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1 Fundamental Concepts

1.1 Breakdown of Classical Physics
In this section Fp demonstrates the need for the departure of classical physics.

1.2 Photon Polarization
In this section Fp illustrates the role of quantum mechanics for the polarization of photons.



1.3 fundamental Principles of Quantum Mechanics
In this section Fp presented three fundamental principles.

1.4 Ket Space
In this section Fp introduced Dirac’s quantum algebra.

1.5 Bra Space

Here Dirac’s Algebra is further completed.

The principal of dual correspondence is defined.

Most of the time | shall refer to equations without prefix: Eq.

Fp: (1.20) “is easily demonstrated”:

-(1.19) = (Bl4) = I B} a;.

-(1.16) and (1.8)-> (A|B) = X7; ai Bi{ilj) = X, ai B;6i; = i i Bi-

The complex conjugate of (4|B) = (A|B)* = YN a; ;.

Then (1.19) and (A|B)* = XY a; B - (B|A) = (A|B)* — (1.20).

In deriving (1.24), keep in mind /(A|A) is a number and (A|A) is a real number.

1.6 Operators
In this section operators are introduced. From a historical point of view, it is nice to know
why Fp called an operator a machine. Well, as indicated by Susskind(page 52), Wheeler
“liked to call such objects machines”.
Just below (1.37), Fp mentioned the adjoint of the adjoint operator is equivalent to the
original operator:
xHt=x.
Proof: with (1.35)
X|4) & (A|1XT — (xDHt4) - (xHT = X. (C.1.1)
To prove (1.37), use is made of (C.1.1) and the assumption (XY)Jr = YTX" to be correct.
Proof:
Take the adjoint of (XY)T = YTXT:
[(XTT = [yTXT]T, (C.1.2)
Apply (C.1.1) to the left hand side of (C.1.2)
[(XHTT = XY,
Use (XY)T = YTXT to be correct, then for the right hand side of (C.1.2)
(yTxT)T = (X’r)’r(y’r)”r = XY.
No contradiction has been found.
Consequently, the above “assumption to be correct” is correct.
Furthermore, Fp indicated (B|XT|A) = ((A|X|B))*, (1.36), to be easily demonstrated.
Already demonstrated
(B|A) = (A|B)*, (1.20).
Plug into the left hand side of (1.20)
|4) = x[C).
The right hand side of (1.20) becomes:
(ClxIB)",
where use has been made of (1.35) and (C.1.1).
Hence,



(Blx"|c) = (ClxI1BYY",
for any |C).

1.7 Outer Product

In this section the product |B){4|, (1.39), is evaluated.

Fp indicates:

(IBXADT = |AXB| , (1.41), is easily demonstrated.

Well, since |B){A| is an operator, | assume (1.41) to be correct.

So, take the adjoint of the left hand side and the right hand side of (1.41):

[(IBXADT]T = (JAXBD?T. (C.1.3)
With (C.1.2), [(|BXADT]Tin (C.1.3) becomes:

[(IBXADT]T = |B)A.

Consequently, with (C.1.3):

IBXA| = (JAXB)T, or [AXB| = (IBXA".

So, the assumption of (1.41) to be correct is not contradicted.

1.8 Eigenvalues and Eigenvectors

The eigenkets and their eigenvalues are discussed.

Reminder: a Hermitian operator is its own adjoint:

§=¢m

Fp proved eigenvalues to be real numbers.

Here | present the case for one ket. The eigenket and eigen value of the operator ¢ are:
§1EN) =¢85y, (1.44),

and the dual bra

€' =¢§"(". (C.1.4)
Multiply (1.44) with (&'| and (C.1.4) with |&').

Comparing both expressions and with normalization (¢'|€’) = 1 leads to

&' =&, and consequently, ¢’ is real.

Now with |€’) and |€"') to be different states and with different eigenvalues as presented in
(1.46), (1.48)

§"g" =0,

is obtained with the conclusion the eigenkets to be orthogonal.

1.9 Observables

This section is about the results of a measurement. A measurement can considered to be
represented by an operator. The operator works on a ket. The result of this measurement,
i.e., the operator is the observable or eigenvalue of the ket or state.

1.10 Measurements

The result of a measurement is the eigenvalue, a real number.
On page 16, Fp writes: (1.51)-(1.53) are easily demonstrated.
Instead of &' | shall use i.

|[4) = X a; 1), (1.12),

where |i) represents a complete set of independent eigenstates.
Multiply into (1.11) a bra of a particular eigenstate, |j) say.
Then,

(14) = X a;{j 10, (C.1.5)



and
(liy = 65, (1.13).
Consequently, in (C.1.5)
(j1A) = @;. Plug this result into (1.11), with (1.13)
|4) = X(i|A) i) = X;]i) (i]A), (1.51).
Simarlily, (1.52) is obtained.
Below (1.53) Fp writes: “Note all the above results follow from the extremely useful ( and
easily proved result
Yilii| =1, (1.54).”
Well, I did not use (1.54) to find (1.51) and (1.52). | just presented the results of Susskind
page 34
|4) = X;[i) (i[A), (1.51).
|4y = (2l0) (iA) —» XliNi| = 1.

Remark: The proof of this outer product is presented by Dirac, pages 62 and 63 for the basic
vectors given in Eq.(22).

To find (1.53), multiply (1.51) by the bra (4| and use (1.20).
Then Fp discussed the transition probability. Just above (1.51), on page 16, Fp guessed the
probability. In Lecture 3, Susskind defined this as Principle 4.

1.11 Expectation value

In this section Fp answered the question about the mean value of the measurement.
The mean value or expectation value of the operator (¢) is given in (1,58). See also The
Undergraduate Course, section 4.4, Fp.

1 0
All states are eigenstates of the unity operator U = ( ) :
o - 1
So,
UlA) = |A),
for any |A).

1.12 Degeneracy

In this section Fp shows how to construct orthogonal degenerate eigenstates.

The result is shown in (1.61) and (1.62).

The assumption is the two eigenstates |£;) and |£},) are not orthogonal. | assume these
eigenstates to be normalized. In addition one of the new two states:

1$1) = 1§4),(1.61).

A slightly different approach to construct two mutually orthogonal degenerate states by
expressing |§3) in [§z) and [§):

1$2) = aléa) + Bl&s), (C.1.6)
where a and [ are, in general, complex numbers.

Then, with (C.161) and (C.1.6):



NEN =0 = e = B == 1.
(£al&2) a+ B(&alép) > B <€a|€b> (C.1.7)
and
(¢41€1) can also be a complex number.

(C.1.6) and (C.1.7):

o (Ealgs)ien-ish)
|€2>—(l <€&|€{,> ’
so,

(AN
1$2) = all$a) == (C.1.8)
’ (Ealés)
With (£51&7) = 1 an expression for a is obtained using (41¢5)" = (&p1€0),
€a|€b Ea|§b
= Ialz[(fél z(f I] [Ifa 715 >]
(Ealen) " (Ealen)
sa|eb> e 1

-1= |a|2[1 < Z(Ealf ) — 2<€ 1€q) + ﬁ] -

[ 117 N AT

S1=la[1-1-1+——] (C.1.9)

(¢al¢5)]

a = |ale”

| choose the positive value of a and neglect the arbitrary phase angle y, with (C.1.9)

)
1€l

Again | choose the positive value of,/|(£;|¢5)]?, neglecting the arbitrary phase angle, with
(C.1.10):

(eles)

(C.1.10)

=2 (C.1.11)
[-lfgalés) ]
Then, with (C.1.8) and (C.1.11):
$alép)ih)-18h
1§2) = M (C.1.12)

1/2
-llalea) ]
Except for the minus sign, (C.1.12) equals (1.62).
The procedure to derive two new orthogonal states, is the Gram-Schmidt Procedure
(Susskind, pages 67-69). A slightly different approach.

1.13 Compatible Observables

This section is about the simultaneously measurement of two observables and
commutation. The Stern-Gerlach apparatuses are mentioned (see also Feynman, ea.,).
First Fp introduced compatible observables.

Then, incompatible observables are discussed.

This section ended with commutation when dealing with compatible observables.
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Page 18: simultaneous measurable means for the two observables to possess simultaneous
eigenstates=Eqs.(1.63) and (1.64). Left-multiply (1.63) with n:

nélEm’y =n&'1En"y = &g’y =¢'n'1E) .

Left-multiply (1.64) with &:

nlEn’)y =&’y =n'E1E ")y = 'S ).

&' and ' are (complex) numbers. Hence, £'n’ —n'é’ = 0.

Now, take the difference of né|&'n’) and én|é'n') =Eq.(1.65), leading to the conclusion at
the top of page 19 =eq.(1.67).

A slightly different approach based on : “Every eigenstate of n should also be an eigenstate
of &”.

§1E) =<',

and

nin"y =n'in").

Assume |n’) to be an eigenfunction of ¢:

&En"y = &'|n’), left-multiply this expression with n =

= nén"y =n¢'In"y =&nin') = &'n'In’).

Now left-multiply n|n") = n'|n’'), with é =

= énny=&n'In"y=n"én"y =n"¢'In').

Take the difference of $n[n') = n'¢'|n") and nS|n') = $'n'In’) = (En —né)In’) = |0),
leading to the conclusion at the top of page 19 =eq.(1.67).

Remark: Dirac made, on page 28, a remark on operators which appears to me to be a bit
mystical: “Thus the conjugate complex of the product of two linear operators equals the
product of the conjugate complexes of the factors in reverse order. A simple example of the
result, it should be noted, if £ and n are real, in general &n is not real.”?

1.14 Uncertainty Relation

In this section the uncertainty relation has been derived.

Derivation of (1.69), with (1.68):

((A8)?) = ((§ —(AEN?) = (§% — 28(Ag) + (§)?) = (§7) — 2(AENAS) +(A8?) =

(£2) —(a&?).

Then Fp introduced the Schwarz inequality.

In (1.72) consider |A) and |B) orthonormal. Hence

1+ |c|>?>0.

(1.76) has been derived using, i.e., A to be Hermitian,

(A414) = (|agtag)),

where |) is a general ket.

In (1.80) Fp proved the commutator [A&, An] to be anti-Hermitian.

In my notes on section 1.8, | proved the eigenvalue of an Hermitian operator to be real.
Consequently the expectation value of an Hermitian operator is a real number.

Given

() = (4l§4), (1.59),

then

(&) = (A|¢]A) = &', where &' is a real number.

The property of the anti-Hermitian operator is:

§ =~

11



Applying the procedure as presented in my notes on section 1.8, leaving out the details:
§'=—¢"

So, the eigenvalue ¢’ is an imaginary number.

In (1.81), ({A&, An}) is an imaginary number: the expectation value of the anti-Hermitian
commutator. With this information (1.82) is obtained and finally the uncertainty relation
(1.83).

1.15 Continuous Spectra

In this section Fp dealt with continuous eigenvalues.

The results obtained for a finite-dimensional ket space with discrete eigenvalues are
generalized to ket spaces of nondenumerably infinite dimensions.

Exercises
Exercise 1.1 Calculate the radiated energy of a “classical” electron
According to classical physics, a non-relativistic electron whose instantaneous acceleration is

of magnitude a radiates electromagnetic energy at the rate

e?a?
P=c3, (C.1.E.1)
Larmor’s formula, where e is the magnitude of the electron charge and €, the permittivity
of vacuum. Consider a classical electron in a circular orbit of radius r around the proton.
Demonstrate that the radiated energy would cause the orbital radius to decrease in time

according to

derys_ 1
dt (ao) !
4megh?

where g = moe?
e

Ao
ca*’

the Bohr radius and 7 = "

e?

Here, c is the velocity of light in vacuum and a = , the fine structure constant.

4meghc
With (C.1.E.1), the energy of the electron, E decreases by
dE e?a?

at 6megc3

The classical model of the Hydrogen atom: The electron orbits the nucleus.

The centrifugal force is balanced by the Coulomb force, the equation for the circular orbit:

2 2
=0, (C.1.E.3)

mev

(C.1.E.2)

e

r 4TegT?
where the instantaneous acceleration
2
v

a=—.
r

The energy of the electron
2

E=muw?———. (C.1.E.4)
2 4mEQT
2
Substitute m,v% = —— ,(C.1.E.3), into (C.1.E.4):
471'607'
2
E=12_. (C.1.E.5)
2 4megr
With (C.1.E.5)
2
g__e 4 (C.1.E.6)

dt  8megr2 dt
2

(CLE3), witha = =,

12



)2, (C.1.E.7)

a? =
(4neomer2

—given in (C.1.E.2) and (C.1.E.6) gives:

e?a? e? dr

- 6mEC3 = 8meyr? dat (C1E8)
Then, with

dr _ a0 T3

dat  3r2 dt( )

2

(C.1.E.8), with (C.1.E.7) and the above definitions of T = 4a° anda =

e
ca* 4meghc’
1

da  r
E(a_o)s =_1 (C.1.E.9)

T

results into

The classical lifetime of a hydrogen atom, with a, = 5.3 X 107 mand a = 317 , becomes
= 1.56 x 1071 sec

Exercise 1.2 The equality of the inner product and its conjugate
Demonstrate that

(BlA) = (A|B)"

in a finite ket space.

-(1.19) = (Bl4) = T B} a;.

-(1.16) and (1.8)— (A|B) = X7; af Bi{ilj) = X ai B;6i; = i i Bi-
The complex conjugate of (A|B) — (A|B)* = YN a; ;.

Then (1.19) and (A|B)* = XY a; B - (B|A) = (A|B)* — (1.20).

Exercise 1.3 Derivation of operator relations in ket space. X and Y are general operators
a Demonstrate: (B|XT|A) = (A|X|B)".

In (1.20) and exercise 1.2: (B|A) = (A|B)*, (1.20).
Plug into the left hand side of (1.20)

|A) = XT|C).

The right hand side of (1.20) becomes:
(C|X|B)",

where use has been made of (1.35) and (C.1.1).
Hence,

(B|xT|c) = (CIXIB))",

for any |C).

This result is presented by Dirac on page 27 (4).
Dirac denotes X' the adjoint of X.

b Demonstrate: (XY)T = yTxT
In my notes on section 1.6, Operators, | did prove this equality:
Use is made of (C.1.1) and the assumption (XY)T = YTXT to be correct.
Proof:
Take the adjoint of (XY)T = YTxT:
[(XV)T]T = [YTXT]T, (C.1.2) .
Apply (C.1.1) to the left hand side of (C.1.2)
[((XT]T = XY.

13



Use (XY)T = YTXT to be correct, then for the right hand side of (C.1.2)
(y‘rxT)‘r = (XT)T(yT)T = XY.

No contradiction has been found.

Consequently, the above “assumption to be correct” is correct.

Here | present also Dirac’s result bottom page 27, using (1.20), (1.35) and (1.36).
“(A] = (P|Y, and (B| = (Q|x",

so that

|A) = YT|P), and |B) = X|Q).

with (1.20)

- (B|4) = (QIXTY1|P) = (4B)" = (PIYX|Q)" = (Q|(XV)T|P) .

This holds for any |P) and |Q), we can infer that (XY)T = YTXT”,

¢ Demonstrate (XN)T = X .

First | will demonstrate this with (1.35):
X|A) & (41XT & xDHT4) — XD =X,
See also Noordzij, page 20, on operators.
Another proof is based on

(1.36): (B|XxT|A) = (AIX|B)".

Plug into (1.36) XT for X:

(B|(xN|4) = (a|x1|B)" = (BIX|A).

This holds for any ket and bra.

Consequently,

xht=x.

d Demonstrate (|B}A|)T = |AXB]|, (1.41).

| assume (1,41) to be correct.

Take the adjoint of the left hand side and the right hand side of (1.41):

[ABXADTT = (JAXB])T. (C.1.E.10)
with (XN = X — [(1BXADT]T = |B)Al.

Plug this result into (C.1.E.10):

IBXA| = (IAXB])T — |AXB| = (IBXAD'.

So, the assumption of (1.41) to be correct, is not contradicted.

Proof by Dirac:

“...|AXB] is a linear operator. We may get its conjugate complex by referring directly to the
definition of the adjoint. Multiplying |A){B| into a general bra (P|, we get (P|A){(B|, whose conjugate
imaginary ket is

(PIA)*|B) = (AIP)|B) = |B)(4IP).

Hence

(1AXB)T = |BXA]

The definition of the adjoint: (1.35)

Exercise 1.4. Hermitian operators commute.

If A and B are Hermitian operators, then demonstrate AB is only Hermitian provided A4 and
B

commute. In addition, show that (4 + B)™ is Hermitian, where n is a positive integer.

AT = Aand BT = B.

- AB Hermitian?

14



[A,B] = 0 for AB — BA = 0 or AB = BA.
Then

(AB)" = BTAT = BA = AB.

Consequently, AB is Hermitian.

- (A + B)™ is Hermitian?
AT=AandBt =B - (A+B)T=A+B.

I substitute X for A+ B —» X = XT.

What about X??

xx)t = xTxt = x2.

Now | assume (4 + B)™ = (X)™ to be Hermitian. So, (X™)T = X™.
What about X™*1 ?

[(A + B)n+1]1- — (Xn+1)1- — (XnX)T — XT(Xn)T = XX" = xntl = (A + B)n+1.

Exercise 1.5 Show various operators to be Hermitian
Let A be a general operator.

-Show that A + AT is Hermitian

For a general operator
ANt=A->UA+ANT=4aT+A4=4+ AT

-Show i(4 — A") is Hermitian.

[i(A— ANt = —i(AT - 4) = i(A — AD).

-Show AAT is Hermitian.

(AADYT = (AH)TAT = AAT.

