
V. E,—A V 0 0
0 V. Ey—1 V :
0 0 V  Ey—2

With pivotal condensation (Chisholm and Morris) and expanding by the fourth column, we
obtain a polynomial resulting into 4 eigenvalues:

:

M=E—V [(G+5V5) =Ey+2VcosT,

h=E-V|(E-3V5

N w
I
N | =

—
I

Ey + 2V cos 3?”,

/N
N w
N | =
)
N—
Il

As=E,+V |(2- Eo + 2V cos =" and

A =Eo+V |(3+3V5) = Eq +2V cosT.

The right hand side of these expressions are found with Eq. (6.64).
Having found the four eigenvalues we can construct the four eigenstates with Hy = Ay in
column vector representation.

Hence

E, V 0 O a a
V.E v o |\[b)_,[b
0oV E, V c|] "l
0 0 V E, d d
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From this expression four values of a , normalized, are derived:
a= i;.
f1+%(1i\/§)3
b, c and d are expressed in a . In this way we find the four eigenstates ;.
The other approach is by using Eq. (6.52), representing the components of the eigenstate,
Mahan. Then, the components a; = sin(j6,) and 6, = n—sa a=1,2,3,4.
Let us analyse one particular state with @ = 1.

So the components of the eigenvector are: sin 8, , sin 260, ,sin 36, ,sin46; and 6; = g

For these components the vector is not normalized.
1

21+ [(5)- [G2)
The result is: four eigenvalues and four eigenvectors

N = 5, not convenient indeed.
| leave the analysis here. Most probably we will deal with the atomic orbital in the exercises.

The normalization factor is:

Homework 4,5,6.

Exercise 4.

A benzene molecule (C4H,) has a ring of six carbon atoms. The 2p, orbitals of carbon are
perpendicular to the plane. They form a periodic system of six identical states for an
electron. Use the first-neighbour tight binding model.

a. What are the six different eigenvalues and eigenvectors of this system?

b. Six electrons occupy these states in the neutral molecule. Including spin degeneracy,
which states are occupied, assuming V > 0?

Feynman et al analysed the benzene molecule in section 15-4 of Vol. IlI.

2p, orbitals: | assume this to be the notation of section 5.4.3 of Chapter 5 Mahan and
p:l=1,

2p:n=2,1=1,

2p,,n=2,1l=1m=0.

Son = 1 is the closed shell.

ad a. The six eigenvectors and eigenvalues of this system.

In section 6.2.3 Mahan dealt with the tight-binding model for the carbon atoms in benzene.
Here | will present the results of this section.

The eigenvalues, with help of the trial function Eq. (6.66), are Eq. (6.68):

E,=E,+2V cos[znTa].

For N =6wehavea =0,+1,+2,+3.

Hence there are four different eigenvalues.

We have the Hamiltonian as a matrix. The eigenfunctions are represented with column

vectors. The elements of the eigenfunction are a; = e'U%) Eq. (6.66). Then according to the
periodicity: 8, = 2%, a=0,+1,+2,+3, Eq. (6.67).

. N . .
As mentioned by Mahan a = + 5 gives the same eigenvalue.
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ina
e 3
i2na
e 3
i3na
. 1 e 3
The 6 eigenvectors are: ¢, = 7| e |
e 3
isTa
e 3

i6ema

the four eigenvalues:

Eq = Eq + 2V cos[Z].

witha = 0,+1,+2,+3, Eq. (6.67).

So we have two states with the same energy fora = +1, +2.

We assume V to be positive: the two lowest energy levels are:

E; =E,— 2V, and

E, =E,—V.

Feynman et al: These are possible states for one electron. If we have more than one
electron, two-with opposite spins-can go into each state.

For the benzene molecule we have to put in six electrons. For the ground state they will go
into the lowest possible energy states-two at s = O(a = 3, Nz), twoats = +1(a = 2, Nz)
andtwoats = —1(a = —2,Nz).

ad b.

Which states are occupied with V' > 0?

The answer to this question has been given by Feynman et al.

The six electrons are found in the two lowest energy levels. Including spin degeneracy, two
electrons arein E; = E; — 2V and fourin E, = E; — V (twoat ¢ = 2 and two at a = —2).
The energy E of the ground state is:

E=2(Ey—2V)+4(E,—V) = 6E, — 8V.

Exercise 5.

Assume a hypothetical molecule composed of six carbon atoms in a line. Use the same
matrix elements as in exercise 4. What are the energies of the six orbital states for the 2p,
system. What is the total energy of six electrons in these states. Is it higher or lower than for
the ring?

This case has been analysed by Mahan on page 164.

The eigenvalues are given by Eq. (6.54):

E =Ey+ 2V cos@ or

Eq = Eo + 2V cos[—] Eq.(6.64)
N=6 anda =1,2,..,5,6.

For the six electrons, including spin degeneracy, the total energy E is :

E =6E, —6.99V .

Hence the energy for the six atoms in a line is larger than the energy of the six atomsin a
ring: Ejine — Ering = V.

Exercise 6.
A tetrahedron is a polygon with vertices equidistant from each other(e.g., CH,) An electron
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on a vertex has a site energy E, and a matrix element V for hopping to any other vertex.

a. Write down the Hamiltonian for this problem.

b. Give its eigenvalues and eigenvectors.

ad. a. The tetrahedron, is it a linear chain, is it a ring? It is certainly not a linear chain.

Isit aring? Let’s have a look. The tetrahedron consists of 4 equilateral triangles. We number
the vertices by 1, 2, 3 and 4. Open up the tetrahedron and you see the possibility to hop
from4to 1, thento 2, 3,4, 1, and so on. This resembles the character of a ring. So the
Hamiltonian can be represented by a 4 X 4 matrix similar to Eq. (6.65):

Ey, V 0OV

V. Eh vV O
H =

0 VvV E, V

V 0 V E,

ad. b. With this matrix we can find the eigenvalues with pivotal condensation and the
eigenvectors.
Here, | will use the trial function given by Mahan, Eq. (6.66).
[
. 1 eina .
The 4 eigenvectors are: 1, = ol R witha = 0,+1, +2, Eq. (6.67).
sizjta
As mentioned by Mahan a = +2 gives the same eigenvalue.
The eigenvalues are, with Eq.(6.68):
E=Ey+2V,a=0,
E=Ey,a==1and
E=Ey—2V,a=2.
For the two states « = +1 we have 1 eigenvalue E = E,.