Exercise 1.6 H is a Hermitian operator. Show exp(iH) =exp(—iH).
Given the results of the above exercise: HT = H and (H™)T = H".
Then:

@H)"

t
[exp(iH) = Y7 ol 1 =2n=0

Exercise 1.7 The outer product

ingn + o iH)" .
20 = 3 o(— 22 = exp(—iH),

n! n

Let |<f') be the eigenkets of the observable &, whose corresponding eigenvalues, &, are
discrete. Demonstrate that:

YelENE =1,

where the sum is over all eigenvalues, and 1 denotes the unit operator.

In section 1.10 on Measurements, Zf'|f')(f'| = 1, (1.54) is presented.

In my notes on this section , Zf'|§')(§'| = 1 has been demonstrated.

(1.51), |i) = |§):
|4) = X10) (i]A) = X;(10) (iD]A) = Xl i) (i] = 1.

Exercise 1.8 The construction of a mutually orthogonal, unnormalized degenerate eigenkets.
Let |¢;), wherei = 1,N and N > 1, be a set of degenerate eigenkets of some observable ¢.
Suppose that the |¢])'s are not mutually orthogonal. Demonstrate a set of mutually
orthogonal ( but unnormalized) degenerate eigenkets, |§;"), for i = 1, N, can be constructed
as follows

15



144 El
1€ = 1&) = jeric <<§,’,||§,,>>
J 1>

This process is known as Gram-Schmidt orthogonalization(Lipschutz).
The subject is discussed in section 1.12 on Degeneracy.

1€). (C.1.E.11)

| suppose the |£/)’s to be normalized.
Start with

1§} = 1§1).

Consequently, |&;') is normalized.
With (C.1.E.11)

1$2) = Is‘é)—<< ||§,2,>>|E = 162D = 182 = 18218,

(C.1.E.12)

and (¢1'1¢1) = 1.
Multiply the bra (¢;'| into (C.1.E.12):

(§1'182) = (€1'162)) = (&1 1E2 081 161) = 0,
and |&;') is orthogonal with [&]').
The exercise is to demonstrate the orthogonality.

Remark: Normalization (n) of |&)):
ey = -(&1']¢2)10)
2 glez)

where (&5'1&5) is the “length” of the vector.
The third ket with (C.1.E.11),

o ey 113 (¢71¢3)
|€3)= |53)_ IT; 1€1) — T
grer) G
Multiply the bra (&;'| into (C.1.E.13) with the result (&;']|é35') = 0, since (&;'|&5') = 0.
Multiply the bra (&;'| into (C.1.E.13) with the result (&;'|é3') = 0.
| demonstrated (C.1.E.11) for three new kets.

Now assume it is demonstrated for (i — 1) kets.
Multiply the bra (&;'| into (C.1.E.11):

<€{,|€L’I) = ('ﬂllfl) Z] 1,i— 1<< ||€l>> ( {I|€]”> =

1£2'). (C.1.E.13)

(¢1'157) (&7 k)
— n ’ — n 14 _ . = — n I'I — O
<€1 |€l> < {,|€{,> (51 |€1) Z] 2,1 1< f |f]> ( 1 |€j )
since, for2 < j <i—1-(&'|[§])=6,;=0.
Exercise 1.9 About the expectation value of a Hermitian and an anti-Hermitian operator.

-The Expectation value of a Hermitian operator.
Reminder a Hermitian operator is its own adjoint:

&=¢&r,(1.39).

First | will prove the eigenvalues to be real numbers. | present the approach of Susskind.
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The eigenket and eigenvalue presented in (1.44) of the operator in (1.39) are:

$1§") =¢'[¢"), (1.44),

and the dual bra, with (1.39),

(15T = €¢I (C.1.E.14)
Multiply (1.44) with (¢'| and (C.1.E.14) with |&').

Comparing both expressions leads to:

§'=(""

Consequently, the eigenvalue is real. This is just the definition of being a Hermitian operator.

The expectation value, definition,
(€)= 'ElE) =¢(¢'E) =&,

and the eigenvalue is a real number.

The property of the anti-Hermitian operator is:
§=—¢m
(1.44):
$1E)y =<',
and the dual bra, (C.1.E.14)
{157 = -l (C.1.E.15)
Multiply (1.44) with (¢'| and (C.1.E.15) with |&').
Comparing both expressions:
§'=-(""
and &' isimaginary.
Suppose ¢’ to be a complex number: a + ib,
thena +ib=—(a+ib)* > a=0.
Simarlily, the expectation value of the anti-Hermitian operator is an imaginary number.

Exercise 1.10 The expectation value of the square of a Hermitian operator is = 0.
For the Hermitian operator: H = HT. With the results of Exercise 1.9:

(H?) = (¢'|HH|E"Y = & = 0.

Exercise 1.11 Further elaborations on the operator H.

-The Hermitian operator H has the property H* = 1, where 1 is the unity operator. What are
the eigenvalues of H?

Reading of section (1.9)-(1.13) is of some help.

[H H]=0- [H,H*] = 0.

So, H and H* are simultaneously measurable, (1.67) page 19. Then, page 18, the conditions
for two observables H and H* to be simultaneously measurable is that they should possess
simultaneous eigenstates (i.e., every eigenstate of H should also be an eigenstate of H*).

H is a Hermitian operator.

What about H??

H? = HH = HTHT.

Consequently

(H)" = (HH)t = HTHT = HH = H?.
Simarlily
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H* is a Hermitian operator.

| define the eigenstate of H* to be |A).

So,

H*|A) = |A). (C.1.E.16)
| will prove H%|A) and H|A) to be eigenvectors of H*.

H?|A) ¥ |B) - H*|A) = H?|B) = |A).

It follows that

H*|B) = H?|A) = |B).

Hence, |B) is an eigenstate of H*. So, H?|A) is an eigenstate of H*.

Now H.

H|A) ¥ |C) - H*|A) = H3|C) = |A).

It follows that

H*|C) = H|A) = |C).

Hence, |C) is an eigenstate of H*. So, H|A) is an eigenstate of H* .

Since H, H? and H* commute, they are simultaneously measurable. Every eigenstate of H* is
an eigenstate of H. Consequently, the eigenvalue of H is 1.

-What are the eigenvalues of H if H is not restricted to being Hermitian? | suppose Fp still
assumes H* = 1, where 1 is the unity operator.
Now the eigenvalues of H can be complex. However, since H, H?> and H* commute, they are
simultaneously measurable. Every eigenstate of H* is an eigenstate of H. Consequently, the
eigenvalue of H is 1.
Remark:
H* is the unity operator.
Are H and H? unity operators? Well, the other way around: if H is the unity operator, H?
and H* are. However, for with H* the unity operator, the conclusion is not unambiguous.
Set for example H* to be the 2 X 2 unity matrix:

1 0
H* = (0 1).
What do we find for H2? | shall leave out the details and present to possible 2 X 2 matrices

for H?:

1 0
(o 1)
and
( a V1 -— a2)
V1 —a? —a /'
where0 <a < 1.
Given the first, unity matrix for H2, | again found two 2 X 2 matrices for H:

1 0
(o 1)
and
( b V1 -— b2>
vi—-p»z  -p /'
where 0 < b < 1.
The second matrix for H? did produce contradictory results.
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On the basis of this latter result, | conclude, given the unity matrix for H*, H? and H are also
represented by unit matrices.

Exercise 1.12 The outer product for a continuous range of eigenvalues.

Let & be an observable whose eigenvalues, &', lie in a continuous range. Let the |£),
where

<€I|€II) — 5(€I _ fll)'

be the corresponding eigenkets. Demonstrate that

[ds'1§h €' =1, (C.LE.17)
where the integral is over the whole range of eigenvalues, and 1 denotes the unity operator.
Multiply (C.1.E.17) on the left and on the right with |£"'):

[ g 1ENEEY = 1€7). (C1E.18)
Then, with (¢'|&") = §(&' — &), (C.1.E.18) becomes:

Jd&1gNs@E —¢" =1§"), or

1$7) = 1§").

2. Position and Momentum

2.1 Introduction
In this section the roles of position and momentum are investigated.

2.2 Poisson Brackets
In (2.1) and (2.2) the basic equations of Hamiltonian dynamics are presented.
The Hamiltonian for the 1-D case:

=241y
_%-I_ (x),

The sum of the kinetic and potential energy with classical coordinates, g = x, and canonical

av
momentum p = mv. The force F = o
So,

0H dv d
—=—F=—m—=——p'

0x dt dt

and

OH _p_,_%&

ap m dt’

in this section the classical Poisson bracket is presented, (2.3).The relation with quantum
mechanics is investigated.

Below (2.14), page 26, a quantum mechanical Poisson bracket is defined:

[u1u2' ”‘71172]qm-

After evaluating this bracket, the expressions given in (2.18) and (2.19) are found. In these
two equations i and A pop up. Why, | paraphrase Susskind page 100: “You may wonder why |
put i and 7 in front of [uy, v,]qm. These factors are completely arbitrary at this stage. |
use them with an eye to the future”.

Since Fp used some language of Dirac, page 86, | hope to find some additional information
there.

Fp writes: A commutes with (u,v; — viuy).

Dirac page 86: Z must commute with (uyv; — V1Uq).

Both based their conclusion on (2.18):
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UV — V1Uy = Thug, V1] gm -

Suppose h does not commute with u;v; — v u;.

Consequently,

h(u,vy —viuq) # (W vy — ViU h.

Is that possible?

Dirac page 24: “.....and is so i({én — n&), (a real number, Nz). This conclusion of Dirac is
based on: “......though if & and nbare real, in general én is not real”. As mentioned before, |
considered this to be a bit mythical. Or better, | could not find an example. However,
accepting Dirac’s conclusion on &n, i(én — né) is a real number.

Then,

[i(§n = n&)]T = —i(&n —n&T = —i(nTe" — &MT) = i(gn — nd).

Now with (2.18)

i(uvy — viuy) = Afug, v1]gm.

hluy, v1]gm is a real number, as Fp mentioned just below (2.19).

So,

h(u vy — viuy) = (v — v1ugh,

and h commutes with u;v; — viu;.

On the middle of page 27 Fp writes: “The notation [u, v] is conventionally reserved for the
commutator uv — vu in quantum mechanics.”

Hence,

[u, v] = ih[u, v]gm , (2.22).

Susskind, section 4.9, demonstrated the connections between commutators and Poisson
brackets. On pages 102 and 103, Susskind presented the time dependent Schrédinger
equation. Then for the time dependent expectation value of the observable L:

%(L) = —%([L, H]), (4.18) Susskind is derived. H is the Hamiltonian. After the derivation of

(4.18) Susskind presented the connection between Poisson brackets and the quantum
mechanical commutator.

At the bottom of page 27, Fp writes:” If two dynamical variables, £ and 1, can be written as
power series in the g; and pj ............. allows [, 1] to be expressed in terms of the
fundamental commutation relations(2.23)-(2.25).”
For example:
l9:,9;] =0 = q:q; — q;9; = 0.
Multiply this expression into the left with g;:
qtq; — 9:9;9: = 0.
Add to the left hand side and the right hand side of the latter expression qqu-zz
qaiq; — 4:9;q: + 4,97 = 4,97 > 979 — 4,97 — 94,9 + 9,97 =
2 2 — 2 —
atq; — q;q7 — (@9; — a;q0) = [af, 4] = s a5]la: = 0.
Consequently,
la?.q;] = 0.
And so on.
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2.3 Wavefunctions

A system with one classical degree of freedom is considered: the Cartesian coordinate x.
The wave function and the standard ket and bra are introduced. Dirac §20 is of some help to
appreciate this particular section on the Wavefunctions.

(2.27) is dealt with in Exercise 1.12.

(2.28) has been derived by multiplying (2.27) to the left and to the right hand side of the
equality sign with |4) .

The wavefunction Y, (x") is defined in (2.29).

Dirac nominated this wavefunction to be the representative of |A) for the complete set of
commuting observables x'.

In (2.33) the general function f(x) of the observable x given in front of the first integral,
(2.33). In the second integral, (2.33), f(x"") is in integrand. How come? A kind of magic? |
look into it in more detail.

With (2.28):

|BY = [ dx" (x" |B)|x"). (C.2.1)
Substitute |B) = f(x)]A) into (C.2.1):

IB) = [ _dx" (x" [f(x")]A) |x"). (C.2.2)

Since f(x) is a general function, polynomial, of the observable/operator x, f(x) is
Hermitian: [f(x)]T = f(x). Operate x on |A), with the result:

x|A) = x" |4),

x'"is a number.

Hence,

" f A = f )T A) = fF(x" )ha(x").

2.4 Schrodinger Representation.

The system of section 2.3 is considered.

At the top of page 30 Fp writes: “It follows that ......... ”,and (2.37) is presented:
Loy =%

)y =),

where |) is the standard ket and in (2.37)

d
Let’s find out about (2.39):
with (2.27)

Jodx'Ix) (') = 1,

and (2.29)

(x"|A) = Pa(x’).
Then with (2.38) and % [)=0:

S, dx’ (|¢§ Y [y = [ dx' (L) (x| 5 1) (c.2.3)
Use (2.29):

and (x'|A) = (x'|Y(x")]), then

(x" [P = P(x) (C.2.4)
and
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;i d d
(') o)y =5 (C.2.5)
Plug (C.2.4) and (C.2.5) into (C.2.3)—(2.39).

Just below (2.48), page 31, it is mentioned a general function f (x) of the position operator
automatically commute with x. f(x) can be expanded in powers of x , a polynomial.

In my note on Poisson brackets, | demonstrated this for:

[ax? + bx, x] = 0.

At the bottom of page 31: “By definition the standard ket |) satisfies (x'|) = 1.”

Well, (2.35), the general ket state |A) can be written as:

|4) = Pa(x)|)-

Multiply to the left on both sides with the bra (x'| :

(x"|4) = P (x){x|)-

Then with (2.29):

(x'4) = Pa(x") = (x']) = 1.
Remark: For convenience | used |) as a general ket.

2.5 Generalized Schrodinger Representation

The scheme in the preceding section of a single operator x is extended in this section.

N generalized coordinates g;, i = 1(1)N, are considered.

On top of page 34 Fp writes:”.....we can derive.....”where Dirac, on page 91, writes: “...we
have....”. Futile?

(2.72) can be written as

a 0
[6_6“,6_%] —0. (C.2.6)

What about

d

G 12

aq,- 0

9q; 9 da; Oij:
Hence

d
[a_qi'qj] = &y;. (C.2.7)
Multiply (C.2.7) with —ih:

., 0 .
[—lha—ql,q]] = —lh6l]
It is possible, according to Dirac page 92, to take _ihaiq- =p;.
Then, (2.74)
Just below (2.74) Fp writes: “It follows from (2.61), (2.68), and (2.74) that....”.
| do not understand the role of (2.61).
As mentioned in my notes on section 2.4:

“« ’ H i .
So, let’s look into dxl/)|).

4oy =W an _ av

—y) =D +9Il=T0), (2.37),
Hence

o

dx
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Also in (2.68) it is shown
o _
aq;
SO,
pil) = 0.

(2.76) is about representation:

)

a(qy ...... M) . . aP(qy ...... \
W) i the representative of <q{ ...... q,’V’ wa—,q,\,)>_

2q; aq;
Furthermore

(q1 e e anlv(qy - .. qy)) is the representative of Y(qj ... ... an)-
For this section Dirac’s pages 78 and 91-93 are used.

2.6 Momentum Representation

A one degree of freedom system described in the coordinate x and momentum p, is
considered. In the momentum representation a system is represented in terms of the
eigenkets of p,.

Note: | again use for the notation of the standard ket |).

An important result of the momentum representation is given by (2.87):

., d
x =ih—.

dpx
The commutation relation, (2.25), in one dimension:
XDy — PyX = ih.

Plug x = ih% into this commutation relation and the left hand side equals the right hand

X

side.

On page 36 the one degree of freedom is generalized in a system of N coordinates.

Fp concludes this section with the Schrodinger representation to be far better to solve
problems than in momentum representation.

2.7 Uncertainty relations.

Fp started this section with the question: how is momentum space wavefunction related to
the corresponding coordinate space wavefunction?

(2.27):

ffooo dx'|x')x'| = 1.

Plug (2.27) into (px|py)-

Then, with (2.92) and (2.94)— (2.95).

Due to the action of the delta function:

¢ =c".

To obtain (2.99) and (2.100), use has been made of the equations (2.27), (2.81), (2.96) and
the complex conjugate of (2.96)>

To derive (2.102), Fp used (1.83):

(A)2)(Ap)?) = £ [([x, P2
The commutation relation in (2.47):

|[x, D] 12 = A2
Just below (2.102) Fp writes: “It is easily demonstrated ......to Gaussian wave packets....”:

((Ax)*)(Ap)?) = 1.
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Easily? In The Undergraduate Course , Fp, it took 3 pages to arrive at:
Ak = — (3.68).
2Ax
A measurement of a particles wave number is equivalent to particles momentum
measurement:

1
Hence,
AxAp = g,(3.70) The Undergraduate Course.

In Exercise 2.3 this result is derived in a slightly different way.
Remark:
| go back to (1.82):

((A)2X(Ap)?) = 5 K[x, pLD)I? + [({Ax, Ap, D)2 (C.2.8)

Fp mentioned the final term on the right hand side of (2.8) to be positive definite. The final
term represents the anti-commutator {Ax, Ap, }. The expectation value of the anti-
commutator is an imaginary number.

The first term on the right hand side of (C.2.8) gives:

1 1
2 |([X, px])lz = 2 |([Ax, Apx])lz
A Gaussian distribution gives, with (3.70) The Undergraduate Course:

R 1
((A)2X(ap)?) = (AxAp)? =T = 5 [([x, p])I%.
The conclusion to be drawn is: the anti-commutator {Ax, Ap, } = 0 for a Gaussian
distribution?

2.8 Displacement operators.

A system with one degree of freedom is considered. This section is dedicated to unitary
displacement operations.

Susskind discussed the unitary operator for time evolution.

| suppose the action of the displacement operator is understood. At the beginning of this
section one could conclude a displacement just generates a phase factor. This conclusion is
formulated by Fp on page 38 between (2.105) and (2.106).

(2.110), with

D|A) = |Ad) and DTD|A) = |A).

So,

Dt|Ad) = |A).

Remark.
Dirac page 101:
“Since |Pd) can be any ket, we must have v, = DvD™1, Eq. (63).”

Fp, page 39:

“Since this is true for any ket |Ad), we have v, = DvDT, (2.14).”

DvD~' or DvDT? Does it matter? Well, with (2.128), | conclude it does not:
[e—(ipxa)/h]T = [e—(ipxa)/h]—l'

Furthermore

D'D =1 - D'DD™' =Dt - pt = D71,
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where use has been made of
DDl =1.

Below (2.114) Fp writes: ‘Note that the arbitrary numerical factor in D does not affect either

of the results....”.

Dirac page 102:

“Note the arbitrary numerical factor of modulus unity in D does not affect...”.

| think the addition ‘of modulus unity’ is meaningful.

(2.117), with y tends to zero:
lim 26772 = iy 2441
5x-0 Ox 5x-0 Sx

Dirac page 102: “...D must be made to tend to unity as 6x — 0 .....”.

Consequently, Diy — iy, resulting into (2.117).
(2.119): keep in mind 6x to be a real number.

7’

The definitions are sometimes confusing:

D is the displacement operator,

v, is the displaced operator,

d, is the displacement operator along the x-axis.

(2.120): d,, is anti-Hermitian and consequently an imaginary operator.
(2.118): D is complex, d, is imaginary and §, is a real number.

Just below (2.122) Fp refers to the afore mentioned arbitrary number of modulus unity in
relation to the wave function.

Above (2.124), (2.123) with (2.122):
(2.123)- 6x = —(x4 — x),

and
Vg—UV=Xx4 —X.
With (2.25),

[q:.p;] = irdy;,

and i = j for the one degree of freedom case,

[x,ihd,] = ik ,(2.124).

From this expression and (2.25), (2.125) and (2.126) are obtained. See also Dirac page 103.
From (2.126):

d

dx = _E .

(2.118) and (2.127):

D=1-i6x".

Now the system is displaced over a distance

Ax = Néx for N - oo .

Then (2.127) and (2.128) are found and DTD = 1.

At the end of this section Fp made some remarks on commutation relations. For example
the displacement Ax commutes with the displacement Ay.
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So,

D(Ax)D(Ay) — D(Ay)D(Ax) = 0.

With (2.128)

exp[_ i(prx;-pyAy)] _exp[_ i(pyA);l+xAx)] —o.

Hence the displacement operator creates a phase factor of modulus unity. This represents
the eigenvalue of the displacement operator for any ket state.

Plug (2.126) into (2.128) and

D(Ax) = exp(d,Ax),

is obtained.

Exercises

Exercise 2.1 Demonstrate the classical commutators
Demonstrate that

191, 9]l =0

Given (2.3), the definition of the Poisson Bracket, and:

041 _ 1,99 = 0,99 — ) gng 2% = g,
65[1 apl dp; a]

Then [q;,9j]lc =0.
- [pipjla =0.
Given (2.3) and:

opi _ 4 9P) _ i _ 5.
s 1, 2a; 0 —61] and apj_6U'
Then [pir pj]Cl - 0-

-1, pjlc = 6y

Given (2.3) and:

94i _ - i 9pj _
2q, = Oip ap 511' = 0and — 0 0.

Then [QU p]]cl 6ij-

Exercise 2.2 Verify various commutation relations

- [u,v] = —[v,ul.

Use (2.3):

—[v,u] = [-v,—u] = [u,v].

-[u,c] = 0.

c is a constant. Plug this constant into (2.3) and the result is
[u,c] =0.

- [ug + up, v] = [ug, v] + [ug, v].

Replace u by u; + u, in (2.3), then

[wy + up, v] = [uyg, v] + [uy, v].

- Simarlily [u, v, + v,] = [u, v1] + [u, v,].

- [uguy, v] = [ug, vlu, + uqfuy, vl.

See Dirac page 86, eq.5 .

- Simarlily [u, v,v,] = [u, v,]v, + v, [u, v4].

[u, [v, W]] + [v, [w, u]] + [W, [u, v]] =0.

By straight forward applying Poisson Brackets and compare the resulting terms, the
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expression is verified.
It can be done a bit more simply.
| start with [u, [v, W]]. This expression becomes with the Poisson Brackets:

a ( au) a u
—\l|lv,w|l—)——(v,w|—). C.E21
op; [ ]361i 9q; [ ]3191') ( )

In addition | derived two more similar expression taking into account cyclicality of w,v and win

the expression to be verified:

d av d ov

a_m([w'” 6_qi) ~ g, (w.ul 5o, (C.E.2.2)
and

4 ow 0 ow

ap: ([u' v] 6_qi) ~ g, w175 (C.E.2.3)

Evaluate (C.E.2.1)+ (C.E.2.2)+ (C.E.2.3):
]6_w ow

d v v d ou v
a—m([w,u]a—%+[w,u]a—m+[u,v aqi)_a_qi [”'W]a_er[W'“]a_mH”'”]a_m)'

Plug into this expression the Poisson Brackets and the result is 0.

Exercise 2.3 Demonstrate various expectation values for the Gaussian wave packet.
Consider a Gaussian wave packet whose corresponding wave function

(x') = woexp[—% : (C.E.2.4)

where 1y, xo and o are constants.
With normalization

el®
Yo = Grozyira
Demonstrate that
(a) {(x) = xo.
In section 4.4, Undergraduate Course, the expectation value has been derived. It is about the
evaluation of the integral

. )2
(x) = Ipol? [ xexp[— =2 dx

(4.25) Undergraduate Course.

The result is:
(x) = xg.

(b) ((Ax)?) = a°.
(Ax)? = (x — x0)?.
With (4.29), Undergraduate Course,
© (x—x0)?
((Ax)2) = [iho|? [, (x — x)%exp[— 2] dx.
This integral is evaluated in section 4.4 Undergraduate Course. The result is presented in

(4.32):

(@)% = o2,
(c) {p) = 0.
(p) = —Iol? [, exp |~ 2| i exp [~ 2 d.

This results into

ih_ (oo (x=x)?
(p) = [thol? 5 [, (x — xo)exp[—“2=]dx.
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The integral is zero by symmetry. Consequently
(p)=0.

(d) {(ap)?) = (o).

Ap =p — po.

Since (p) =0 - (py) =0.

Then

((4p)?) = {(®)*)-

So,

(Bp)?) = (@) = o[> [, exp [~ E2E] (—in-LyZexp [~ E205] .
d(x—xo)

[Polh? oo (x=x0)* (x=x0)*
((Ap)?) = === [_ [ — llexp[-— - 1="—"- (C.E.2.5)
The first integral in (C.E.2.5) equals \/Z—E, and the second VT .

1
oV2m’

h

(8p)?) = ()2

Now return to the bottom of page 37 of the section on Uncertainty Relations.
Under (b) of this exercise ((Ax)?) = o2 has been derived.

Hence, with the above result for ((Ap)?) = (%)2, the uncertainty relation for a Gaussian

With |1, |? =

(4.25) Undergraduate Course,

wavefunction is:

((Ax)2*){(Ap)?) = f;—z,(2.102) section 2.7.

Exercise 2.4 The Displacement Operator
Suppose that we displace a one-dimensional quantum mechanical system a distance a along
the x-axis. The corresponding displacement operator is

D(a) =exp(— lp;l‘a), (C.E.2.6)
where p, is the momentum conjugate to the position operator x.

-(a) Demonstrate

D(a)xD(a)t =x—a.

. . ., d
[Hint use the momentum representation, x = lha 1.
X

| start with the hint:
D(a)xD(a)t = D(a)ih%D(a)*. (C.E.2.7)

Plug into (C.E.2.7) D(a) =exp(— ipTxa) :

exp(— %) (—a)exp (ip;;a) = —a.

So, the demonstration failed. Now what?

Assume D(a)xD(a)T = x — a to be correct.

Then

D(a)xD(a)t —x = —a » D(a)xD(a)'D — xD = —aD - Dx — xD = —aD.
Multiply Dx — xD = —aD with DT to the left and with (2.109):

x —D'xD = —D%aD = —aD'D = —a.

Then
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DxD = x + a. (C.E.2.8)
Replace a by —a in (C.E.2.6) and (C.E.2.8)— DxD' = x — a.

With (2.114) and (2.123):

Xg=Xx—a,

xy = DxDT.
Then
DxDt = x —a. (C.E.2.8)

- (b) Demonstrate that
D(a)x™D(a)t = (x —a)™.
Let’s start with x2. Multiply (C.E.2.8) withx — a :
(x —a)DxDT = (x — a)?. (C.E.2.9)
With (C.E.2.8), (C.E.2.9) and DD' = 1, (2.109):
DtxDDTxD = (x — a)? » Dx?DT = (x — a)>.
| assume D(a)x™D(a)t = (x — a)™ to be correct.
Multiply D(a)x™D(a)T = (x — a)™ withx — a :
(x —a)Dx™Dt = (x — a)™*1L. (C.E.2.10)
With (C.E.2.8), (C.E.2.10) and DDT = 1, (2.109):
DTxDDTx™D = (x — a)™*! > D(a)x™"'D(a)T = (x — a)™*.
By induction:
D(a)x™D(a)t = (x — a)™.
A slightly different approach:
Assume Dx™DT = (x — a)™ to be correct. Is this expression correct for m + 1?
Dx™1DT = (x — a)™*! - DTDx™ 1Dt = DT(x — @)™*1.
With (2.109):
DTDx™*1pt = DT(x — a)™*' = xDTDx™DT = DT (x — @)™* . Multiply the latter
expression with D :
DxDTDx™DT = DD (x — a)™*". Use (2.109) and (C.E.2.16) in this expression:
(x —a)Dx™Dt = (x — @)™ - Dx™D' = (x — @)™, QED.

-(c) Deduce that

D(@V(x)D(a)T =V(x — a).

| suppose the potential energy operator to be sufficiently smooth function of x.
Consequently, V(x) can be expanded in powers of x : V(x) = ¥, b;x‘.

Then, with (C.E.2.10):

D(V (@)D (@) = T2 b D@V()D (@' = 520 bi(x — @)l = V(x — a).

-(d)Let k = %" ,and let |k') denote an eigenket of the k operator belonging to the

eigenvalue k'.  its base kets |k’ + nk,)
Demonstrate that
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|A) = Y=o Cn |k + nkg), (C.E.2.11)
where the ¢, are arbitrary complex coefficients, and k, = %T , is an eigenket of the

D(a) operator belonging to the eigenvalue exp(—ik'a). Show that the corresponding
wavefunction can be written

Pa(x) = e**ux"),

where u(x’ + a) = u(x") forall x'.

Dirac, page 99, §25 Displacement operators:

....... , So that if certain states and dynamical variables are connected by some relations, on
our displacing them all in a definite way ( for example, displacing them all through a
distance 6x in the direction of the x-axisof Cartesian coordinates), the new states and
dynamical variables would have to be connected by the same relation.”

Fp at the beginning of section 2.8 Displacement Operations: “......However, we know
that the superposition relations between states remain invariant under displacement.

”

because it can be multiplied by a constant phase factor of modulus unity.”

D|A) =exp(— %) |A) = exp(—ika)|A). (C.E.2.12)

where the operator k = p—; is substituted.

Now, | have to demonstrate that

|A) = Yo _ o Cp |k' + nkg), (C.E.2.11),

is an eigenket of the D(a) operator belonging to the eigenvalue of exp(—ik'a).
Given:

klk')y =k'|k").

Then,

k2|k'y = kk'|k'y = (K")?|k’). (C.E.2.13)
So, with Maclaurin’s series expansion:

exp(~ika) k') = £520 XL iy = 52, T 1) =exp(—ik'a) k).

Is this result sufficient to demonstrate:

exp(—ika) Ym=_ow Cp |k' + nky) = exp(—ik'a) Ym=_o Cn |k' + nky)?

Forn = 0, | demonstrated above:

D|A) = exp(—ik'a)|A).

Now, forn # 0? If nk, = 2mn/a is just a number to be included into k' + nk, = k",
| am allowed to assume:

k|k'") =k'|k'")? I leave it here.

Show that the corresponding wave function can be written as:

(") = et > y(xh), (C.E.2.14)
where u(x’ +a) = u(x") forall x'.

| assume Y, (x") = e’ u(x") to be correct. Does this lead to a contradiction?
Plug into (C.E.2.14)

x' - x" +a.

Then,
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Ya(x' +a) = e W +a)y (x4 ) = eik'agik’x'y(x"),

. ! .
where e*'¢ is a phase factor.

3 Quantum Dynamics

3.1 Schradinger equation of motion

The time evolution of a quantum mechanical system is evaluated.

In this section it is of some help to use the analysis of displacement operators in section 2.8.
(3.7):

T=1+(t—-tyr,

with (3.5), TTT = 1,

[1+ (t—ty)Tt[1+ (t —ty)r] = 1.

Neglect order (t — t,)?:

(t—t)tT+(t—ty)T=0.

Hence

T+1=0,

and 7 is anti-Hermitian with imaginary eigenvalue.

Rehearsal:

T|4) = T'|A), (C.3.1)
where 7' is the eigenvalue.

Then

(Alet = 1*(A]. (C.3.2)
Multiply (C.3.1) with (4] :

(A|7|A) = T'(A|A). (C.3.3)
Multiply (C.3.2) with |A) and use the anti-Hermitian character of 7 :

(A|t|A) = —1""(A|A). (C.3.4)
Hence, (C.3.3) and (C.3.4) give:

T =—-1",

and for 7’ being a complex numbera +ib > a =0.

Page 45:

Classical Physics: See for Example Susskind(2) page 145.

3.2 Heisenberg Equation of Motion

In this section another approach for the time evolution of the system is presented.
In (3.17) use has been made of (3.3):

|At) = T(t, to)|Ato) -

(3.16):

|A¢) = TT(t, to)1A4).

With |A;) and |At), (3.17) is obtained. The first part of (3.17):

|A;t) = TT(t, to)T(t, ty)|Aty) . (C.3.5)
(3.5)

TTT =1 - TT(t, ty)T(t,t,) = 1.

Hence, (C.3.5) can be written as
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|Ast) = |Ato). (C.3.6)
With (3.16)

|Act) = TT(t, to)|At) = |Acto) = TT(to, to)|Ato) = |Aty).
So,
|Ato) = |Acto). (C.3.7)

Plug (C.3.7) into (C.3.6)

|[Act) = |Acto), (3.17),

where use has been made of: TT(t,, t,) = 1.

The text below (3.17): “Thus, the transformation (3.16) has the effect of bringing all kets
representing states of undisturbed motion to rest.” Meaning, the operator T as a
decelerator?

Similar to the displacement operator, the rule for a general observable v is introduced.
The invariance of the expectation value (4|v|A) gives:

(A¢lvelAr) = (Alv]A) . (C.3.8)
Plug (3.18), (A;| = (A|T, and (3.16) into (C.3.8):

(A|Tv,TT|A) = (Alv|A) > v = Ty, TT >(3.19).

Note: invariance of the expectation value of a dynamic variable has not been mentioned in
section 2.8). Let’s look into it, page 39:

(Ad|vgy|Ad) = (A|v]|A).

With (2.110):

(A|DTvyD|A) = (Alv|A).

Hence,

DYv,D = v —(2.114).

In (3.21) H is introduced in (3.22) and a “bridge” between Heisenberg’s and Schrédinger’s

representation is build.
In (3.23),(3.19) is used.

Note, with (3.24),

TTvHT = TTwTTTHT = v, H,.
Below (3.28) Fp “This operator manifestly commutes with H, ...” means:

[T,H] = 0, with (3.28):

exp[—@] H — Hexp [— lH(th_tO)] =0.
Then, with (3.24)

TH—HT =0- T'TH— T'HT=0-H—-T'HT =0- H = H,.
Just below (3.30), Fp underlines the relation between the Heisenberg representation and the
Schrédinger representation. Suppose

[V,H=0=>[v,T] = vT =Tv=0->TWT -TITv=0- v, =v.
With the assumption [v, H] = 0 = v; = v, where v is the Schrédinger dynamical
observable, and (3.25), (3.31) is obtained.
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3.3 Ehrenfest’s Theorem
In this section the form of the quantum mechanical Hamiltonian is looked for.

In the introductory considerations of this section, Fp mentioned the classical product xp,,
and the Hermitian product (xp, + pxx)/2 . See also Fp, Undergraduate Course page 46.
Furthermore FP: “‘When the system in question has no classical analogue the we are reduced
to guessing a form for H that reproduces the observed behaviour of the system.” Susskind,
page 124, advised some more tools to find the Hamiltonian.

In (3.33) and (3.34), Fp presented two formulae. For example (3.33), see (2.3):
6xl OF  9x; OF _ OF

Then, with (2.22):
., OF
[x;, F(x,p)] = lha_pi ,(3.33).
To find (3.33), Fp referred to (3.32). | prefer the above approach.
Yet, | use Fp’s approach and the symmetry of (3.32), see (2.87):

x;F — Fx; = ih:—F . (C.3.9)

bi

ap; dx;  Op;

Plug x; = ihi into (C.3.9) and use the operator character?! of (C.3.9):

iF 2+ h—— hF L= in s
apl Di

S|m|IarIy, with p; = —lha—xi , (3.34) is obtained.
To find (3.37), x; = ihaipi and (3.33) are used.
(3.40):
[ (£), %:(0)] = 252 x,(0) — x;(0) 2521] (€.3.10)
Then, with the famous commutator (2.25), (C.3.10) delivers
[xe (6), %:(0)] = ==
In the commutator of (3.43), % (= ﬁzj p]?) of (3.42) does not contribute.