6.3 The stark Effect

This section is about the linear splitting of energy levels in a constant electric field F in
atomic hydrogen. The electric field is considered to be a perturbation of the Hamiltonian and
U= —eFrcosf,Eq(6.70).

Furthermore, the n = 1 state of atomic hydrogen does not have a Stark effect (Mahan). In
exercise 5.24 we showed for the ground state, Eq. (5.346), E = Eg, — %Fz + O(F*%).

Mahan dealt with the n = 2 case, with a degeneracy of 4.

With these four states we have a matrix of 4 X 4.

Mahan writes on top of page 167 : “ The electric field causes nonzero matrix elements
between two of these (four, Nz) states, and these two have a change in energy proportional
to F “. How come? Well, parity is key.

In section 6.2 on Matrix methods, Mahan presented the off diagonal matrix elements of the
perturbed Hamiltonian V,, .

(Nota bene: in the section on Stark Effect, Mahan uses U instead of V).

For the atomic hydrogen and n = 2 only (2s|U|2p,) contributes to the off-diagonal
elements of the Hamiltonian operator. There are four orbital states: 2s, 2p,, 2p,, and 2p_;.
In section 5.4.3 on Hydrogen Eigenfunctions the functions for these four states can be found.
Evaluating the integrals involved, it appears only (2s|U|2p,) contributes. The other
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“sandwiches” do not, since the integrals for the “sandwiches” involved contain a cos 8 (the
electric field) and a sin 8 except for the |2s) state (see Griffiths). The parity.

Then Mahan obtained the expression for (2s|U|2p,) to be M = 3ea,F, Eq. (6.75). The only
expectation value contributing to the perturbed Hamiltonian.

E, M 0 0

E
The resulting 4 x 4 matrixis: (2 E(z) 00
00 0 K

Just below Eq. (6.76), Mahan presented the order of states. Here | present them in the
following notation:

|nlm): [200),|210),|211), and |21 — 1). | can imagine this order to lead to the most
diagonalized matrix as shown above.

Remark:

Styer presented a different sequence of the eigenstates:

|[nlm): |200),|211),|210), and |21 — 1).

This order of appearance leads to te following perturbed Hamiltonian(Mahan notation):

E, 0 M 0
0 E, 0 0
M 0 E 0
0 0 0 E

To obtain this matrix, it makes sense to take notice of the possibility of fozn dpeim'®gime
to be zero form' = m.

Then, Styer rearranged the sequence of eigenstates into the sequence presented by Mahan
and Styer obtained the matrix as given by Mahan: the most diagonalized matrix. Again, a
demonstration of the leading principle: make the matrix as simple as possible.

With the determinant Eq. (6.76), the eigenvalues A; are obtained. The eigenvectors can be
found with:

EZ M 0 O a a
M E, o o0 \[b\_ (b
o o 5 olle)=Hle (C.6.3.1)
0 0 0 E, d d

Using the simplicity argument, normalization and orthogonality the four eigenvectors are:

0 0 1 0 1 0
0 0] 1 0 1 1 0 1
11lola&lo + 0 and\/E 0 0 (C6.3.2)
0 1 0 0 0 0

The order of the eigenstates with eigenvalues, using (C6.3.2), are given in Egs. (6.77)-(6.79).
We have a degeneracy of 3.

To me, it is not as straightforward as presented by Mahan and Styer to distribute the
eigenvalues among the various states.

Furthermore, Mahan explained the reason why most of the matrix elements are zero.

Homework 7.

Exercise 7.

Workout the first-order Stark effect for the n = 3 shell of atomic hydrogen.

On page 169 Mahan paid some attention to this n = 3 case. The degeneracy is 9.
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We have nine degenerate orbital states. Let us sum then up:
I will use the notation |[nlm) and indicate the radial quantum n,. number separately.
|300), n, = 2.
The radial eigenfunction Rs; is, Eq. (5.131) and p =1 /a, ,
1 _ 2 2 2
35 = 2(3)%/%eT3% [1 -2 —(lo) ] (C.6.3.3)

3ap 27 \aq
1

Vam®
Hence the eigenstate |300) =—=(2)3/2¢~T/3a0 [1 - 2L 4 2 (L)Z (C.6.3.4)
=G a0 : .6.3.

27 Qo
|310),n, = 1.
The radial eigenfunction R3,, is, Eq. (5.133)and p = 1/ay :
5

R, = 1(3)2 e (1 - —) (C.6.3.5)

3\3 2 1) 6a0

The spherical harmonicis: Y = CyoPd =

The spherical harmonic Y, = C; P = \/g cos @ .

5

2 _r
The eigenstate [310) = é\/g (3) aie 3ag (1 — 6L) cos 6. (C.6.3.6)

3 0 ap
|311),n, = 0.
The radial eigenfunction R3,, , Eq. (5.133) and p = r/a, , equals (C.6.3.5).

The spherical harmonic Y} = C;;Pie!® = \/g sin@ e'®.

5

2 _r .
The eigenstate [311) = —\/8E (5) ale 3a9 (1 — é) sin @ e'®. (C.6.3.7)
0 0
31 —1),n, = 0.
The radial eigenfunction R3,,_ , Eq. (5.133) and p = r/a, , equals (C.6.3.5).

Since the spherical eigenfunction has the absolute value of m in the superscript of the
associated Legendre polynomial,

the spherical harmonic Y, ! = C;,Ple ' = \g sin@ e ¢ .

5

2 _r ,
The eigenstate |31 — 1) = % i(3) L e 3a0 (1 — GL) sin@ e~'®. (C.6.3.8)

8w \3/ ayp QAo
|322),n, = 0.
The radial eigenfunction R3, is, Eq. (5.134) and p = 1/a, :

\/:(ao)ze 3a0 (C.6.3.9)

The spherical harmonic Y? = C,,PZ?e?¢ = % ’% sin? @ e%1®,

The eigenstate |322) = 5—14\]% (ai)ze_% sinZ 0 e%i®, (C.6.3.10)
0

32 — 2),n, = 0.
The radial eigenfunction is given in (C.3.6.9). The spherical harmonic equals the one given for
the state |322), except for the sign of ¢.
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The eigenstate [32 — 2) = i %(al)ze_% sin? @ e =29, (C.6.3.11)
0

|321),n, = 0.
The radial eigenfunction is given by (C.6.3.9).

The spherical harmonic Y} = C,,P}e'? =3 /% sin 6 cos @ e'?.

The eigenstate |321) = i\/% (aL)Ze_% sin @ cos 6 e'?. (C.6.3.12)
0

|32 —1),n, =0.
The radial eigenfunction is given by (C.6.3.9). The spherical harmonic equals the one given
for the state |321), except for the sign of ¢.

The eigenstate [32 — 1) = 8—11\/% (aL)Ze_% sinf cos @ e™*®. (C.6.3.13)
0

|320),n, = 0.
The radial eigenfunction is given by (C.6.3.9).

The spherical harmonic Yy = C, P = i\/g [3(cos 6)* —1].

1 2

The eigenstate [320) = >

(aL)Ze_%B(cos 0)% —1]. (C.6.3.14)

E
Now we found the 9 degenerate eigenstates with the same eigenvalue E; = — % .

The next step to take to find out about the Stark effect on these degenerated states.
What does the matrix looks like?

As mentioned before, Mahan discussed this in some detail at the end of section 6.3 page
169.

We have a 9 X 9 matrix of which we have to analyse (81 — 9)/2 elements or (g) elements,

the binomial coefficient. Mahan indicated most of the matrix elements to be zero due to

E 2
parity. The diagonal elements are: E; = —% ,and Eg,, = % .
0

For the off-diagonal elements we have to evaluate the integral given in Eq. (6.12):
fdfll)z*Vllim = (l[VIm) = V..

We develop this integral in some detail: fooo r?dr fon sin @ d@ fozn dp Y;Vi,,. (C.6.3.15)
Y., is the representative of the 9 degenerate states derived above and V = —eFr cos 6.
What is the order of appearance of the elements in the matrix in order to find a matrix as
diagonalized as possible? This can be done by trial and error. Mahan discussed this on page
169. However, | learned from (Styer, The Stark Effect, Chapter 16%3) this to be covered by
general rules :

(nlm|r cos 8 |[nlm) = 0, the diagonal elements of V;,,,, and

(nlm|rcos@ |n'I'm'y = 0, with foznei’”“’5 =0,fork > 1and {k € N}.Furthermore:
k=m+m'.
The matrix elements vanish unless [ = I’ 4+ 1. The selection rule......It follows that the matrix

2 Available as draft Textbook, Pdf.
3 For the Stark effect, linear and non-linear see also Fitzpatrick.
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elements vanishes by symmetry when | = [’ = 0. It's about integrating fon cos68d6 = 0.
These rules indicates the order of appearance of the eigenstates in the matrix elements:
[300), 310),[320), |311),[321),|31 — 1),|32 — 1),]|322),|32 — 2).

The first row of the matrix and its non-zero off-diagonal elements are found by multiplying
(300] subsequently with |310),|320),|311),|321),|31 —1),|32 — 1),]322),|32 — 2) and
r cos 8 sandwiched in between.

The second row of the matrix and its non-zero off-diagonal elements are found by
multiplying (310]| subsequently with |320),|311),|321),|31 —1),|32 — 1),]322),|32 — 2)
and r cos 8 sandwiched in between. And so on. Then we find for the matrix representation
of the Hamiltonian H, + V, the diagonal elements included:

E; A 0
A E; B 0 0
0 B E;
E; 0 0 0 0 O
0 0 E3 C 0 0 O
0 C Es 0 0 0
0 00 E 0 O
0 000 O E; O

0 0 O 0 0 E;
Now the evaluation of the matrix reduces to find the integrals A, B, and C.

The matrix displays the block structure.
The results for the other integrals are (Styer):

A = 3vV6eFay, B = 3v/3eFa,, C = %eFao.
The eigenvalues of the above 9 X 9 matrix give the energy levels and eigenstates:
A = E; +9eFa,, degeneracy 1, \% (]300) + |310)),

A=E;+ geFaO, degeneracy 2, \/%(|311) + |321)) and \/%(|31 —1)+|32-1)),
A = E5, degeneracy 3, |322),|32 — 2) and |320),

9 1 1
A=E;— EeFaO, degeneracy 2, \/_E(|311> —|321)) and \/—E(|31 —1)—132-1)),
A = E; —9eFa,, degeneracy 1, \% (]300) — |310)).

6.4 Perturbation Theory.
In this section another technique is presented to find out about the perturbed Hamiltonian.

6.4.1 General Formulas.
The basic equation we will deal with is Eq. (6.13).

| assume EQ in Eq. (6.86) should be read as El(o).

The Hamiltonian at the bottom of page 171 is based on the assumptions given in section
6.2.1 below Eq. (6.19): E; = E, and V;; = V,,.

The Hamiltonian is used to deal with degenerate states. It is not clear to me where the
results of the analysis of the degenerate states enter the perturbation process. In the
equations (6.111) and (6.112)?
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Homework 8, 11, 12, 14.

Exercise 8.

In the perturbation theory solution, derive the second-order correction Cl(,fl) to the wave
function.

At the bottom of page 173 Mahan presented the two equations for second-order
perturbation:

0="0, = (E” - )P + EPC + EPCY = B VimCinm (6.90)
and
0= R[2C0 CE +1CmI] . (6.103)

R is the real part of the complex function.
So we have to find out about E,(lz) and C,Sf).
EV =V, , Eq. (6.107).

Vin

(€Y)
CY =—"_ Eq.(6.110).
nl Er(zo)_Ez(O)

Mahan furthermore derived E,(lz). With C,(l(l)) = §,,; , we have
(E,SO) - El(o))Cﬁ) + Er(Ll)CT(j) = 0 and using Eq. (6.110)

2 1 VimVmn
E” = T VamCom = Smn ot (6.113)
n m

The eigenvalue E;, = E,(lo) + Von + E,(lz). (6.114)
Now we need to find C,Ef). To this end we use Eq. (6.103).
We know C,S?,)l = Opm (a real number). So Eq. (6.103) gives us: ZCT(lfl) + |C,($l)|2 = 0, and

from first order perturbation we have C,g,) = 0. Consequently 6,5,21) =0.
Forn # [, Eq. (6.90) leads to :

0= (E” - E)CP + EPCS = S VimCi. (C.6.4.1.1)
Substitute Eél) = Vnn , Eq. (6.107) and Cr(l}) = ﬁ, Eqg. (6.110) into (C.6.4.1.1) we obtain
n "5
@ _ _ _ VanVin 1 VimVmn
Cnl — (Er(lo)_El(o))Z + E‘r(lo) _El(o) Zmin E‘r(lo) _E‘E’?). (C.6.4.1.2)

We have to find the second order correction to the wave function.
The wave function: ¥, = Y, Com ®m , EQ. (6.84) and

to second order Cy,,, = C,E?,)L + C,Si,)l + C,(lf,)L derived from Eq. (6.85).