In (3.45), (3.25) and (3.44) are used.
Finally for this section: see also Ehrenfest’s Theorem Fp, Undergraduate Course, Section 4.5.

3.4 Schrodinger Wave Equation.
Now the state of the system is evolving with time.
For convenience | reproduce (3.10):

ih ™22 = H(t)|At).

Note: in this section H(t) = H, independent of time.

To obtain (3.48), the time evolving ket |At) has to be multiplied by (x’|, and with (3.10)
(3.50) is found.

In (3.52) the kinetic energy part representation of H, (3.49) is given, where use has been
made of:

V'2(x'| = 0. Trivial may be, however worthwhile to remember.

Below (3.58) the stationary ket is defined. For stationary kets see also Dirac § 29.

! “The operators are assumed to act on everything on their right”, Fp, Undergraduate Course , Page 45.

33



Integrating (3.57) produces (3.58). Multiply (3,58) with (x| , make use of

Y(x', tp) = (x'|Aty) - (3.59).

The solutions of Schrodinger’s time independent wave equation are found with the
conditions given in (3.61) and (3.62).

3.4.1 Intermezzo Second order Differential equation

The general solution of

y'—ay=0,

are

y = cle‘/ax + cze“/ax.

For y to remain finite forx - o0 ,¢c; =0ora < 0.

With a < 0, a wave type solution is found.

a<0-[V(x")—E]>0in(3.60).

The solutions of the differential equation for y can be found in textbooks or with help of
WolframAlpha. The first step to find the above solution for y is to try a solution like

y = e?*. Of course, ¢; = 0 is a valid solution. Then there is no need for a < 0 . The solution
for y is a decaying function of x.

End of Intermezzo.

To find (3.64) reference is made to the 1-D case.

Schrodinger’s time independent wave equation (3.55) can be transformed into the
conservation equation of the probability density (3.65).

In Fp’s Undergraduate Course section 4.3 on Normalization of the Wavefunction, the
conservation equation has been derived for the 1-D case.

In (3.68) the relation between the probability current and the expectation value of the
momentum at time t is presented.

The demonstration of the derivation of (3.68) can be found in Fp’s Undergraduate Course
section 4.5 on Ehrenfest’s Theorem.

(3.69) is derived for a potential with an imaginary part.

This can be demonstrated with the 1-D case in section 4.3 Undergraduate Course.
Instead of V in (4.13)2 use V +Im(V). Now the complex conjugate of (4.13)? produces an

additional expression [Im(V)]* . Summation of (4.13)2 and (4.14)? gives the extra term in

(3.69): “mT(V)p , p defined in (3.63).

Exercises

Exercise 3.1 About commutators expanded in power series.
The demonstration asked for are presented in my notes on section 3.3.

Exercise 3.2 About the complex potential V(x).

If the potential V(x) is complex, demonstrate ............ In my notes on section 4.3 | paid

attention to the relation between the probability current p and the imaginary component of
2

the potential 2 :(V)p .

2 This number refers to the Undergraduate Course.
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Exercise 3.3 Analysis of the one-dimensional harmonic oscillator.
Consider a one-dimensional harmonic oscillator whose Hamiltonian is

P , 1 2.2

H=—+-mw*x*, (C.E.3.1)
2m 2

where x and p,, are conjugate position and momentum operators, respectively, and m, w are

positive constants.

(a) Demonstrate that the expectation value of H is positive definite.

The eigenstates of the Hamiltonian form a complete set of eigenstates |A;) with eigenvalue

Ap .

So, the general state

|B) = Xici |4,

and

|B) properly normalized.

Then

(BIH|B) = (Xic; Li|HI X ¢ A;) = Xilei|*2; . (C.E.3.2)

Aj is positive. See Chapter 5 of Fp’s Graduate Course:
I . 1

A =E= (z + Eh“’)' (5.104)2,

wherei =0,1,2, .....

Hence the expectation value of the Hamiltonian is definite positive.
(b) Let

A= /@xﬂ Px__ (C.E.3.4)
2h 2m

Deduce that:

-[4,AT]=1.

Plug C.E.3.4) into [4, AT]:
[4,4T] = ~[py, x].

With (2.25): [x, p,] = iR,
[4,4T] = ~[pe, x] = 1.

]

-H = ho( + ATA). (C.E.3.5)
With (C.E.3.4):

bg_ L o2, PR _lpy  ipxx _ 1 5 PR i
ATA WX + e — =S+ = —mwx” + 2h[x,Px]

With [x,p,] = ik :
2 2

ATA = —mox? + 22 hw(l+ATA) =2 Zmw?x2 =H.

2h 2mhw 2 2 2m 2
In addition
H = ho (AA 2) . (C.E.3.6)
-[H,A] = —hwA.
The toolkit just developed can be used.
So, plug [4,AT] = 1and H = hw(% + ATA) into [H, A]. Furthermore, keep in mind the

operator character of A and H, then
[H,A] = —hwA is obtained.
-[H,AT] = hwAT.
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Plug [4,AT] = 1and H = hw(% + ATA) into [H, A'], then

[H,AT] = hwAT is obtained.

(c) Suppose |E) is an eigenket of the Hamiltonian whose corresponding energy is E:
i.e.,

H|E) = E|E).

Demonstrate:

-HA|E) = (E — hw)A|E).

With [H,A] = —hwA —» AH — hwA:

HA|E) = AH|E) — hwA|E) = AE|E) — hwA|E) = (E — hw)A|E). (C.E.3.7)
-HA" = (E + hw)AT|E).

With [H, AT] = hAwAT and similar to the derivation of (C.E.3.7),

HAT = (E + hw)AT|E), (C.E.3.8)
is found.

Deduce the allowed values of E are:

En = (n+)ho, (C.E.3.9)

wheren =0,1,2, ....
| start with H = ha)(% + ATA) ,(C.E.3.5), and derive the expectation value of
H—"2 = hwAtA:
hw hw hw
(E|nwAtA|E) = <E|H - |E> = (E - T) (EIEy=E -2, (C.E.3.10)
Dirac, page 137:
(E|hwATA|E) is the square of the length of the ket VAwA|E) and consequently, (C.E.3.10),
(E|nwAtA|E) > 0> E > 22, (C.E3.11)
Now, with (C.E.3.7)
HA|E) = (E — hw)A|E) .
Then,
A|E) is an eigenket of H with eigenvalue of H : (E — hw).

With positive eigenvalues and E > Tw . Consequently, the lowest possible eigenvalue is

hw

With (C.E.3.8) another eigenvalue of H, (E + hw), is obtained of the ket AT|E).
Hence,
E=124 ha)zhw(1+ l)—)El.
2 2
is an eigenvalue of H.
Since (E — hw) = E' is an eigenvalue of H, E' — hw = E — 2hw is an eigenvalue of H, etc.
Dirac, page 137: “.....which cannot extend to infinity, because it would contain eigenvalues

”

. h ) . A
contradicting E = 7(”, and can terminate only with the value 7‘0 .

Similarly, as mentioned above, since (E + Aiw) = E" is an eigenvalue of H, E"" + hw =
= E + 2hw ,etc.
Consequently, the eigenvalues are:

En = (n+)ho.
(d) Let |E,,) be properly normalized (i.e., (E,|E,) = 1) eigenket corresponding to the eigen

36



value E;, . Show the kets to be defined such that

A|E,) =Vn|E,_1), (C.E.3.12)
and

AT|E,)) = Vn + 1|E,4q). (C.E.3.13)
Operate AT on (C.E.3.12), using (C.3.E.13):

ATA|E,) = \nAY|En_1) = VnVn|E,) = n|E,). (C.E.3.14)
Operate A on (C.E.3.13), using (C.3.E.12):

AAT|E,) = Vn + 1A|E ;1) = (n + DIE,). (C.E.3.15)
Then,

AAT|E,) — ATA|E,) = [A,AT)|E,) = (n + 1)|E,) — n|E,)) = |E,). (C.E.3.16)
Hence,

(C.E.3.16)— [4, AT] = 1.
So, the definitions of the kets “works”.
With (C.E.3.13)

At (ah? (ahr
AM\En_1) = Vn|Ep) = |Ep) = =lEn-1) = ﬁﬁn—ﬂ = ="1E). (CE3.17)

Exercise 3.3 Intermezzo Dirac’s Ladder Up and Down
| start with the relation between the operators of Dirac and Fp:

n = iAf,
and
1 = —iA.

| neglect the imaginary factor.

Dirac, page 137, eq. (9):

[4, (a1)"] = n(a)"". (C.E.3.18)
| will proof (C.E.3.18) by induction.

Multiply [A, (AT)n] = n(AT)n_l to the left with AT:

AtA(AN)" — (41" 4 = n(at)" (C.E.3.19)
Plug ATA = AAT — 1 into (C.E.3.19):

(a4t —1)(aM)" = (41" "4 = n(ah)",

and the result is

[4, (41" = m+ (41", qep.

On page 137 Dirac demonstrated the operator A to lower the eigenvalue with one unit and

the operator AT to raise the eigenvalue with one unit.
Now, with (C.E.3.18)

A(AN)|Eo) — (A1) AIEo) = n(At) " |Ey). (C.E.3.20)
With

A|Eg) =0,

(C.E.3.20) results into

A(AN)"|Ey) = n(A) " |Ey). (C.E.3.21)
Multiply (C.E.3.21) to the left with (E,|A™"! and use [(AT)"]T = A™:

<EO|A”(AT)n| EO> =n <EO|A”‘1(AT)n_1| E0>. (C.E.3.22)
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Then, with (C.E.3.22) and (Ey|E,) = 1

<E0|A"(AT)"|EO> =n(n—1) <E0|A"‘2(AT)n_2|EO> = oo = nI(Eo|Ey) = n! .

Hence the kets

(AT)n|E0) have to be multiplied by (n!)l/2 to become properly normalized:

E,) = (n))~Y2(A1)"|E,), (C.E.3.23)
as already demonstrated in (C.E.3.17).

Let’s find out about (C.E.3.13) in a slightly different way.
ATlEn) =Vn+ 1|Ep41)-
in a slightly different way.

Multiply (C.E.3.23) with AT:
n+1

ATE,) = ()2 (A1) Ey). (C.E.3.24)
With (C.E.3.24):

(A1) |Eg) = (n1)2AT|E,) -

(C.E.3.23)for (n +1):

|Eps1) = [(n+ D)1772(41)" 7 |Ey). (C.E.3.25)
Plug (A7) |Eo) = (n1)ZAT|E,,) into (C.E.3.25):

|Ensa) = [(n + DI Y2(n)7AT|E,).

So,

ANE,) = () Z[(n + DIV2|Enyy) = [0+ 112 |Epyy).

Can | deduce (C.E.3.12) in a direct way with (C.E.3.23)?
With (C.E.3.23):

|Ep_y) = [(n = DIY2(A1) " |Eg) > |Eny) = (A1) Va[n!]/2(41)"|Eo) -

-1
= |E,—1) = (A1) VnlE,). (C.E.3.26)
The next step is to multiply (C.E.3.26) with vn:

-1
n(A") "|E,) = Vn|En_4). (C.E.3.27)

Does the operator n(AT)_lin (C.E.3.27) equals A?
| come back to that later on.

| assume (C.E.3.12), A|E,,) = Vn|E,,_1), to be correct.
With, (C.E.3.23):

AlE,) = A(n))"2(A1)"|Ey). (C.E.3.28)

Furthermore, the expression on the left hand side for |E,,_;), given in (C.3.E.26),is used:
_ n-—1

|En—1) = [(n — 1] 1/2(AT) |Eo).

Multiply the latter expression with v/n and another expression for A|E,,), (C.E.3.12):

A|E,) = a[(n — D12 (A1) |E). (C.E.3.29)

So, there two expressions for A|E,) — (C.E.3.28) and (C.E.3.29).

Equating both expressions:

Val(n — DI-v2(at)"" = A(m)~12(41)" > ya@m)2(at)" " =
= A[(n — DY2(41)" 5 n(aD)"" = a(4h)",
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and
A(AT)"|Eo) = n(AT)" " |Eg), (CE3.20),
has been found again.

Next: (C.E.3.18)

[4,(4N)"] = n(41)"" - [A(A1)" — (41)"A]1Eo) = n(A1)" | Ey).

With

A|E,) =0,
(C.E.3.30) results into

A(AT)"|Ep) = n(AT)" "|Ee) = n(AT) (A7) |Eo).
Above | raised the question:
does the operator n(AT)_1 equals the operator A?
Let’s analyse n(AT)_1 |E,,), (C.E.3.27).
With (C.E.3.23), n(AT)_1|En) can be written as:
n(A1) 7 |E,) = n(n)~2(41)" " |E,).

Use (C.3.3.21):

n(AN) 7 |E,) = n(n))~¥2(41)" 7 |Ey) = (n1)"V2A(AY)"|Eo) = A|E,) .

n(AJf)_1 = A, operating on the ket (4")"|Eo).

| return to (C.E.3.23):
_ n

|En) = (n)™/2(A7)"|Eo) -
|E,) is normalized.
Consequently, with (C.E.3.23):

1 n
(EplE,) =1= E<E0|A”(AT) |EO>.
In addition
<E0|E0> = 1.
Hence,
—An(AN)" =1,andn =1 - 44T = 1.
n!
Reminder:
[A4, AT|Eo) = AAT|Ey) = |Ey), since A|Ey) = 0.
(C.E.3.18):
A(AN)"|Eo) — (A1) AlEo) = n(A1) " |Ey).
Multiply (C.E.3.18) with A" 1 :

AM(AT)"|Eg) — AP 1(A1)" A E) = nA™ 1 (AT)" T |Eg) - n! |Eo).

Then,

1 n

;An(AT) |Eo> = |Eo)-

Hence, the eigenvalue of the operator
1 n

—A"(AT)" = 1.

End of intermezzo.

Exercise 3.3 (e)

(C.E.3.30)

(C.E.3.31)

(C.E.3.32)

(C.E.3.33)

(e) Let the Y, (x") = (x'|E,) be the wavefunctions of the properly normalized energy

eigenkets |E,).
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Given that

A|E,) =0,

deduce that

(x + Xo dx )I'bo = 0

where x, = (A/mw)*/?.

With
— |mw i Px
A= X + lm,(C.E.SA) ,
and
d
Dy = —lhﬁ,
1 [x' d
>4 =55 +xgp)
Since

A|E,) = |0), the “null” vector,

(x"|A|Eq) = (x"|0) = 0.

Furthermore

PYo(x') = (x| Ep).

What about

Ao (x') = A(x'|E)?

Dirac dealt with this question, page 139, with (C.E.3.35)

/ — 0= (x| (X4 5.2
(x'|A|E;) =0 = <x (xo + X dx,) |EO>.
Actually, Dirac:

B,

d x'

(x'|A|Eo) = 0 = <x o o + =

Is there a difference between (C.E.3.37) and (C.E.3.38)? | do not think so.

Then, with (C.E.3. 38)
xo = (x' | Eo) +—(x |Eo) = ( + X0 =) o = 0, (C.E.3.34)
So,
! d
(2 +x0-) o =0, (CE334).

Xo
This differential equation can be solved:
_1x2
%1/’0 21/)0 -y = Ce o) ,

where C is the constant of integration deduced from:
5 Wol2dx' =15 ¢ =—=

n1/4xé/2 .

Hence

1 ——(—)2
Yo = ”1/4—’53/28 2o
(C.E.3.23):

_ n

|En) = (n)~2(AT)"|Ey),
and

Pn(x") = (x'|Ey) = (n)"Y2(x'|(A1)"|E).

Using Dirac’s approach:

Pn(x) = (n)"2(AN) " (X' |Ey) = (n1)"2(A1)" o (x).
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Furthermore

T = /ﬂ —jPx
A X Lm,(C.E.SA),

and
., d

Px' = —ih dx'’ .

=1 r_ .2 %
—A4 XoV2 (x *o dx’)'
Then,

, 1 , d . -y

Yn(x) = 711/4(2nn!)1/2x(7)”1/2 = xg ﬁ)ne A (C.E.3.39)
Remark:

- As mentioned by Mahan, the differential equation representing the harmonic oscillator has
a solution in terms of Hermite polynomials. This is related with the potential of the oscillator
existing for all space. (C.E.3.39) represents the Hermite polynomials (Mahan page 31).

- Susskind, pages 338 and 339, shows the series of solutions for the wavefunctions i, (x")
with help of the operator iA', equal to the operator defined by Dirac.

Then, i.e.,

P, (x") = iATP,(x"). The difference with Fp is a phase factor e™™/2 .

Exercise 3.4 The one-dimensional Harmonic oscillator: Matrix elements.

Consider the one-dimensional quantum harmonic oscillator discussed in Exercise 3.3. Let |n)
be a properly normalized energy eigenket belonging to the eigenvalue E,,.

Show that:

’ h
- (n'|x[n) = /%(\/ﬁ%'n_l +Vn+ 18,041)-
With

_  |mw . Dx
A= / o X + e (C.E.3.4),

’h
= | t
x > w(A+A).