With C,(l?,)l = &,m the wave function approximation is:

Y = Zm(Cam + Cim + Cin) B (C6.4.13)
Now we have all the ingredients for the wave function. Take care of the subscripts.
C =8

nm nm:

L _ _ VYVmn i

Com = FONEQ and using (C.6.4.1.2)

C(z) __ VanVmn 1 Z VmmVmn
nm — (E1(10)_El(0))2 E‘r(IO)_ET(??) m#n ET(IO)_Er(r(l))'

Substitute these expressions into (C.6.4.1.3):

1 Vinm V4 VanVs
P = G + Tmen o Vhn + S 2228 — Sty (C6.4.1.4)
n ~®m n ~®m n "~ ®m
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Exercise 11.

For the helium atom, write
__ 21 _ 9,2 [1 i]
Hy = - [V + Vi] — 2e - + -

and

e?

=721
Estimate the ground-state energy from first-order perturbation theory.
The potential V is assumed to be the perturbation.
In section 5.7.3 the ground state of the helium atom is evaluated by means of the variational
theory.
There the energy is found to be
E = —5.695 Ey,, . To translate this into a perturbed part and the part without electron-

electron interaction I we have

E, = E® + EV = —8Eg, + 2.305Eg, = —5.695 Egy .
Now perturbation theory:

We can use various results obtained in section 5.7.3.

Again, the energy without electron-electron interaction E( ) = = —8Eg,.
The section on general formulas for perturbation theory gives us the matrix element for the

perturbation of the ground state El(l):

1

E]F ) - Vll'

Eqg. (6.12) is the general presentation for the matrix element.

In our case: Vy; = [ dtp] (1, )V, (1ry,17). (C.6.4.1.5)

1
2
¢, (ry,12) is given by Eq. (5.238) witha = Z and V = =
1—"2
Then Vi, = [dtg; (r, )V, (ry, 1) = e? [ d3ry fd3r2M. Eq.(5.252)

[T1-72]
We have to evaluate the integral: e? [ d3r, [ d3r, LAGED]ey

[7{-77]
For completeness | summarize the ingredients for ¢, (1, 73,) :
P1(r,12) = P1 (1) P1(72),
d,(r) = p15(r) = 273/2¢=%r/% [Eq. (5.129) and Eq. (5.140)]

3
4mag

Keep in mind Eq.(5.140) to be given for the hydrogen atom: Z = 1.
The evaluation is presented by Mahan on page 140. The result is represented by Eq. (5.262).
Substitution of Z = 2 for a and the normalization integral I = 1 in Eq. (5.262) lead to

Now with E(l) =V
_ r©® ® _ 5 —
E1 —_ El + El —_ _8ERy + EER:V —_ —S.SERy .
This result is even higher than that found by variational calculation: —5.695 Ep,,. The latter
result being less than 2% too high (Mahan).
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Exercise 12.

Consider a hydrogen atom that has added a delta-function potential V(r) = A8(r)/r? .1f A
is small, how does this perturb the energy levels of the atom? Are states with different
angular momenta affected differently?

Remark: Although A is small, is V(r) = A8(r)/r? to be considered a strong potential in the
core region at small values of r? See page 154 Mahan.

The hydrogen atom has a high degree of degeneracy.

So we have to find out how to deal with:

Un = Yo Om, Where ¢,,, represents the m-th state of the unperturbed Hamiltonian and m is
the principal quantum number and summation index.

Let us first look for the matrix elements resulting from the added delta-function potential.
Mahan used the subscripts [, m as summation indices. | will use the summation indices i and
J to prevent confusion with the angular quantum numbers.

The matrix element V;; = A [ dt¢; 8:;) b;. (C.6.4.1.6)
¢, is a product of the radial eigenfunction and the angular eigenfunction F (8, ¢).
With the principal quantum number i = [; + n,, + 1, [; is the angular quantum number of

state i and n,, is the radial quantum number of state .

6(r) “works” on functions dependent on . In our case the radial eigenfunction. (See section
5.4.3 Hydrogen Eigenfunctions, Mahan). For the principal quantum number i the radial
eigenfunction is:

_ r\k ‘% @l+1) [ 2r
R; = N, (a—o) e Tl E]’ (C.6.4.1.7)
and the associated Laguerre polynomial
Ny, + 20 + 1) &
QL+1) _ oMy [y i Tag
Lnri = Zkz‘()( ny — k ) k:’ (C.6.4.1.8)

For the matrix element we have to evaluate (C.6.4.1.6),which can be written as:

Vi =AJ." de J; dOF*(6,0)F(8,$)sin6 J,” drr?R; "2 R;, (C.6.4.1.9)
here ¢ in F (60, ¢) represents the angle.

Due to the delta-function potential we have only a contribution at r = 0. Consequently,

[; =0in(C.6.4.1.7) and k = 0 contributes in (C.6.4.1.8).

Soi=1l;+n, +1lgvesn, +1=10

The contribution of the radial eigenfunction to the matrix element reduces into a number
R; = Ni(n,, + 1) = iN;.

As mentioned by Mahan(page 123), N; is a normalization constant. For the states with the
angular quantum number [; = 0 and k = 0 (in the Laguerre polynomial) we find for the
normalization constant N; = 2(%)3/2.

Now the angular eigenfunction F (6, ¢). We know this to be a spherical harmonic.
. L . . _ v0 _ L
Since [; = 0, we have for the spherical harmonic F(6,¢) =Y, = =
Hence the matrix element V;; = AijN;N;/2, (C.6.4.1.10)
where fooo drd(r) is set equal to %.

Note: This is based on f_oooo 6(x)dx=1,and
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[2 80 dx = [0 8()dx + [ 8()dx = — [, 7 8()dx + [, §(x)dx .
With §(—x) = 8(x), [~ 8(=x)d(—x) + [,” §(x)dx = 2 [, §(x)dx.
[ represents the product of the principle quantum numbers i and .

For example, V/;; = 2A. To find this, use have been made of the normalization of the radial
eigenfunction with i = 1 and consequentlyn,, = 0;i =[; + n,, + 1.
Then with help of the general formulas of section (6.4.1), we find for the perturbation of the

ground state eigenvalue El(l) = V;1 = 24; Eq.(6.107). Hence, the lowest energy correction

goes linear with the amplitude of the delta-function potential:

Ey = —Egy +2A.

Is there a correction for the ground state y; ? According to the general formulas there is.

Eq. (6.112): Y} = ¢y + Ty o
2 “Ery

with the lowest degeneracy of 4(i = 2).

Mahan: “For degenerate states ............. just diagonalize the Hamiltonian matrix that contains

all the degenerate states”;(pagel73). All degenerate states, all values of n? ,,Da spricht

Mahan ein grosses Wort gelassen aus (Goethe)”. Fitzpatrick dealt with this problem uses

rules derived from the non-linear Stark effect. What to do? Mahan analysed the linear Stark

effect in section 6.3. Let us deal with the simplest case n = 2 as Mahan did for the Stark

effect.

For this case the degeneracy is 4.

The states are ¢,09, 211, P210, aNd P21_1- (C.6.4.1.11)

The 4 X 4 matrix has, besides the non-perturbed diagonal elements E, = —ERy/4, in

. Well the problem arises with ¢;: an eigenfunction

addition due to the delta-function perturbation a non-zero contribution of the pair of
elements ¢@,q0.
Completely similar to the derivation of the matrix element V;; given by (C.6.4.1.10), the
additional matrix element M = 1/2 forn = 2.
To construct the 4 X 4 determinant the order of appearance of the states is given by
(C.6.4.1.11). Then we find for the determinant with the eigenvalue a:
Er+M—a«a 0 0

0 E,—a

E,—a 0

0 0 E,—a
The four eigenvalues are: a« = E, + 1/2,E,,E;, E,.
The four eigenstates are: ¢200, ®211, P210, and ¢21_1. Now we have a degeneracy of 3.
What happens is, the energy level of ¢, isincreased by A/2 . The states with angular
momenta # 0 are not affected.
What about n = 37 In this case ¢3 is affected. Then we have a 9% 9 determinant. Instead
of a degeneracy 9, the degeneracy becomes 8 and the energy level of ¢3 is increased by

21 .
5 The states with angular momenta # 0 are not affected.

Remark: the question of the ground state has not been answered. We found from
perturbation theory a shift in the energy level of 24. What could happen to the ground
state?
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The general expression for the ground state is: ; = R;(1)Y{ (6, ¢) .

The differential equation for the radial part is, with l = 0, y;(r) = rR{(r) and Eq. (5.57),
d? A8(r) . 2me? . 2mE

[F_ r? + h2r + hzl] Xl(r) =0.

Hence, for the ground state we will find a radial eigenfunction R, (r) different from the

unperturbed radial eigenfunction , Eq. (5.129), R, = 2e~"/%,

Exercise 14.

A small charge Q(Q K e) is placed a long distance R(R > a,) from a hydrogen atom. What
is the leading term , in powers of 1/R, of the energy change in the system. Compare this to
the classical result.

We shall use the notation of exercise 12.

The radial wave function is given by the Egs. (C.6.4.1.7) and (C.6.4.1.8). To prevent confusion
with the radial eigenfunction, the long distance R is denoted by 7y, .

For the matrix element we have to evaluate (C.6.4.1.6), which can be written as:

Vij=—Q>[,"d¢ [ dOF*(8,$)F(8, $)sinb [,” drr’R; ——R;

1
R (C.6.4.1.12)
here ¢ in F (60, ¢) represents the angle.

Let us start with the ground state energy .

The radial eigenfunction is R; = 2e~7/% (eq. (5.129)) and the angular eigenfunction
—yo =L
F=Yy, = =

With respect to the perturbation, proportional to

, we know the perturbation to
[r=7ol

depend on 7, both angles 8 and ¢; the spherical coordinates. As mentioned by Mahan(page
139 and 140), the angular part must be evaluated carefully.

In general |r — ro| = /72 + 12 — 217 cos 6 cos ¢.

| shall not present the details. However, | just mention here the angular part is not easily to
be evaluated. | could not find exact solutions. The WolframAlpha app runs out of computing
time. There is an elegant solution to this problem. By locating the charge Q at the z-axis,

|r — 15| no longer depends on the angle ¢. As a consequence, we can use the analysis of
Mahan presented on page 140.

Hence, we first evaluate the 8 part of the integral in (C.6.1.4.12).

We find with Eq. (5.256):

s sin6dé _ 1 [T +1p— lr — rol] 1 ) (C.6.4.1.13)

0 7o >

\/r2+r§—2rr0 cos @
So (C.6.4.1.12) becomes:

Vip = —2Q2 [ 12 e~%7/% idr. (C.6.4.1.14)
Now we have to look at the integration interval, since

1 2

forr<ry, ,—=—
O'7‘> ro'

12
andforr >ry ,—=-.
rs T

With these expressions for integration we have for the matrix element:

2 _2r .
Vi = —4Q2{f0r°r—e aodr + fro re=2"/%dry,
0

T
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. . Qad To ~2To
And this results into I/}, = —r—(l —_e )-
0 0

3
Hence the leading term in the energy change of the ground state for Z—O > 1is, % .
0 0

Now for the principal quantum number 2.

To find out about the energy change we have to evaluate a 4 X 4 matrix where it is not clear
to me on beforehand which matrix elements are zero due to parity.

The states to be considered are:

R = () (1-2) 70 8 =i

.
1 r - 1 3 . i
= _—__p 2a N ip
Ryy maoe oYy /anmee ,

T
1 7 —— oo 3
———p 2a S
Ry, T Yy ’47; cos 6 and

r
Ry, = \/%aloe_% Y= \%sin@ e~ io .

Analyses of the matrix elements results into 10 off-diagonal elements to be zero. For the
resulting two off-diagonal elements and the four diagonal elements | could not find exact
solutions. WolframAlpha did not produce results either: computing timed out.

The question to compare the result with the classical result | did not understand. Is there an
energy shift in the classical result?

| leave this exercise.

6.4.2 Harmonic Oscillator in Electric Field.

In this section Mahan presented the classical solution and the exact quantum mechanical
solution for the one-dimensional case.
The Hamiltonian for a charged particle is:

2
H = zp_m + gxz + Fx. This can be rewritten as:
2 2
H=2 4%k 4022 (6.119)
2m - 2 K 2K
Choose the new x' = x +£ .
Schrodinger’s equation can be written as:
i E ! 2] N — ! AV
= +200?|wa) = By,
2
where E' = E + .
2K
Given these both equations and the analysis of section 2.3 the eigen values and eigen
functions are found: Egs. (6.120) and (6.121). For completeness | will present these :
The eigenfunctions Y, = ¢, (x + E),
and
LR R

The eigenvalues E,, = hw (1 + %) - W ==

2K’ m
Then Mahan solved the same problem with perturbation theory.
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Second order perturbation theory gives the exact eigenvalue. However, all orders of
perturbation theory are needed to give the exact eigenfunction, Mahan.