Consequently

(n'|x|n) = /ﬁ(n’M + Af|n) = /ﬁ((n’IAIn) + (n'|AT[n)). (C.E.3.40)

With the information of Exercise 3.3:

ATln)y =vVn+1n+1),

and
Aln) =Vnln—1) .
Plug these expressions into (C.E.3.40):

! h ! !
(n'|x|n) = /m((n [Vnln— 1) + (n'|Vn+ 1|n + 1)). (C.E.3.41)
Since the kets |n) are orthonormal, (C.E.3.41) results into:

h

(n'|x|n) = /% (VN + VN + 18,,41) - (C.E.3.42)
Furthermore
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(x)3 = (n|x|n) =0, (4) = 0 and (4A™) = 0.

, ., |mh
-(n'|pxln) = i /%(—ﬁanrn_l + Y+ 16pp41) -
With

, (C.E.3.4),

Px = i T(—A + AT).
Consequently,

(n'|pgIn) =i / (n'|-A+ Afn) =i mh“’( (n'|Aln) + (n'|AT|n)). (C.E.3.43)
The, with results given in (C.E.3.41) and (C.E.3.42), (C.E.3.43) becomes

(n'|peIn) =i /mThw(—\/H(Snrn_l +Vn+ 168,141), (C.E.3.44)
and
<px> =0.

. h
-(n |x2|n) = %[ n(n— 1)5n’n—2 + \/(Tl + D+ 2)é‘n'n+2 + (2n+ 1)6n'n]'
With

x = / (A+AT)and [4,AT] = 1:

= [A2 + (A1) + 44t + ATA] = 4% + (41)" + 2414 + 1], (C.E.3.45]
The jOb can be done.
However, with (C.E.3.41) and x = /i (A + A):
(n'|x%n) = -—[(n'|(A + AWn|n — 1) + (0'|(A + AT)Vn + 1jn + 1)].  (CE3.46)

Then again W|th mformatlon of Exercise 3.3

ATlny =Vvn+1n+ 1),

and
Aln) = \/_In —1):
(n'|x*|n) = s—[(n |A\/_|n — 1)+ (n'[AtVnln— 1) + (W'[AVn + 1|n + 1) +

| ANTT T+ 1) = 2 [{o |G| — 2) + (o [Vivaln) +
+(n'|WVn+1vn+1|n) + (0’ [J(n + D(n+ 2)|n + 2)] -
- (n'|x?|n) = ﬁ[ nn—1)8,m_p + V(M + D+ 2)8,p40 + 20+ 1)8,1,,].
(x?) = ——(2n+1). (C.E.3.47)

, h
(' [pa2In) = 22 [l = Dby — @ F D F DByimey + 20+ Dy,
| the result for (n’IpxIn) and rewrite (C.E.3.43)

(n'|p,In) =i (—=(n'|[Vnln— 1) + (n'|[Vn + 1|n + 1)). (C.E.3.48)

3 In chapter 4 Undergraduate Course {x) = f_oooo x|Po|?dx = 0, with the Gaussian distribution centred around
x=0.

42



. |[mhw

Plug p, =1 -
results into:

(n'|py2In) = mThw [—\/n(n —1D)8prpy =M+ 1D+ 2)8,40 + 2n + 1)6nrn].

mhw

(p?) =——(C2n+ D). (C.E.3.49)

(—A + AT) into (C.E.3.48). Following the procedure applied to (C.E.3.46),

- Deduce that

((A0)2)(8p)?) = (n +5)?h2. (C.E.3.50)
Given:

Ax = x — (x) = x,

and

Ap, = px_<px) = Dx-
Then, with (C.E.3.47) and (C.E.3.49):

h h

(AX)2N(Bp)?) = (x2)py?) = ——(2n+ 1) 220+ 1) = (n+5)2A2
In addition, with (C.E.3.45) and (C.E.3.49):

2y — M t_1y=_"_
(x?) = —— (2441 — 1) = —(2n + 1),
and
(p?) =22 (2447 - 1) =2 (2n + 1),
(AAYY =n+1,
and.
(ATA) = n.
(C.E.3.5)

H = ho(; + AtA),

this illustrates the relation between the Hamiltonian and the raising/lowering operators.

In section 2.7, Fp presented the Heisenberg Uncertainty Relation:

((AX)2)(Bpx)?) = 7 A2, (2.102).

For the Harmonic oscillator the uncertainty relation is

((A0)?)(Apx)?) = (n +3)2h?, (C.E3.50).

Consequently, for the Gaussian distribution (n = 0) , as mentioned by Fp below (2.102), the
Uncertainty Relation is:

(Ax)2)((Ap)?) = 2.

Exercise 3.5 Analysis of the Hamiltonian of a particle in one dimension.
Consider a particle in one dimension whose Hamiltonian is
_ P’
H= ot V(x).
By calculating [[H, x], x], demonstrate that
hZ
Znlnlx|n)|? (Ep — En) = —, (C.E.3.51)

where |n) is a properly normalized energy eigenket corresponding to the eigenvalue E,, , and
the sum is over all eigenkets. H|n) = E,|n).

[[H,x],x] = (Hx — xH)x — x(Hx — xH) = Hx* — 2xHx + x*H . (C.E.3.52)
Reminder: an operator works always on “something”, i.e., |n) .

. d?
So, withp, 2 = — zﬁ:
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2

Hx? = -2 4 x?H,
m

and

2xHx = 2x°H .

With these results, and (C.E.3.52):

[[H,x],x] = . (C.E.3.53)

m

Exercise 3.5 Intermezzo Operator Algebra

In the section on Conservation of Energy, Susskind mentioned the condition for (Q) not to
change is:

[Q,H] =0.

Susskind continues: “We can make the statement stronger. Using the properties of
commutators, it’s easy to see that if [H, Q] = 0, then [Q?, H] = 0, or even more generally,
[Q™ H] = 0, for any n. It turns out that we can make a stronger claim: if Q commutes with
the Hamiltonian, the expectation value of all functions of Q are conserved. That’s what
conservation means in quantum mechanics.” In Noordzij(4), | did prove above the statement.
What about [H, x?] =?
Taken into account the statement of Susskind, | would expect : [H, x2] = 0.
Alas, | found above, with

% d?
H——%?ﬁ'V(X), i
Hx? = -2 4 20 5 [Hx?] = -1
m m

End of Intermezzo.

Exercise 3.5 Continued on the application of [[H, x],x].
Now, what about

2

Salnlxn)? (Ey — Ey) = 12
The identity operator, Y.,,.|n){n| = 1, will be used.

an(n|x|n>|2 (En' - n) = Zn(nlxln)(nlxln) (En' - n) =

= Yn(nlx|nn|x|n) Ep, — (n]x X [N |xEp|n) =

=Y. (nlx|nXn|x|n) E, — (n|x*H|n) . (C.E.3.54)
The next one:

Yninlx[n ) n|x|n) Ey, ?

Ynnlx|w)in|x|n) Ep = YninlxEy [nKnvlx|n) = Xp(nlxH )X n|x|n) . (C.E.3.55)
With

[H,x] =0, (C.E.3.55) becomes

Yo (nlHx|w){w|x|n) = (n|Hx?|n). (C.E.3.56)
(C.E.3.54), (C.E.3.56) and

(nlHx?|n) — (nlx*H|n) = (n|Hx? — x*H|n) = -2,
Alas, this result differs a factor —2 from (C.E.3.51).
Somewhere down the road | made a mistake. | do not know where. The only thing | can think
of not to be allowed to use the identity operator in (C.E.3.56).

| will use a different approach for (C.E.3.54).

Plug into (C.E.3.54), (n’|x|n) = /ﬁ (Vn8,rp_q + N+ 18,,,1), for both E,,, and Ej,:

ﬁ{[n +(n+ DIEpoq + Enia] = [n+ (n+ D]E,]. (C.E3.57)
With
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1
E, = hw (n + 5),
(C.E.3.57) becomes:
h? 2 _ 1 2 h? 2
—|n+1? -3 @n+1)?| = (4n? + 4n +1). (C.E.3.58)

hZ
Nowhere near —.
2m

There is more. As an alternative | will use for (n|x?H|n) in (C.E.3.54):
E,(n|x?|n) given in (C.E.3.47)> E, % (2n 4+ 1). No surprise, this leads to the same result

as given in (C.E.3.58).
| leave this exercise.

Exercise 3.6 The Hamiltonian and the Displacement Operator.

Consider a particle in one dimension whose Hamiltonian is
2

H= Zim + V(x).

Suppose the potential to be periodic:

Vix—a) =V(),

for all x. Deduce that

[D(a),H] =0,

where

D(a) = ePxa/h,

[D(a),H] » (DH — HD)Y(x) -

hZ dZ 2 d2

h

- — %ﬁDlp(x) + D[V(x)yY(x)] + Pvbar: DY (x) — V(x)Dy(x). (C.E.3.59)
WithV(x —a) =V(x) > V(x) =V (x + a).
DV (x)DT = DTV (x)D - DV = VD. (C.E.3.60)
Plug this into (C.E.3.59), using (2.126), p,, = ihD

h? d? h? d?
— == DY() + DIV (0] + 5= Dp(x) = V(D (x) = 0.
Hence, show that the wave function of an energy eigenstate has the general form:
Y(x'") = e > y(x"), (C.E.3.61)

where k' is a real parameter, and u(x’ — a) = u(x") for all x’. This result is known as the
Bloch Theorem.

In Exercise 2.4, | presented the results:

where u(x’ + a) = u(x") forall x’.

ulx"+a)=ulx") - ulx") =ulx'—a).

| assume Y(x') = e’ u(x") to be correct. Does this lead to a contradiction?
Plug into (C.E.2.14)

x' - x'+a.

Then,

W'+ a) = e Hay (' 4 q) = etk ek y(x") = etk ay(x"),
where e'® is 3 phase factor.

Remark

[D(a),H] =0,

the displacement operator and the Hamiltonian have the same eigenstates.
Remark:

45



In Exercise 2.4 | demonstrated |A) to be an eigenket of D(a).
Can the corresponding wave function, Y, (x") = (x'|A) , be written as:

Wa(x") = e’ *'y(x")? This is demonstrated by the substitution x’ = x + a.

Hence the wavefunction of an energy operator is equal to
P = e > y(x).

This | conclude from [D(a), H] = 0.

With

[D(a), H]Y" =0,

this can be demonstrated.

Exercise 3.7 About the Heisenberg equations of motion and the ladder operators.

3.7 Consider the one-dimensional quantum harmonic oscillator discussed in Exercise 3.3.
Show the Heisenberg equations of motion in terms of the ladder operators 4 and A™.
The ladder operator

mo . Dy
A= |—
2h x+i 2mwh’

—_m — |me . Px(0)
A(t=0) = ’2hx(0)+1\/—M'
Furthermore, | will use the results of exercise 3.3:

[H,A] = —hwA,
and
[H,AT] = hwAT.

Using (3.23), displace the general observable and
[4,H] = hod = ihi—f.

Hence

2 = —iwA— A=At = 0)e~iet

and

t ,
E- = iwAt - AT = AT (t = 0) el

The position operator

x = /ﬁ [A(0)e~i@t + AT(0)eiet].

The momentum operator

pe =i " [~A0)e it + AT(0)e™ "]

Use the goniometric relations and
P (t) = p,(0) cos wt — x(0)mw sin wt,
px(0)

x(t) = x(0) cos wt + — —sinwt.

Exercise 3.8 About the time independent Schrodinger equation and the Virial Theorem
Consider a one-dimensional bound state. Using the time-independent Schrodinger equation,
prove that

Ly = E—(v),

2m
and

(L) = —E+ () + (x D,
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Fp mentioned the stationary wavefunction to be real.
The Hamiltonian:

H=2 4y
= % + (x)
Schrédinger equation:

HYy = Ey.
Then, | find for the expectation value:
(H)=E:

V@) =E ~ (&) = E— V().
Now | evaluate

[H, xpx] .

[H,xpy] = Hxpy — xpxH = xHp, — xpxH + Hxp, — xHp, ,
where | added and subtracted xHp,,.

Then

2
[H,xp,] = x[H,p,] + [H, x]p, = ihxi—z - ih%" ,( www.en.m.wikipedia.org ,Virial

Theorem).
Now,
x[H,py] + [H,x]p, = 0.
Then
2
ihx & — ih 22 = o,
dx m
Consequently
pEy _ 1.4V
<2m) T2 (x dx)'

In this exercise, | should have proven in the first place
PE\ _ av
(% =—FE+(V(x))+(x dx).
| did not do that.

Subtract

%) — E — (V(x)) from 2 %) = (x2) and

() = —E + (V@) + (x 2D),

is found.

4 Orbital Angular Momentum

4.1 Orbital Angular Momentum

See The Undergraduate Course Chapter 8, Fp.

Consider a particle described by Cartesians coordinates and their conjugate momenta.

The important equations for angular momentum are given in (4.8)-(4.10).

These expressions are summed up by (4.11). Well, to what avail?

To demonstrate (4.16)

[Li, Lz] =LyLyLy —LzLyLy = LyLyL; — LyLzLy + LyL;Ly — LyLyLy —

- LX [LX' LZ] + [LX' LZ]LX'

With (4.10), (4.16) is obtained.

The remark on top of page 59 is mathematically summarized on page 104 of The Undergraduate
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Course. The commutator [L?, L, ] = 0 is presented in Eq.(8.11) of this Course.
To demonstrate (4.22), with (4.9), (4.10) and (4.20),

[L*,L,] = [Ly,L,] +i[Ly,L,] = —ihL, — hL, = —hL*.

Since

[L2, L] = [L% Ly] =0,

[L?,L*] = [1%L7] = 0.

4.2 Eigenvalues of Orbital Angular Momentum.

See The Undergraduate Course Chapter 8, Fp.

(4.32) is found by using:

LY =L%1%.

This expression is found with the commutators [L?, L, ] = 0 and [LZ,Ly] = 0.

(4.33) and (4.34) compare with (8.34) and (8.36) of The Undergraduate Course.

Top of page 60:

(B|B) as mentioned by Dirac, can be considered as the length of the ket |B). Consequently,
(B|IB) = 0.

(4.33) implies that

LY|,m) < |l,m + 1).

In The Undergraduate Course §8.4, page 106, Fp writes: “We, thus, conclude that when the
operator L, (= L") operates on an eigenstate of L, corresponding to the eigenvalue mh it
converts it to an eigenstate corresponding to the eigenvalue (m + 1)h. Hence, L, is known
as the raising operator for (L,). To me, this formulation explains the action of L* in a clear
way.

(4.35), with (4.23) and (4.25):

L,L7|l,m)=(L"L, + [L,,L7]|,m) = (L”L, —hL7)|l,m) = (m — Dh|l, m),

explaining the action of the lowering operator L™.

(4.37) follows from

L7|0) = |0),

since the square of m in (4.31) indicates also a lower bound for m .

(4.44) follows from (4.25) and (4.43).

In (4.48) note

()™

At the end of section 4.2, Fp summarizes the results of the eigenvalues of orbital angular
momentum.

4.3 Rotation Operators

In this section a particle is described by spherical polar coordinates.

Also Undergraduate Course §8.3 Representation of Angular Momentum, Fp.

(4.61) is completely similar to (2.127).

At the bottom of page 64, Fp mentioned a rotation about the x-axis does not commute with
a rotation about the y-axiswith (4.68) and (4.68) we have

r ) = Lt

Using (4.8) the above expression becomes:
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[L 'Lx]A(P Apy i
[RX'R)’] === h2 > = %LZA(pyA(px ’

illustrating the non-commutating character of the rotation.

4.4 Eigenfunctions of Orbital Angular Momentum.

Fp presented the three components of orbital angular momentum in Cartesian coordinates. The
transformations on page 65 can also be found in the Undergraduate Course pages 105-106 and for
spherical harmonics see pages 110-114.

For the functions discussed in this section see for example Abramowitz, M. and I.A. Stegun and
Chisholm, J.S.R., and R.M. Morris.

Spherical harmonics and quantum mechanics are also dealt with by Mahan in chapters 4
and 5.

(4.87), Fp assumed the wave function Y (r, 8, @) to be separable.

So, with (4.86),

L2Y(1,0,9) = R(r)L2Y (0, 9) = Ah2R(r)Y (8, ¢) — L?Y(6,¢) = Ah?2 Y (6, ¢).(C.4.4.1).
Then, with (4.85) and (C.4.4.1), (4.88) is obtained.

Remark:

(4.89) P, (cos @) should be P, ,,,(cos 8) . A typo, | suppose.

| assume this separation works for the Schrédinger equation in spherical coordinates.

As mentioned by Fp, in this section 4.4 the results of section 4.2 have been reproduced.

4.5 Motion in Central Field.

Consider a particle of mass M in a spherical symmetric potential, for example a Coulomb
potential.

Fp analysed the Schrodinger representation.

Just below (4.98): p = —ihV instead of p = —%V . A typo.

(4.102): the Hamiltonian commutes with all three components of angular momentum. For
example: [Ly, H]. With (4.101), (4.80) operating on (1,8, ¢) = R(r)Y (6, ¢), the result is
(R[S (L, L7 — PLJY (6, 9)].

Since

L% — 1%L, =0,

(4.102) is found.

In the same way (4.103) is obtained. As mentioned by Fp, angular momentum and its
magnitude squared are constants of motion: (3.31).

Just below (4.104) Fp states : “...we already know the most general form of the wavefunction
..... isyY(r,8,9) = R(r)Y (6, p).” Well, what | understand is that the separation works.
Plugging (4.105) into (4.101) and use (4.93), the differential equation for the radial
component R(r) of the wave function is obtained.

In The Undergraduate Course Fp presented in section 9.2 the differential equation for the
radial component R(r) of the wave function. In section 9.4 of this Course, Fp analysed the
central potential for the Hydrogen Atom. Mahan dealt with the subject of Coulomb
Potentials in section 5.4.

49



4.6 Energy Levels of Hydrogen Atom.

The Hydrogen atom is a typical example of a central potential.