Homework 9, 10.

Exercise 9.

In the perturbation theory solution, derive the third order E,(f). Verify that it gives zero for
the perturbation V = Fx on the harmonic oscillator.

In order to find out about E,SB), we have to collect the expressions with [ = 3 in Eq. (6.84). In
this way the expression for Er(lg) is:

(B = ENe? + EPCD + EPC + EPC = S VimCim = 0. (C.6.4.2.1)
We know Cr(l(l)) to be 6,,;. In order to find E,?) form (C.6.4.2.1) we must setn = [.

Eq. (6.108) gives us C,(;L) = 0.

As given by Mahan second-order perturbation gives for Cr(lfl) , see bottom of page 173:
0=, R[2CP"c? +|c2], consequently € = 0.

So the expression for E,(f) reduces to:

E® = 3 VimCa. (C.6.4.2.2)
To complete the expression for Ef) we have to obtain C,(lf,)l

C,gf,i is given by Eq. (6.90). Now we have all the ingredients. From Eq. (6.90) we have,
keepingin mindn # Lorn # m,

(B = ER)cim + ELP O + EPCS) = S Vi Cioy = 0. (C.6.4.2.3)

With EZ¢? = 0 and EPcV) = I/;m%, Egs. (6.107) and (6.110),

) _ Vimn 1 Vimn
Com = —Van (E(O)—E(O))Z + Eéo)_ET(r?) Zm mem : (C.6.4.2.4)
(C.6.4.2.2) and (C.6.4.2.4) give the third order E,(lg).

The next question is to verify E,(lg) = 0 for the perturbation V = Fx on the harmonic
oscillator.

In section 6.4.2 Mahan analysed the harmonic oscillator up to the second order
perturbation. The result concerning this exercise is: Vj,,, = 0form #n £+ 1. So in (C.6.4.2.4)
Vium and V,,, equal zero.

Hence C,(lf,z = 0and E,(l3) =0,(C.6.4.2.2).

Exercise 10.

The exact eigenvalue spectrum in one dimension for the potential:

%[w% + 0?%]x?,

is
_ 2 2 1
E, =hjws+ 1 (n+2).
Divide the Hamiltonian according to
H =H,+V, with

2 M M
Hy =2 + Zwx?,and V = =022 .
M 2 2
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Treat V as a perturbation to H, . Find the contribution to the energy in first- and second-
order perturbation theory. Successive term should correspond to expanding the exact result
in a Taylor series:

En = hyw + 02 (n+2) = hog (n + )[1+2w0+ |

We can use the analysis of the harmonic oscillator given in sections 2.3 and 6.4.2 .

So we have E( ) = = hw, (n + ) Eq. (6.123), the unperturbed eigenvalue.

Furthermore, the perturbation contributes to the eigenvalue E,gl), Eqg. (6.107) and

E,(lz), Eq(6.113). Given these expressions, we need to evaluate the matrix elements.
These are V,,,, = %.Qz(nllem). (C.6.4.2.5)
In section 2.3 the matrix element is given in Eq. (2.132):

(nlx?m) = 2 [Jn( = Dbpmsz + /O DO+ Doz + 21+ Dnml. (C6.4.2.6)

Where xy = |—— . (C.6.4.2.7)
M(J)O

Then

2
m=n-—2,{(n|x?*|lm) = ,/n(n -1, (C.6.4.2.8)
m=n+2,(n|x%|m) = 7\/(71 +1D(n+2), (C.6.4.2.9)
and

2

m = n, (n|x?|m) = %"(Zn +1). (C.6.4.2.10)
Otherwise (n|x?|m) =0.
Let us start with first order.
EV =V, , Eq. (6.107).
Hence, with (C.6.4.2.5) and (C.6.4.2.10),
ED =022 %6 2 (2n +1).
With (C. 6 4 2. 6) the preceding expression can be written as
E®M = (2 +1). (C.6.4.2.11)

To first order
E,=E® +EX.
This becomes, with the zeroth, Eq. (6.123), and first order, (C.6.4.2.11), of the eigenvalues:

E, = hw, (n +2) + ——(Zn +1) = hao (n + ) [1 ey (C.6.4.2.12)

Now for the second order contribution to the perturbation: E,S ), Eq(6.113).

(2) _ [Vam|?
En - Zm;tN E(o) E(o) '
n ~Fm

The two terms contributing to this summation are given by (C.6.4.2.8) and (C.6.4.2.9).

(@) _ M 2 x8\ 2 [ (i+1)(n+2) n(n-1)
Hence En o (2 L 2) [ha)o(n—n—Z) hwo(n-n+2)] ° (C64213)
With (C.6.4.2.7), we have:
ED =22 on 41 (C.6.4.2.14)

The contrlbutlon to the energy in first- and second-order:
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E, = E,(lo) + E,(ll) + E,(lz) becomes with the expressions found for E,(ll) ,(C.6.4.2.11), and
E®, (C.6.4.2.13):

1 h n? h 0%
En = hasg (n +2) +I-(2n+ D) -2+ D).

This can be written as

E, = hwo(n+%)[1+lﬂ—2—lﬂ—:].

Zw(z, 8 wy

The first three terms of the Taylor expansion of the exact result.

6.4.3 Continuum States.

Mahan presents in this section the procedure for continuum states. As an example, Mahan
showed the results of perturbation theory for the Yukawa potential without bound states.
The eigenvalues are not perturbed. The eigenstates are.

On page 179 Mahan gave the eigen function for the special case with wave number k equal
to zero: Egs. (6.148) and (6.149). Use has been made of: E(Q) = h?Q?/2m.

Homework 13.

Exercise 13.
Consider the change in the continuum wave function using first order perturbation theory

for the case that V() is a repulsive square well( V(r) = V, forr < a ). Find V(a)

Evaluate (6.147) when k=0.

Remark: in section 5.3.1 (Mahan) on Central Potentials this problem of a repulsive square
well is dealt with for E < V,, . The solutions for the radial part of the eigenfunctions are
considered. The angular solutions are spherical harmonics. Inside the square well is a
decaying exponential function represented by a spherical Bessel function with imaginary
argument. For a < r the solution for the radial eigenfunction is presented by spherical
Bessel functions, a phase shift included. In Exercise 4 of that chapter the s-wave is
calculated.

Here we consider the continuum wave function: no bound states.

Mahan: “Then qb(E, F) =exp(i§, F)."

The perturbation is the repulsive potential.

Mahan: “The first step, always, is to calculate the matrix elements. For plane waves
eigenfunctions, the matrix element is just the Fourier transform of the potential.”

Like Mahan | will use the overbar to present the transform.

The transform of the perturbation potential is:

V(k %) = [ d®r e~ 7-G=kDy, (C.6.4.3.1)
Mahan: "The integral is evaluated first by doing the angular integrals. Define v = cos 8,
where 0 is the angle between # and 6 =k—k“

With (C.6.4.3.1) we have

V(Q)=2r [ r2dr [l dve i, (C.6.4.3.2)
using Eqg. (6.142) , (C.6.4.3.2) becomes :
7(0) = 4’;"0 J, rsin(Qr)dr (C.6.4.3.3)
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Integration of (C.6.4.3..3) gives us:
7(0) = ¥ = [—Qacos(Qa) + sin(Qa)] . (C.6.4.3.4)
So we found V(Q).

The next step is to evaluate Eq.(6.147) for k=0 Withk =k — 6 and leaving out the
symbol for the principal part of the denominator, Eq. (6.147) can be written as:

o L[4 _ 4%e T(@eioT
Y(0,7) = m{l f@n)g e } . (C.6.4.3.5)
Then with E(Q) = h?2Q?/2m and (C.6.4.3.4) we obtain:

Y(0,7) = %{1 — 17;2‘/0 fooo Zg [Qa cos(Qa) — sin(Qa)] sin(Qr)} (C.6.4.3.6)

The angular integral in (C.6.4.3.5)is given by Eq. (6.142).

Well, as mentioned by Mahan, the integral in (C.6.4.3.6) can be evaluated by contour
integration or by looking up the results in tables.

First | evaluated both function Qa cos(Qa)sin(Qr)/Q* and sin(Qa) sin(Qr)/ Q* separately
with the WolframAlpha app. Then you will find both integral do not converge. Together the
WolframAlpha did not conclude the calculations in a reasonable time.

The possible next step is to rewrite (C.6.4.3.6):

P(0,7) = \%{1 - Z:lzv" ) 204 € [Qasin(Q(r — a)) + Qa sin(Q(r + @) — cos(Q(r —a)) —
cos(Q(r + a))]}. (C.6.4.3.7)

Is this an improvement?

In tables you can find integrals like [ x™ cos( bx)dx expressed in gamma functions. | do not
know whether this applies forn < 0.

Thinking about this | was wondering, keeping in mind the calculations with the
WolframAlpha app, whether another way of representing the integral in (C.6.4.3.6) could be
of some help reducing calculation time:

fo o [Qa cos(Qa) — sin(Qa)] sin(Qr) = f dQ
This integral can be rewritten with spherical Bessel functlons

Qa) (@r) (Qa) _ JocQa
jo(Qa) =22 j(Qr) = T gng L _ e, (qq).

a’r cos(Qa) sm(Qr) ar sin(Qa) sin(Qr)]
Qr QZ Qa or I

Then we have for the above integral: f do| a’r (JO(Qa) ]1(Qa)>Jo(QT) -

22J0(Q@)jo(Qr)] (C.6.4.3.8)

Using again WolframAlpha, the integral becomes —ma3 forr > a.
Hence with this result and (C.6.4.3.6) we have

o 1 ama3v,
¢(0,r)_m{1+ - } (C.6.4.3.9)

Now the question is on the table: in what way does this result relates to the asymptotic
expansion of Eq. (5.86). This equation represents the exact solution of the above problem for
k > 0.

Using the result of exercise 4 of chapter 5 for the phase shift §, and Eq. (5.86), the result for

the radial part of the wave function with k- 0is:
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R(r)=C[1+2- — tanh aa] forr > a.
T ar

In this equation C is a constant. The 1/r behaviour is found.

6.4.4 Green’s Function

In this section an alternative procedure to evaluate the first-order change in the
eigenfunction of continuum states is presented. The procedure is based on Green’s function.
The first-order change in the eigenfunction is given by Eq. (6.153), equal to the third part of
the right-hand side of Eq.(6.138). And eq. (6.154) is equal to Eq. (6.140), where V(r") in
Eq(6.140) is represented by the Yukawa potential.

Keep in mind Mahan, in the evaluation of Green’s function, replaced 7 — r by r in the Egs.
(6.156) and (6.157). The first-order change in the eigenfunction is given by Eq. (6.158). This
should be equal to the first-order change represented by the second term of the right hand
side of Eq.(146).

Then, on page 181 Mahan writes: ” We evaluate this (Eq.(6.158) ,Nz) for the Yukawa
potential. Again, the integral is hard to evaluate for general values of k and 7.” Hence
Mahan did not evaluate Eq. (6.158). Instead he looked for a simple result: the behaviour at
large r . The result is given in Eq. (6.162).

6.5 The Polarizability.

Mahan mentioned the polarizability easily applied to objects that have no permanent dipole.
The relation between the induced dipole moment and the applied field E, is presented in
Eqg. (6.163). This equation describes the relation between the dipole moment and the
applied electric field by means of the constant @, . The subscript denotes the coordinates.
Note: usually uv are used to describe four-vectors in special relativity(Susskind, 2).

@,y is a tensor.

6.5.1 Quantum Definition

Mahan defined polarizability using the ground-state energy of the object in the external field

E, .
Eq. (6.165):
AE = — [ P-dF = — [ Ry, dF, = =~ FayF, ,

with the Einstein summation convention.

Mahan presented, Eq. (6.166), the polarization for spherical symmetric systems. A
polynomial in F2.

In Eq. (6167) the effect of nonlinear terms in Eq. (6.163) are presented.

Using second order perturbation theory, the energy shift is presented in Eq. (6.168).

In Eq.(6.168) the first order result reflects the perturbation for molecules with a fixed dipole
moment. As mentioned by Mahan, this agrees with the result of classical physics.

Eqg. (6.169) gives the exact definition of polarizability.