Since the orbital eigenfunctions are found, the next step is the evaluation of the radial part
of the wave function. See also The Undergraduate Course(Fp) §9.4.

Page 69,(4.112). The exponential function e™ is given here. However, for the behaviour at
large r the differential equation (4.109) reduces to

d’P | 2uE ,
F+h_2P_O'E<O'

A meaningful solution of this differential equation is

_ [euiEL,
2 _ —
Pxe V12 =eT/a

or

| [fwEL
R(r) x-—e V¥ =—g7T/a
r r

This result for P = r(Rr) represents the exponential part of P(r) of (4.112). See also
Mahan, page 120.
Note: this indicates the dependence on the power series f(y) has to vanish for large r .
Keep in mind, there are two terms in (4.115) with y™~2 and a coefficient c¢,,_. This results
into the right-hand side of (4.116).
As mentioned by Fp, the series presented in (4.114)must terminate at small n in order to
find a physical behaviour for P(r) as presented in (4.112). This results into a ny,;, = [ + 1.
This makes ¢,,_; vanish.
Again, let’s analyse the differential equation for small r:

dzp l(l+1)P —0.

dr? r2
The meaningful solution of this differential equation is
Por*t - n,. .. =1+ 1.See also Mahan, page 120.
Now for large values of r. As mentioned above, something must be done with the series y™
in (4.114). So, if not, (4.112),
lim f(y)exp(~y) = .
Consequently, for some maximum value of n, ¢,, has to vanish.
At the bottom of page 69, Fp presented, for large y, the ratio of successive terms,(4.117), in
the series (4.114) according to (4.116). Based on that result Fp obtained the maximum value

of n, (4.119).
According to (4.116) | find:

2peZa
Cn 4megh? _ ( _)
cner nn-1)-10+1) = nn-1)-1(0+1) n’’

2(n—-1)—

2a
2(n-1)—2¢ )

Note: | suppose Fp meant for n > Z—a
0
Another approach is to analyse the differential equation (4.113) for large y :
2
CL_ o4 g
dy? dy

The solution for f resulting from this differential equation is:
lim f o exp(2y).
y—)OO
The series expansion of exp(2y) gives the tool to find the maximum value of n.
The expansion is presented in (4.118). Now, for ¢, = 0 in (4.116), (4.119) is obtained:
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2 2
n—1= 4’:6022 orn= 4’:;; = a% , (4.124).
This result gives for c,,:
cpinin—1) =1L+ 1)] =cp_q1[2(n—1) — 2n] = —¢,,_4.
As mentioned above Mahan analysed the cases for r = 0 and r — oo. Then Mahan defined a
function, in the notation of Fp,
P(y) =y"*'G(y)e™,
where
fO) =y*16(e™.
P(y) = y"*1G(y)e™ reflects the behaviour of P(y) for small y and large y respectively.
Plugging the expression for P(y) into the Schrédinger’s equation results into a standard
differential equation which are satisfied by the hypergeometric function(Abramowitz and
Stegun). See for this the analysis by Mahan §5.4.2 on Confluent Hypergeometric Functions
and §5.4.3 on Hydrogen Eigenfunctions.

Exercises

Exercise 4.1 Application of the fundamental commutators for angular momentum
Demonstrate directly from fundamental commutation relations for angular momentum,
(4.11), that

-[L4L,]=0.

The general expression for commutators is used:

[A%2,B] = A’B — BA? = A’B — ABA + ABA — BA? = A[A,B] + [A, B]A.

[L%,L,] = [L2 + L2 + L2,L,] = Ly[Ly, L,] + [Ly, L,]Ly + L, [L,, L,| + [Ly, L)Ly +
L,(L, L]+ [L,L,0L, = Ly[L,, LZ] + [Ly, L )Ly + Ly[Ly, L, + [Ly, L ]L,.  (C.E.4.2)
With the fundamental relations (4.9) and (4.10), (C.E.4.1) is:

[L%,L,] = ih|Ly, L] + iR[Ly, L,] = 0.

- [ + z] - _hL+

[L*,L,] = [Ly +iLy, L,] = [Ly, L,] — i[L,, Ly]. (C.E.4.2)
With (4.9) and (4.10), (C.E.4.2) can be written as

—h(L +iL,) = —hL*.

[L7,L,] = [Ly —iLy, L,] = [Ly, L] + i[L,, Ly). (C.E.4.3)
Then, 5|marI|Iy to (C.E.4.2), (C.4.1.3) can be written as

A(Ly —iL,) = AL,

-[L*,L7] = 2hL,.
[L*,L7] = [ Ly + iLy, Ly — iLy]| = i[Ly, L] + i[Ly, L] Swith (4.8) > 2AL,.

Exercise 4.2 Orbital Angular Momentum expressed in spherical coordinates.
Demonstrate from Equations (4.74)-(4.79) that the orbital angular momentum components
can be expressed in spherical coordinates.

In section 8.3 of The Undergraduate Course Fp writes: “It follows, after some tedious

analysis, that ....”. Then, Fp presented — i %,(8 23)-(8.24). A tedious analysis indeed. By
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plugging the expression for the derivatives into (4.74)-(4.76) the expressions for the
components of orbital momentum in spherical coordinates,(4.80)-(4.82), are obtained.

Exercise 4.3 Expectation values of Angular Momentum Components.

A system is in the state (6, @) = Y, (6, @).

Evaluate:

-(L,). See also Exercise 1, Chapter 8 of The Undergraduate Course.

(L) = $P"Loapd 2 .

L, is given by Eq.(4.80) and the wave function is the spherical harmonic. So, we can do the
job. I also assume the eigenstates of L, and L? are given by Eqgs.(4.82) and (4.85)
respectively. This remark is made since the real world does not depend on a coordinate
system and L, could be considered to represent L, .

With Eq.(4.20) we have:

L _ LY+
X2

We know how the raising and lower operators act on the spherical harmonic: Egs.(8.43) and
(8.44) of The Undergraduate Course or The Graduate Course (4.55) and (4.56)
Then (L, ) becomes, with (4.51), (4.52),(4.55), (4.56){or(4.96) and (4.97)}, and orthogonality:

(L) = $9p*(L* + L7) 5 pd2 =
1 * — *
=3 [¢ C;-mYl,m Yim+1dQ + fﬁcl,mYl,m Yim-1d2] =0.
Reminder: when using L, of (4.80), in (4.89) P, ,,,(cos ¢) should be P, ,,,(cos 8).
In addition we conclude Y; ,,,(8, @) not to be an eigenfunction of L, .

That is a surprise, since [L?, L,] = 0 and consequently Y; ,,(8, ¢) is an eigenfunction of L, ?
See section 1.13: Eqgs.(1.63)-(1.67).

- (Ly).
LL—L*
Ly =1
Similar to (Ly), (L)) = 0.
Note: operating L, on Y, ,, (6, ¢) with (4.89):
Ly Y1 m(6,9) # aY,,,(6,9),

where a represents an eigenvalue.

-(L%).

I2 =2 (L2 + L L™ + L°LF + (L)?) .

We need to investigate L*L™ and L"L* .

The other two terms in L2 do not contribute, since (L,) = 0.
First , L¥L™ , with Egs.(4.51), (4.52), (4.96) and (4.97):

$p*(L*L7) 5 $dQ =7 ClonCimes -

Then , L™L*, with Egs.(4.51), (4.52), (4.96) and (4.97),:
$*(L™LY) 5 $dQ =7 CfrnCimes -

Hence (L%) = i(c[mcfm_l + CmCimet)-

With Egs.(8.15) and (8.16) of The Undergraduate Course(Fp):

52



LYl + LI = 2(L% — 12),
we again find the above result for (L2) .
With Eqs.(4.51), (4.52), (4.96) and (4.97), :

1 _ _ 1
<L§c> = Z(cl,mcl-fm—l + Cl-i,-mcl,m+1) = E (l(l + 1)h2 - mzhz) .

- (L%,).

= (L2 = (L™ + L) + (L)),
Hence
(L )= ——(l(l + 1)h? — m?h?).
Rremark:

This exercise could have been done with (4.80) and (4.95).

Exercise 4.4 About the Raising and Lowering Operators and the Spherical Harmonics
Derive Equations (4.96) and (4.97) from Equation (4.95).

To solve this problem | will use the expression in spherical coordinates for the raising and
lowering operators respectively, (4.83).

In (4.95)
dPim _ dle df _ 9 dPim
a6~ df do sin ag -’

Since | demonstrate the raising operator L*, | will use the expression in (4.95) with P}, 41.
Now,

Zl+1 (I-m)
L*Y,,, = he'® —+Lcot9—) S (l+m)'( 1)™e!™ep, . (cosH) (C.E.4.4)
After performing the differentiation in (C.E.4.4), the result is
L+ Y, =—h ’Zl+1 8+2;: 1)m+1ei(m+1)(ppl a1 (COS0). (C.E.4.5)

The last step is to rewrite ’g n (C.E.4.5):

\/(l—m—l)!(l—m)!(l+m+1)! _ \/(l—m—l)!\/(l—m)!(l+m+1)! _ \/(l—m—l)! 0+ m)(l _(m+ 1))]1/2

(I+m+1D)!(I-m-1)!(1+m)! (1+m+1) A\ (1+m)!(I-m-1)! (I+m+1)

and this gives

(l—m—l)! _ 1/2 _ (l—m)!

et D) [l(l+1) —m(m+ 1] = /—(Hm)! . (C.E.4.6)
Plug (C.E.4.6) into (C.E.4.5) and (4.96) is obtained.
(4.97) for the lowering operator is found in a similar way.

Exercise 4.5 Eigenvalues and eigen functions of Ly

Find the eigenvalues and eigenfunctions (in terms of the angles 8 and ¢) of L,..

In Exercise 8.2 of The Undergraduate Course (UC) (Fp), the eigenvalues and eigenfunctions of
L, are derived. Some of the results presented there will repeated here.

As found in Exercise (4.3) Y; ,,(6, ) is not an eigenfunction of L,.

A general function F (8, ¢) could do the job. It should be a continuous function. In that case
F (6, @) can be expressed as a series of spherical harmonics, Eq.(C.8.E.5)- (UC):

LyF(6,¢) —-(L++L )Im=LianYim (6, ¢) =
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= %az_lh\/ﬁYu + Zm_l—l-lu (@m+1Cim + Am-1C1m) Yim +o 5 - 1+1MV21Y, ;. (C.E.A7)
To find the eigenvalues, | deflne the eigenvalue equation

L,F(6,¢) = hAF(6,¢) = hA m__lamYlm(H, b)), (C.E.4.8)
where A represents the factor for the eigenvalues.

The next step is to equate the coefficients of ¥; ,,, in (C.E.4.7) and (C.E.4.8), with Eqs.(4.51)
and (4.52). Then, 21 4+ 1 equations are obtained:

Aa, = %al_ﬂ/ﬂ,
Aal_l = %(\/ﬂal + V4l - Zal_z),
Aay_, =5 (VA= 2a;_; + V6l — 6a,_3),

Aha,, (am+1Cle + am-1C m)
,/l(l+1
(a; +a_q),

Aa_jyq = (V4l 2a_14, +V2la_y),
Aa_l = Ea_Hl\/—.

These are 21 + 1 expressions and with —I < m < [, the eigenvalues are found.
The expression for A is expected to be:

A(A2 - 1)(A%2—4)(A%-9) ....(42 - [1 - 1]H) (A2 - 1?) =0,

with the eigenvalues

Ah = 0,+h,+2h, +3A,.....,+(l — 1)A, tlA.

The results for [ = 1, 2 are presented

| start with the case for [ = 1.

Then

F(8,0) =YY"= anYim. (C.E.4.9)
Now L,F (6, @) is evaluated where

Ly == (L* + L7) will be used.
The eigenvalue equation is
1 _ 1 _
LyF(6, ) = 5 (L+ + L7)F(6, §0) =3 (L+ +L )Zrlnz—l AmY1m = Ah Zrlnz—l AmY1im
where Ah is the eigenvalue.

So, A and a,,, need to be evaluated.
With (4.96) and (4.97)

~(LF + L) Dby GmYym = sV2(ao¥y 1 + a_yYio + @Yy o + ag¥i_ph. (C.E.4.10)
Equate the coefficients of the spherical harmonics in

—\/_ 2hY™= a, Y, = RAY™EY a, Y .

The result is

Aa, = %\/an,

Aay = %\/f(al +a_q),and

Aa_; = %\/an .
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The resulting equation for A:

A(A2-1)=0.

Then: A =04 = +1.

Consequently, 3 eigenvalues are found:

0, xh.

By plugging A into the above 3 equations for a,,, the coefficients ay,, a_; expressed in a; for
the 3 eigenfunctions are obtained.

The eigenfunctions for A = +1 are

F(6,9) = a;Yy1 + a;V2Yi o+ ;Y34 (C.E.4.11)
and
F(6,9) = a1V — a1V2Yi 0+ a1Yi4, (C.E.4.12)

with eigenvalues +h.

The eigenfunction for A = 0 is:

F(8,90) = a1, —a Y4 (C.E.4.13)
a4 is found normalising F (6, ¢):

fozn fon F*F sin 8d@de . Plug (C.E.4.11) or (C.E.4.12) into this integral and

a1=%\/§.

Hence for the eigenfunction F (8, ¢) , A = *1 ,the following series of spherical harmonics
are found:

F(6,9) = %\/EY1 1+ Y0+ %\/EY1—1- (C.E.4.14)
and
F(6,9) = %\/EY1 1= Yo+ %\/EY1—1- (C.E.4.15)

For the eigenfunction F(6,¢) ,A = 0 = a; = 1, the following series of spherical harmonics
is found:

FO,p) =Y, 1 —Yi_1. (C.E.4.16)
The eigenvalues of L, are:0, +# respectively.

| used the [ = 1 spherical harmonics as presented in (8.92) and (8.93) in The Undergraduate
Course(Fp).

Conclusion

LxF(H, fﬂ) = h(%\/le 1+Vio+ %\/EY1—1):

1 1
LxF(H, fﬂ) = _h(gﬁn 1~ Yo+ ;\/EY1—1)
and
L,F(8,¢9) =0.

Note: there is no contradiction with [L?, L,] = 0 .The eigenfunction of L, is also an
eigenfunction of L2.
Other eigenfunctions are obtained by evaluating the series expansion for [ = 2 of the
function in, Eq.(C.8.E.5)- (UC):

LyF(6,¢) =

%al—lh\/z_lyl,l + Zﬁzl—_ﬁu% (am+1Cle + am—lcltm)yl,m + %a—l+1h\/2_lyl,—l-

Forl = 2:

F(0,0) =Y"=2,a,,Ys m. (C.E.4.17)
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L.F(8,0) = hBY™"=2, a,,Ys m. (C.E.4.18)
The analysis is the same as for the [ = 1 series expansion.
So, equate the coefficients of the spherical harmonics in

= 1 _— —3 —3
Ly Zm;gz AmYom = 5 (L+ + L ) Zmiz amYym = hB Zmiz AmY2 m.
The result is
Baz = al,

V6
Ba1 =4a, +7a0,

Ve
Bao = ?(al + a_l),

Ba_; = ?ao +a_, and

Ba_, = a_;.

In the first place an equation for B is found:

B(B*-1)(B?—-4) =0.

Consequently 5 eigenvalues are found:

0,+h, £2h.

By plugging B into the above 5 equations for a,,, the coefficients a4,..,a_, expressedin a,
for the 5 eigenfunctions are obtained.

For B = +1 and the related a,

F0,p) =a,(Yo, + Y, —Y,_; —Y,_,), with eigenvalue h,

F0,p) =a,(Y,, =Yy, + Y,y —Y,_,), with eigenvalue —h.

For B = £2 and the related a,

F(6,9) = ay(Yy 5 + 2Y, 1 +V6Y, o + 2Y,_; + Y,_,), with eigenvalue 2h
and

F0,9) = ay(Yy, — 251 +V6Y5 o + 2Y,_y — Y,_,), with eigenvalue —2h.
For B = 0 and the related a,

F(0,p) = a, (Yz 2 — ?YZ o+ Y2_2>, with eigenvalue 0.

a, is found by normalization of G (6, @),

[T [T GG sin6dedg

and the [ = 2 spherical harmonics as presented in (8.94),(8.95) and (8.96) in The
Undergraduate Course(Fp).

Keep in mind: for B = £2, another a, is obtained than obtained for the case B = +1.
Simarlily for the case B = 0.

Exercise 4.6 Measurement and Probabilities of the Momentum Operators

Consider a beam of particles with [ = 1. A measurement of L, yields the result 4. What
values will be obtained by a subsequent measurement of L, , and with what probabilities? In
Exercise 4.5 we obtained the eigenfunctions of L, for [ = 1. The eigenfunction with the
eigenvalue f is

F(6,9) =3V2¥y1 + Yy g +3V2Y, 4. (C.E.4.19)
After this measurement L, has been measured.

The commutator
[Ly,L;] #0.
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In Section 1.13 on Compatible Observables this case of non-commuting
operators(observables) is discussed.

The eigenstate of L, is not the eigenstate of L,.

Now I cite Fp, on the middle of page 18,:”It is clear that if the observables L, and L, do not
possess simultaneous eigenstates then if the eigenvalue of L, is known (i.e., the system is in
an eigenstate of L,) then the eigenvalue of L, is uncertain (i.e., the system is not in an
eigenstate of L,), and vice versa.”

| suppose: “....then the eigenvalue of L, is uncertain...” is to interpret as the uncertainty
before the measurement L, .

For L, we have:

LYy = mhYy

and
m = 1,0,—1. These are the eigenvalues to be obtained by a subsequent measurement of
L,.
Furthermore:
3 — 3 . ;
Yio= \/;cose andY; 44 = +\/;sm fetie. (C.E.4.20)

These expression are given in Section 8.7 on Spherical Harmonics of The Undergraduate
Course or can be derived from (4.89) and (4.90).