In this section the polarizability of an electron in the ground state of hydrogen is discussed.
The expression for the polarizability to be evaluated is presented by Eq. (6.173) page 184.
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Mahan mentioned the popular approximation to be the replacement of the summation in
Eqg. (6.173) by the first term in the summation. Reference is made to chapter 5 page 124, the
section on Hydrogen eigenfunctions, Eq. (5.142):

215/2

5 = 0.745 - ay,
with a, the Bohr radius.
With this expression and the expression for the energy, the polarizability a ,Eq. (6.175), is
obtained.
Up to the middle of page 185, Mahan dis cussed the approximations of the polarizability.
Fitzpatrick, Graduate Course presented an approximation in section 7.4 on the Quadratic
Stark Effect:
- approximation Mahan : a = 4a} ,
- approximation Fitzpatrick: @ = 5.3a3.
For hydrogen, an exact solution can be obtained by solving Schrodinger’s equation in
parabolic coordinates.
As mentioned by Mahan, top of page 186, “An exact result for the polarizability is obtained
using the formula for the first order change in the eigenfunction”, Eq. (6.182).
| suppose, this is about the general formula in section 6.4.1 on General Formulas, Eq. (6.112).
On the pages 186-188 the exact result for the polarizability is obtained.

(2p,lz|1s) = a,

Homework 15

Exercise 15

Calculate the exact polarizability a of an electron bound to an alpha-particle.

Note: on page 185 Mahan writes “Hydrogen is the only atom for which the polarizability can
be derived exactly.” So?

The formula of the polarizability of a particle in state n is presented in Eq.(6.169).

6.6 van der Waals Potential

The van der Waals potential energy is presented in Eq. (6.211).

The van der Waals force is generally weak. For neutral objects that have no long range
Coulomb interaction, the van der Waals interaction provides the longest-range force...... The
van der Waals force exists beyond the range of chemical bonding.

The interaction Hamiltonian is presented in Eq. (6.213).

With the dipole interaction denoted by Eq. (6.214), the interaction Hamiltonian Hyp
between the two objects A and B is expanded in Taylor series to second- order in the
relative distances, Eq. (6.215). The resulting interaction Hamiltonian is presented in
Eq.(6.216) and gives the van der Waals interaction.

Then, Mahan introduced perturbation theory, Egs. (6.217) and (6.218).

It is assumed that the eigen functions for the separate objects exist and form a complete set,
Egs. (6.219)-(6.221).

A product eigenfunction is considered to be a valid representation and used in Eq.(6.225),
the first order perturbation energy. This energy appeared to be zero.
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The van der Waals potential energy is derived from second order perturbation theory,
Eq.(6.226).

6.7 Spin-Orbit Interaction

The magnetic moment of a particle with spin is presented in Eq. (6.243).
The form of the interaction is given in Eq. (6.246). At the top of page 195 Mahan derived
(6.246) in phenomenological way, so to speak. A classical field theory approach(Susskind, 2).

6.7.1 Spin-Orbit in Atoms

Spherical symmetric potentials are used.

Spin-orbit interaction is described by Eqgs. (6.252) and (6.253).

Mahan used the technique of the coupling of spins for the coupling of spin and angular
momentum.

It is a problem about the coupling of orbital angular momentum and spin angular

momentum. Since, Mahan analysed electrons, it is about the coupling of angular momentum

1
landszz.4

The relevant equations for the quantum numbers [ and s are Eqs. (6.256)-(6.259).

The first order perturbation equation is presented in Eq. (6.260).

The possible states are presented in Egs. (6.261) and (6.262).

The splitting of the energy level of the p-state is illustrated in Figure 6.5. There are two
states, one with a degeneracy of 4 and one with a degeneracy of 2. The six states are given
by Egs. (6.266) and (6.267). Use has been made of Table 4.1 page 105., the Glebsch-Gordon

coefficients for j = zandj = % . These quantum numbers represent the summation of spin

angular- and orbital momentum.

On page 198 another way to determine the influence of the spin-orbit interaction is to
diagonalize the matrix, The Matrix Method section 6.2, similar to the coupled spin problem
in section 6.2.2. Mahan concludes the matrix method to present the correct result.

6.7.2 Alkali Valence electron in Electric Field

In this section a more complicated and realistic example of the role of electric fields is
discussed. The application of an electric field for the outer electron in an alkali atom is
analysed. It is about one electron, since the closed shell is considered to be harmless. Eight
states are included: the ground state and the first exited state.

On page 200, the 8 X 8 matrix is obtained and analysed. The results are presented in
Figure 6.6 page 202.

4 The subject matter is also dealt with by Fitzpatrick in The Graduate Course Chapter 6 Addition of Angular
Momentum, and in The Undergraduate Course in Chapter 11 of the same title. In chapter 12, of the same
Course about time independent perturbation theory, the perturbation dealt with is due to relativistic effects.
The splitting of the unperturbed energy levels are presented: the fine structure of Hydrogen. Presented by
Mahan on page 168, The Stark Effect.
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This section concludes with the remark the alkali atom in an electric field to be typical for the
response to external perturbations.

6.8 Bound Particles in Magnetic Fields.

The magnetic field has only a small influence on the energy states. Consequently,
perturbation theory is an adequate instrument to evaluate this influence.

The magnetic field can be treated as a constant over the space to be considered: the space
of the atom.

The unperturbed Hamiltonian and the perturbation are presented in the Eqs.(6.290)-(6.292).
The magnetic field enters the Hamiltonian as a vector potential, see Chapter 5. The
symmetric gauge is used.

The result for the perturbation potential is given in Eq.(6.296).

The perturbation potential consists of three expressions, Eq.(2.9.7).

They are the starting point for perturbation theory.

6.8.1 Magnetic Susceptibility

The magnetic susceptibility y plays the role for the magnetic field that is analogous to the
electron polarizability a for electric field.

The energy shifts of first an second order are presented in Egs. (6.300) and (6.302)
respectively.

6.8.2 Alkali Atom in Magnetic Field

Mahan presented an example of magnetic phenomena for alkali atoms.

It is about one electron outside a closed shell. So, the single electron can be studied.
Three interactions are considered:

-spin-orbit,

-Pauli,

-Landau.

The interaction Hamiltonian is presented in Eq. (304).

The resulting matrix, Eq.(305) is analysed.

The splitting is shown in Figure 6.7 .

6.8.3 Zeeman Effect

The weak field response is called the Zeeman effect. The modification of the Hamiltonian is
due to the external magnetic field.

The expectation value of the interaction Hamiltonian is given in Eq.(6.315).

With this expectation value, the various energy shifts are calculated and presented at the
top of page 209).
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6.8.4 Paschen-Back Effect.

This is about very large magnetic fields. The magnetic interaction is the dominant term: the
mirror reverse of the procedure for the Zeeman effect.

Homework.

After reading Exercise 15, | leave Mahan
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