The probability of a measurement equals the square of the amplitude of the wave function.
So, with (C.E.4.20),

m=0:P =-=cos? 6,
41T
and
m=1:P = —sin? 6.
8
Or is integration over 0 < 8 < m necessary?
Repeat the calculations in which the measurement of L, yields the results 0 and —h.
In Exercise 4.5, | found the eigenvalue , 0 and —h. For a different eigenfunction of L,.

The question: “What values will be obtained by a subsequent measurement of L, , and with
what probabilities?” , does lead to the same answers as given above.

Exercise 4.7 The eigenvalues of an axially symmetric operator.

The Hamiltonian for an axially symmetric rotator is given by
H = L3+15 i
214 21,
What are the eigenvalues of H ?
| assume the spherical harmonics to be eigenfunctions of the Hamiltonian operator.

Rewrite H with L* = L3 + L3 + L2:

oo BoE 1
211 21, "

So,

H = L2 L5(I—1y)
21, 211,

Hence

L2(11—15) )

L2
HY, y = (—+ .
Lm (211 21,1, Lm
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With Eqgs.(4.25) and (4.43), the eigenvalues are:
h2l(1+1) | (mh)2(I1—Ip)
21, 21,1,

Exercise 4.8 The eigenvalues of a function of x and p
The expectation value of f(x,p) in any stationary state is a constant. Calculate

0 == (x-p)) = ([H,x-p]),
for a Hamiltonian of the form
2
H = ;’—m + V().
In Exercise 3.8 | presented the result for the 1-D Cartesian coordinate x..
| present the analysis in the 1-D Cartesian coordinate x.
Consider a system in state |A).

In the Schrddinger representation: the state of the system is time dependent.
Then

d dA dA

E(Alx plA) = <E |x - p|A> + <A|x y pl E>' (C.E.4.21)
With

an _ i Al _ i

?— hH|A)and at —h(AlH,

(C.E.4.21) becomes
d i i i
0=S((x-p)) = (Hx-p) — i (x- pH) = -([H,x - p)).
So,
%([H,x -p]) = 0. (C.E.4.22)
Hence, show that

PPy _1..4
)y =1Ly
In stationary state. This is another form of the Virial Theorem. (See Exercise 3.8).
For the 1-D case, (C.E.4.22) can be written as
Hxp, — xp,H = xHp, — xp,H + Hxp, — xHp, = x[H,p, ]| + [H,x]p, = 0. (C.E.4.23)
Now, plug the expression for

_ pi : — _pl

H= v V(x) into (C.E.4.23), use p,, = —ih —

pi ¥ ¥ p¥
xﬁpx + xV(x)px — XPx ﬁ - xpr(x) + ﬁXPx + V(x)xpx - xﬁpx - xV(x)px =0
Use in this expression p, = —ih:—x , a lot of terms cancel. However,

pE
2m
and

Dx Dx ih .p; |, P p%
xpx = = (0xxpx) = o= (x +xp3) = —— (=4 550) + XD,

xp,V(x) = —ihx Z—Z + xVp,.

Note: a commutator always operates on something.

Then
X d - DE
ihx —V(x) —ih==0.
dx m
Hence
PRy _ 1,4 Py _1,..d
&)y =1 Ly @) > () =1 Lv(r)).
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Exercise 4.9 Virial Theorem for an energy eigenvalue of the hydrogen atom
Use the Virial Theorem of exercise 4.8 to prove that

1 1

<;> - nzao ’
for an energy eigenstate of the hydrogen atom.
The virial Theorem:

) =1Ly,

For the hydrogen atom:

€2

4 _'__4nfor'
So,

d e?
rﬁv(r) T ameer
Then twice the kinetic energy:

p? _ e2 _ v

2 = e =~
or

P , _ 1
G =5 (C.E.4.24)

The total energy E,;:
(P
En = (2 +(V),
can be written, with (C.E.4.24),

En = ——(V)+(V) = (V). (C.E.4.25)
With (4.120), E,, = % , we find with (C.E.4.25),
_ e\ _5E
(V) = (Wor) =2 (C.E.4.26)
2
With the expressions for E, , (4.121), and the Bohr radius a, = 47::2? , (C.E.4.26) becomes:

1
nZaq

() =
Note: (%) is independent of the quantum number [ . See the note on top of page 71. The
energy levels are independent of the quantum number [ . (%) is proportional to the potential
energy.

(%) could also be found from: <an| % |an> using the expressions derived in section 4.6 on
Energy Levels of Hydrogen Atom. A tedious job.

Another possibility is to use Laguerre polynomials as presented in Mahan, page 123.

Exercise 4.10 Derivation of the radial wave functions of the hydrogen atom
Demonstrate that the first few properly normalised radial wave functions of the hydrogen
atom take the form:

2 r
a) Ryo(r) = =pexp(— ).
For this radial wave function: n = 1 and [ = 0. Furthermore, a = a,
The function

R(r) = P(r)/r has to be evaluated.
P(r) is given by (4.113):
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P(Z) =D exn(- D).
So,
R(r/ay) = % f(aLO) exp(— alo). (C.E.4.27)

The power-law solution, (4.114), is

f(y) = chnyn-

Hence,n =1,

fQ)«y.
Plug this result into (C.E.4.27):
R(r/ay) « exp (— 1). (C.E.4.28)
Qo
The next step is to normalize R given in (C.E.4.28):
2 [ _2Tr\),.2 —
c? |, exp( 2a0)r dr = 1.
After integration by parts, the result for the constant C is:

2 , o
C = —z and the radial wave function is:
0

2 r
RlO(T) = mexp(— a—o). (CE429)
Note: a bit more convenient instead of integration by parts is to use the expression:

n! = fooo y™ e Ydy, (Chisholm and Morris, Chapter 19, The factorial function).
1

In Exercise 4.9, using the virial theorem (%) =— is obtained.
0
This result is found also with R;,(r) and n = 1.
So,
Gy = [ Ryg2Ryoridr = =2 (C.E.4.30)
r - 0 10 r 10 - ao . . . .

Plug R,y(r) given in (C.E.4.29) into (C.E.4.30), integrate by parts and the result is

1 o) 1 1
(;) = fo R0 ;R107‘2d7‘ %

2 r r
b) Ryo(r) = ﬁ(l - 2TLO)GXIO(— E)'

For this radial wave function: n = 2 and [ = 0. Furthermore, a = 2q, .
So, with (4.112),

P(5e) = fG) exp(= 0.

(C.4.114)
fO) = Zneay™ = 15+ c2(G0%
Hence,
—2%r. N2 _T

R(r/2a9) = 22 [c; 7=+ ¢ (G-)?] exp(— 5=),
or
R(r/2ay) = [c1 + c; —] exp(——). (C.E.4.31)

2(10 2(10
Now, with (4.116), [ = 0 and i—a =4,

0

C, = —(1.
Plug this result in (C.E.4.31)

T T
R(r/2ay) = c1[1 — a] exp(— E)' (C.E.4.32)
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The next step is to normalize R given in (C.E.4.32):
ct fooo R?r2%dr = 1.

Usen! = fooo yte Vdy,

and the result for the constant ¢; = % .
(2a0)2
The radial wavefunction becomes
2 T T
Ryo(r) = ——= (1 = 5—)exp(—5-).
(2a0)2 0 0

Again with this radial wavefunction

1 oo 1 1
(;) = fo R2o ;Rzorzdr T

) Ry (r) = ! 3L€Xp(— L)-
\/— 0

For this radial wavefunctionn = 2 and [ = 1. Furthermore, a = 2qa, .
So, with (4.112),

P() = FG) exp(= 3.

(4.114):

fO) =Zncay™ = ()% e = 0.

Hence,

R(r/2a,) = =2 [cz(szo)Z] exp(— i). (C.E.4.33)

The next step is to normalize R given in (C.E.4.33):
c2 fOOORZ r2dr = 1.
— (®.n -y
Usen! = [~ y"e™dy,
2 2
3 = 3 -
(ao)zVal  V3(2a0)2

and the result for the constant ¢, =

The radial wavefunction is:
1 T T
Ry (r) = 3a—exp(— To)

Again with this radial wavefunction

1 o 1 1
(;) = fo Ra1 ;R21T2dr N

So it is to be expected:

1 1
<Rnl T Rnl> - a_o'
and the coulomb potential, (4.107),
e? 1m
<Rnl|_ 4meyr nl> T goh?’

The expression for R,,; is obtained with (4.112)
R(r/nag) = =2 f () exp(—~0).

Then using (4.116), the coefficients c,, are expressed in ¢;; 1.

For example
—(l+1
Clez = —Cig =2, (C.E.4.34)
and
— _ _r
tn = TCtn-1 n(n-1)-1(1+1) °
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Furthermore, the general termforl+ 1 <k <n:
2(n—k+1)

= k=1 D)

The power-law solution becomes

Ck

)= i+ n-1 T Nk _ 1 7rn
f () = s G + Brcta kG = enos ey o)™ (C.E.4.35)

nap
and

R(r/nag) = =2 f () exp(— o).

Exercise 4.10 Epilogue. Relation between Fp’s recurrence expression and Laguerre
Polynomials

At the end of Exercise 4.10 | derived some values for c¢,, and indicated that all can be
constructed in terms of ¢;,; with help of the recurrence relation (4.116).

| will go a step further to develop ¢, (C.E.4.35) with (4.116).

_ — (_1\k=-(+41) [n—(1+1)][n-(1+2)]
Ck = cyz = (=1 o) (C.E.4.36)
_ — (_1\k=(+1) [n—(1+1)][n—(1+2)][n—(1+3)]
Ck = Ciya = (—1) L D) (2143)(3156) (C.E.4.37)
— — (1 \k=(+1) [n—(+D][n—(1+2)][n—(1+3)][n—(1+4)]
Ck = Ciys = (1) Ci+1 (1) (21 3) (3116) (4l 10) (C.E.4.38)
_ — (_1\k=(+1) [n—(1+1)][n—(1+2)][n—(1+3)][n—(1+4)][n—(1+5)]
Ck = e = (=1) Cl+1 (1+1)(21+3) (31+6)(41+10)(51+15) (C.E.4.39)
Is there a pattern to discover in (C.E.4.34), and (C.E.4.36)-(C.E.4.39)?
The numerator shows:
[n-Q+D] [n=(+D]!
N L) = =520 = e -te-arom (C.E.4.40)
Hence

fork=14+1->Nn,Lk)=1.
The denominator gives:

_ - —(+1
ML+ a+ 01 =(3) "l = A+ DY M-MP@i+1+10).  (CE4.41)
Note: To include the minimum value of n(k = [ + 1) in (C.E.4.41) some additional work has
to be done.
Then, for ¢, with (C.E.4.40) and (C.E.4.41),the following closed expression results:

e =(=2) “ui1 (k —(+1)) m M Var]

(=2 e (k L+ 1)) aror

This expression applies for k > L + 1. To have i = 0in (C.E.4.42), | introduced (2l + 1) in
numerator. For k = [ + 1in (C.E.4.42), ¢, = Ci41-
Induction would complete the evaluation.

(C.E.4.42)

Now for

R(m) =52 () el 7).

with

F(2) = e G + Tz () (CE4.43)
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. 1 n. .
Note: | included ¢,,_4 Dol D (L) in the summation.

nag
Hence
_r k—(1+1) _
T _ AR P n _or n—(+ 1)) (21+1)!
R(L) = cn)le ™ (S (- 22) (i (1) Goor).  (CEa4a)
Example: set in the summation of (C.E.4.44) n =1+ 2,
Then
r 1 r
Rl+2,l (n_ao) l+1(_)le nao {1 - mn—ao}

C14+1 is obtained from:
ctiq fooo R?r%dr = 1.
Mahan expressed R (i) in associated Laguerre polynomials. What is the relation of these
0

polynomials with (C.E.4.44)?
Mahan Eq.(5.127)'

R (aio) =N (aio) e naoL2H1 (nao) (C.E.4.45)
where

N is a normalization coefficient that depends on the quantum numbers (I, n,.).
Mahan included

%(Zl + 1)!,in N.1do not do that. Consequently, there is a new normalization
coefficient C:

[n—(+D)]! | —
CW 21+ 1)! (C.E.4.46)

Furthermore, the closed form of the Laguerre polynomials:

. ()
L%lr+1 (712_;"0) _ Z?;O(—l)‘ (nr;-rz_l ;l- 1) nag
and
n, is the radial quantum number and n is the principal quantum number. n,. represents the
number of zero’s of the radial wavefunction.
n=n,+101+1. (C.E.4.48)
So, combining (C.E.4. 45) and (C.E.4.46)

r r\! ; (E)l
R (—) =C (_) e “nag [Tl a+1 (Zl + 1)'2 (_1)1 (nr + 21 + 1)_0 - (CE449)

, (C.E.4.47)

i!

ao ao (n+D! n, —i T
Translate (C.E.4.49) in Fp notation:
R(L)=c (L) emm Bl gz, (-1 k—<l+1>("+l)w
a/ ao ¢ (n+1)! —141(=1) n— k) o
(C.E.4.50)

Now the relation between (C.E.4.44) and the Laquerre polynomials in (C.E.4.50) can be
established.

n—(+ 1)) (21+1)! [n—(+D)]! p(ntl 1 5
Does (k — (U +1)) @ uals Tt 21+ 1) (n B k) ooy
(n -+ 1)) QD! [n—-+D]I(2I+)!
k—(+1)) i) -0{k—+DN+k)!’
and
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n—(l+1)]! 1 n—(1+1)]!1(21+1)!

%(21 + 1! (gj]lc) =+ D} (n—[k)!gk—()l]+(1)}!(lik)! :
Furthermore,

c+1 = C.
So, the relation between the recurrence expression of Fp and the Laguerre polynomials is
established.
Remark: Basically, it is about the comparison between the confluent hypergeometric
function and the recurrence relation of Fp. For the radial wave function of the hydrogen
atom, the confluent hypergeometric function is identical to an associated Laguerre
polynomial(Mahan):

(1){k—(l+ 1)}

~ 2r\ _ [n-@DIeUHD wn o avk-arn) (M S
F(-nn2l+2,20) = 220y (- 1) =t

where the summation represents the associated Laguerre polynomial. Mahan used the
expression “identical’. To prevent misunderstanding, | prefer proportional. The factor,
[n—-(+D)]!(21+1)!
(n+)!
Laguerre polynomial is not part of the associated Laguerre polynomial.

, making the confluent hypergeometric function identical to the associated

5 Spin Angular Momentum

5.1 Introduction
In this chapter attention is paid to a particle with an internal angular momentum called spin.
It is about spin one-half particles.

5.2 Properties of Spin Angular Momentum
Equation (5.10)

|+ M-l =1
is presented in the section on Measurements(1.10), Eq.(1.54):

2l =1.

In my notes on section (1.10), | proved the unitary character of (1.54) .

On page 74 Fp presented the relations for the operators S, S,, and S, ,(5.11)-(5.13) and
mentioned these relations satisfy the commutation relations (4.8)-(4.10). For example:

[Sx, S, ] = ihS, . (C.5.2.1)
Plug the expressions given in (5.11) and (5.12) into (C.5.2.1), use (5.8), (5.9) and (5.13), then
the equality is demonstrated.

For completeness | present here the relation between the spin angular momentum operator

and the Pauli 2 X 2 matrices:

S; = gai , (10.47)-(10.50) Undergraduate Course Fp. In that chapter 10, Fp presented the

raising and lowering operators:
Sy =S¢ £ iS5, (10.6).

Now. Look at (5.11) and (5.12):
Sy + 1Sy = A +X—],

and

Sx — 1Sy, = h| =)}(+].

Hence
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Sy =hl +)}{~,

and

S_=h| =)+.

Furthermore: .

n+x-1=h()o n=n() =217 )+ I (5.2.2)
and

=)+ =h()a o=n(] =217 o)-iC TN (€5.23)

See also Undergraduate Course Fp.
Something to remember.
Note: | ) are the eigenkets of the spin operator S,. Susskind used |u) and |d) for these
eigenkets. Sometimes this is a bit more convenient when doing adding and subtracting as for
the verification of (C.5.2.1). In Feynman, et al, you will also find the | ) notation for spin
one-half particles.
(5.14):
3h?
Sz = T .
Using (5.2), (5.8), (5.9) and (5.10), S2 is found with (5.11):
S2 =001+ I DA ]+ =)D
h2 h?
S2=T (| N+ + | -N-D ==
The same result can be found for S} and S7 .

Now, for example, with (5.8) and (5.13),
Sol+) = 2 HNH = | =X=DI ) =S +X++) = | =X=[+)) = 3| +),(5.6) .

5.3 Wavefunction of Spin One-Half Particle

Fp introduced the simultaneous eigenstates of the position operators x, y, z and the spin
operator S,. These simultaneous eigenstates are the product states of the positions
eigenkets and spin eigenkets. The two wave functions Y, and ¥ _ with their normalization
condition are presented.

5.4 Rotation operators in Spin Space

Fp started this section with forgetting about spatial position and concentrating on the spin
state.

For a general ket is given by a linear combination of the 2 spin vectors:

|[A) = ci| +) +c|—).

c; = (+|A)and c_ = (—|A4) —(5.23).

So, the effect on rotation on (S,) is given by (5.30).

This expression is derived from (5.28). Then Fp writes below (5.28) : ”...or “ resulting into
(5.29).

Now, (5.30):

Sy cosAp — S, sinAg .

Substitute (5.11) and (5.12) into this expression. The result is:

h . i

SIA+H(=De™? + (| =X+)e™ 1. (C.5.4.1)
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| suppose to be allowed to rewrite (C.5.4.1) and recapture (5.29). The latter expression
follows from (5.28).

The first term in the expression (5.28) is:

h iSzAQ

se (| +X{—). (C.5.4.2)
iSzAQ

As mentioned in section 5.2, (| +){(—]) acts as a raising operatorone  n .How?

Does that change

h iSzbe ) h e idp : :
z€ b (| +)X=]) into Zez (] +)(—|)e 2 ? It looks to me a kind of magic. I do not

understand how that could possibly happen.

There are a few questions here:

- S, in the exponent is the expectation value? | think so. Since, in section 4.3 about the
rotational operator and orbital motion, in (4.26), L, in the exponential is the expectation
value (L,).

- what is the rotation all about? | think it is a sort of change in coordinates: 6, @, r into
0,¢',r.Where ¢’ = ¢ + Ag. Such a transformation is of no importance: it adds a phase
factor to the new wavefunction.

. . ) h iSzA¢ h e
-When S, in (5.28) is the expectation value: Sen (+X-D = €2 (| +X=D.
h e b h e idp .
Consequently,ze 2 (| +){—])e"z should beze + (| +){—De + ?If so, (5.30) changes into

A . A . : . .
Sy cos(?(p) -8, sm(?(p) . With a rotation of Ag , this result is not to be expected to say the

least. Note: | did use the positive value of the expectation value. That does not matter. Using
the negative value, a phase factor e'™ can be included to obtain (5.28).
- The solution to the rotation conundrum can be found from (4.60)-(4.62). Since it is about
the expectation value of the spin operator aligned to the z-axis of the coordinate system |
translate (4.60) into the “stationary spin system:

T,(6p) =1—-iS,00/h—» 1 —idp/2.
Similar to (4.61), | define %‘p = %p .
With N — oo, | obtain for (5.24):

T,(Ap) = e8¢,
Then, with this expression for the rotation operator, | found (5.30).

Again, what is the importance of the rotation operator besides creating a phase factor?

Fp presented a second approach to find (5.30) from (5.27) using the Baker-Hausdorff lemma.
This lemma will be used to evaluate expression (5.27). It is about the expectation value of S,
for a spin system rotated about the z-axis with an angle Ag .

The Taylor series expansion is used for the exponential.

In general for

qc ,—q a  a @ 4
eSxe :(1+q+;+§+"'..)Sx(l—q+z—§+“'..), (C543)
Where

— % (C.5.4.3a)
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(C.5.4.3) becomes
st 43Sy q*Sxq |, qSxq®  Sxq?

elS,e 1 =5,4+qS,—S g + tr St S
(C.5.4.4)
So,
- %) L o) i o ( 1) P
where {[,j,n € N}.
Or, with (C5.4.3a),
- o wo (1) A
elSxe™ = Y20 X015 4'Sxa) = LiZo L} o* T (‘ ~ORERTR (C.5.4.5a)
This can also be written as:
_ (-1)J JiAg §Sig gJ
eque 1= ZS 02] O(S ])|]|qs ] ZS OZ] O(S ])l]l( )S S S . (C54'5b)

To evaluate (C.5.4.5), | start with

q° (< Ap®) & S, .

q (< Ap): qSy — Sxq = [4,Sx] . (C.5.4.6)

So

as=5a="2((; 2)E o= o) D=5 o) =aes,,
(C.5.4.7)

Then for g%(x Ap?)

Sy Sx Sxq? Sx Sx 25y 1
_q_ qS«q + 1 = 2(!1 - qzq - qzq + qZ! = Z{Q(qsx —5q) — (qSx _qu)q} =
1

= ;{q[q, Sel = [q, Sela} =5 [a.[q,S:1], (C.5.4.8)

and, with (C.5.4.7) and (C.5.4.8),

Sx Sx 1 1 1

ST 45,0+ T3 = 1 (5,07 — 245, + 47S,) = = (~qAeS, + 89S,q) = — = (8¢)2S,,
(C.5.4.9)

Next g3 (o< Ap?)

3Sx _ 4%k Sx Sx

T 05044 ORGS0 _ Ligas, —3¢25,q +345,q” — 5:4°).

Rewrite this expression:

{q35x _a%Sxa  a%Sxd  4°Sxq | 4Sxd* | aSxq® | 4Sx4* _ qu3} (C.5.4.10)

3! 3! 3! 3! 3! 3! 3! 31 )’ T

or,

Y I Y _
qg, — o L -2 = —{q(Sxq® — 2052 + ¢°Sx) — (Sxq” — 24S.q + 42S,)q} =
=|a.[a.[9.51]] (C.5.4.11)
or, with (C.5.4.9):

38y 28, Sxq?  Sxq® 1

q3! —- 2! t o+ 2!q B 3‘!1 - ;{q(quz —2qS,q + q*Sy) — (Sxq® — 2q9S,q + q°S,)q} =
(A9)? 1

= — 2= (4Sx — Sxq) = 5, (A)®S,, . (C.5.4.12)

3!

And g*(x Ap*)
Sxq*  aSxq® | 4%Sxq®  a®Sxq | q*Sx

4! 3! 212! 3! + 4! -
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1
= Z{q(qe’Sx —3q%Sxq + 395xq* — 5xq*) — (¢3S — 3¢*S,q + 39Sxq* — S,q*)q} =

g fala.la.s]]| = 2 @gy*s. (c5.413)

The general expression for the left hand side of (C.5.4.13):

For g® (o< Ap*®) , fork > 0,

x -m(k -
Sk~ DL gk 1k (K grs,qtm = (C.5.4.142)
(k=1)

{ (Z ( 1)k 1- m(kml) qm qu—l—m)+
- @0t (- D grsegtim) q) =
{Z ( 1)k 1-m (k - )(qm+15qu—1—m _ qmsqu—m)} —

k-1 1
=~ (Bl (ko ( m ) @™ (aSx — Sx@)q* ™).
Wlth (5.4.7), finally is obtained for g*:

2 k(- (- D) gms, gk,

or

A k—1 -

20 Lyt Tt (—1) ™ ( . ) Sp S, sk, (C.5.4.14b)
In(5.4.14b)

sm = (g)m ((1) 2) for mis even,

and

sm = (g)m ((1) _01) for m is odd.

To demonstrate (5.4.10) once more, (C.5.4.10) can be written as:

(- - (5 -5 - (5 - 50) + (55 -5 -

= ~{q%(Sx — 5x@) — 4(qSx — Sx@)q — q(qSx — $x0)q + (a5 — Sxq)q%} =
~{(q*[9.5:] — q1q, Sxla) — (ala. Sx)a — [9,5:14»)} =

= ~{q(ala.S:] — [0.S]@) — (g, S - [9.5:)0)a} = 1 {qla. [0.S:]] - [9.[9.Sx]]a} =
%[q' 9 [q,Sx]]] : (C.5.4.15)

To summarize forn = 4
elS,e ™ -

> Sy = 2 (Ap)2S, + = (Ap)*Sy — ApS, + = (Ap)3S, = S, |1 - (Ap)? + - (M) -
1
Sy [ap — 5 (ap)?).

For g* and {k € N}, | derived (C.5.4.14a),:
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_ mg, k-m 1 _ k _
(DR = Lk (DR () g S g (C.5.4.142)
{m € N}.

With g = iSZhA(p , (C.5.4.14a) can be written as:
1 _m(k _ 1 A _m(k -
o (DR (1) ™S q ™ = (DR TE (DR (1) (™SS ™,
(C.5.4.14c)

or , with (C.5.4.13)

1 _m(k _ 1 ,iA

= Zm=o(—D)F™ (m) q"Sxq* ™ = = (SOF[S2 [Sz - [S2 Sil -] (C.5.4.14d)
Then,

m_ Am(l O .
St = (2) (0 1) for m is even,
and

m _ E m 1 0 .

St = (2) (0 _1) for m is odd,
in (C.5.4.14.c)

m = 2l and {l € N}:
1 iA _ k _ (Ap)?k
1 DR Bhca (1™ (1) (S)™S(S)F™ = S (- DK T,
andm =2l + 1and {l € N}:
1 _iA _ k _ (A )2k+1
DR R (DR (1) (™SS = =8, (~DF o
Hence
_ _m(k _
elSye™ - Zﬁ:o%ﬂ(rpo(—l)k m (m) qm qu m=
1 (A<p)21 ! (A(p)ZH'l
SeXleo(—1) 2o Sy Xi=o(—1) 2D (C.5.4.16)

Consequently, forn — oo (C.5.4.16) is:
elS,e™1 =S, cosAp — S, sinAg, (5.34). (C.5.4.17)
The general expression for (C.5.4.4) is (C.5.4.5) or (C.5.4.17).

To evaluate (5.40), the effect of the rotation operator on the general spin state |4), |
calculated

(A|T)T,|A).

Plug (5.40) into this expression of which the result is:

[(+14)% + [{=14)]? =1,

as it should be. However, this is not conclusive.

In (5.40):

T, = e~ iSAAe/h

Furthermore
h
With these two expressions (5.40) is obtained.
(5.40) can be written as:
_idg idp
T,|A) = (e 2 | +)X{+|+ ez | —X—=]IA).
The operators | +){(+]| and | —){(—| are Hermitian.
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For example | +){(+]:

H=(g)a 0=(5 o)
So

TIT, = | +)+] + | =X =1,
as it should be.

5.5 Magnetic Moments

Consider a particle of electric charge g and speed v performing a circular orbit of radius  in
the x-y plane. See also Chapter 10 Spin Precession of The Undergraduate Course, Fp.

Fp expected the relation between the magnetic moment u and the orbital angular
momentum L for classical mechanics, (5.43), to hold for quantum mechanics as well.

See also Chapter 10 of The Undergraduate Course, Fp.

Addition of angular momentum, spin and orbital, and the effect on magnetic moment is
presented in (5.44). The subject matter is also dealt with in Chapter 11 of The
Undergraduate Course, Fp.

5.6 Spin Precession

In (5.47) the Hamiltonian for an electron at rest in a magnetic field is presented.

(See also Section 10.6 on Spin Precession The Undergraduate Course, Fp).

The Hamiltonian is time independent. So, it is about an electron in a static magnetic field.

5.7 Pauli Two-Component formalism

See section 10.5 of The Undergraduate Course.

To find (5.66):

with (5.60) and (5.64)

|A") = S|A) = Si| +N+14) + S| —X—4) . (C.5.7.1)
Then multiply (C.5.7.1) (+] and (—| and (5.66)-(5.68) is obtained.

Use, e. g., (5.11)

h
Se =7 HX=1+ 1 =X+D.
Plug (5.11) into (5.68), by using (5.8) and (5.9), the Pauli matrix oy, (5.70), is found.
(5.74):

(5 = (Alsel4) = Cal+, - al-nse ((14)). (€572
Plug S, = g((l) (1)) into (C.5.7.2):
(S2) =2 ({Al+X—1A) + (4| -)(+4) (€5.7.3)

(C.5.7.3) shows again:

(+]S,]1+)=0,and (—|S,|—) =0.

The same result is found for S, :

(+|Sy|+) =0,and (-|S,|-) = 0.

For S, :

(—|S,]+) =0, and (+|S,|]—-)=0.

| did look for these elements of the 2 X 2 matrix in (5.68) in order to find out how to
interpret the summation in (5.74):

(Sk) = (A[S|A) = (AL L[Sk | )(£]A) ,(5.74).
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Using (5.60) and (5.61) in (A|Sk|A) 4 terms are found. There are four matrix elements in
(5.68). I conclude the expression Y1 (A|+){£|S,|E){£|A4) not to be helpful.

(Another approach for the Pauli matrices can be found in, a.o., Susskind).

As mentioned by Fp, (5.81) is easily obtained when use is made of the fact the spin operator
S, commutes with the eigen bras (x’,y’, z'| . l interpret this as S;, operates on spin states
and not on the basis kets(and bras) of position space. Knowing this, | start with (5.66):
(+ A7) = (+]Sk|A) = (+|S| +X+]A4) + (+]Si| =){—|A), (5.66)

Since Sj, operates on spin states, (x’,y’, z'| can be multiplied into (5.66):

"y, 2 [|(+ A7) = (HISil )y 2 [(+1]A) + (+Se] =" y", 2" [(—1]A)), (5.81).
Simarlily, (5.82) | obtained.

Remark: the left hand side of (5.81) should read (x’,y’, z'||[(+ |A")) instead of

(x"y', z'|{(+ |A’)) . A typo.

(5.86) and (5.87) are derived with Equation (2.78). For completeness | present (2.78):

(q1 - qn |pi = —iha%(czi ---q{v| )

where ¢ ... qy are generalized coordinates with a continuous range of eigen values q; ... qy.
Ket space is spanned by the eigenkets of q; ... qn: |91 - qn) -

(5.91) is found using the Pauli matrices (5.70)-(5.72).

Fp derived (5.92) with help of the commutation and anti-commutation relations (5.75) and
(5.76).

| evaluated (5.92) using (5.70)-(5.72) and the summation in (5.91) :

. . _ a3 a1 - iaz b3 b1 - lbz)
(@ @b =(, 7, " <b1 S ). (€5.7.4)
After matrix multiplication of the matrices in (C5.7.4)
. . _ a:* b + i(a1b2 - azbl) _a1b3 + a3b1 + i(a2b3 - a3b2)>
(0-a)(o-b) = (a1b3 — asby + i(ashs — ash,) a-b—i(ab, —ab) /)
(C.5.7.5)

(C.5.7.5) represents 4 matrices:

(aob aob) + io-l(azb:?, - agbz) + io'z (a3b1 - a1b3) + i0'3 (a1b2 - azbl), (C576)

where use has been made of (5.70)-(5.72).
Since,

a-b 0 1 0
( 0 a-b)=“'b(0 1)'
(C.5.7.6) results into (5.92).
In (5.94), Fp indicated n to be a trivial position operator. | suppose Fp meant
In|? = 1.
Then, with (5.92), the rules (5.96) and (5.97) are obtained.
Since n X n = 0 and with rules (5.96)-(5.97), (5.98) is found.
(5.98) can be written as:

cos (Aqu ((1) (1)) —isin (%(p) [, ((1) (1)) +n, ((l) Bl) +n, ((1) _01)] —(5.99).

Keep in mind, in (5.98)

2 2 2
Aoy (1 0\ _ Ag. (Nx + 1y + 13 0
C05(7)(0 1):COS(7)< 0 n2+n?+n2)’

X y Z

since changing the axis of rotation aligned with the unit vectors n,, n,, and n, respectively
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cos (AT(p ((1) 2) = cos (A?(p) (n,zc(; D nZ(= 1)> , etc.

Recapitulate (5.74):
h
(Sk) = (E) xlowx,
and (10.74) The Undergraduate Course, (5.73):
Sk =20y (10.74) or S, > 2 0y (5.73).
Remark, | consider the use of “ =” by Fp confusing. Does it mean: “is equal” or “under
rotation”?
(5.38):
(Si) = X1 R (S1)-
Furthermore
h
(S1) = (5) xlox .
Then (5.38) can be written as:
h
(Sk) — (5) YiRuxtox.
Hence, under rotation (5.101):

(Sk) = (g) (XTUkX)I = (g) Zszl)(TUz)(-
Fp mentioned Ry, to be the elements of the conventional rotation matrix:
Let’s look into it.
With (5.100)

- T
X —exp(—w' n- ))(,
()(Tak)()’ becomes:

xTo, exp (—ia : n%(p) X (C.5.7.7)
Here a question arises.

exp (—ia . n%‘p) results into the 2 X 2 matrix (5.99), where use has been made of the
Taylor series. Let’s denote this matrix by

A= (ﬁi 22) (C.5.7.8)
the elements A;; given by (5.99).

The question:
exp(+ia . nAT(p) = A" ? I suppose so.
Rewrite (5.100):

x =Ax. (C.5.7.9)
Then, | have for (5.101)
(Okdap = XTAYoL Ay = X Ry (). (C.5.7.10)

Another question: does (5.102) follow from (5.101)/(C.5.7.10)?
(5.102) is proportional to (5.34). The factor is 2 .

Fp denotes Ry; to be the elements of a conventional rotation matrix. Conventional? In the
classical interpretation? | do not know. In 3-D the rotation matrix is a 3 X 3 matrix in
homogeneous coordinates.

| suppose Ry, to be the elements of a 2 X 2 matrix.
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Let’s start with (C.5.7.10) and set k = 1. With (5.7.8),

_(0 1 <A11 Alz) _ (A21 Azz)
oA = (1 0) ) =0 0 (C.5.7.11)
Another question: is the left-hand side of (C.5.7.10) correct? Look at (5.26), translate this
into (C.5.7.10):

(0)ap = XTAYoRAx = i Rig (o)), (C.5.7.12)
since,
(A)()T = )(TAT.
Now | have to evaluate, with (C.5.7.8) and (C.5.7.11) :
A5, 4, A A B B
Alo, A =( 1 31)< 21 22) z( 11 12). C.5.7.13
Ty, ap/\an 4,) =B, By ( )

For convenience | reproduce the elements of (5.99)
Ao = cos(2) - in5n (2)

Ay, = (—in, —n,)sin (Aqu)’

Ay = (—in, +ny)sin (A—(p)

A,, = cos ( > ) + in, sin (Aq’)
So, for the case k = 1 (C.5.7.13) | obtain for the elements of the matrix B:

Bi1 = A4, + A51A4, = [cos( ) +in, sm(—) (—mx + ny) sin (A(p) +

+(lnx + ny) sin (T) [cos (AT(p) —in, sin (%‘p)]. (C.5.7.14)
Using orthogonality of the unit vectors n;, (C.5.7.14) results into

By =n, sinlAg. (C.5.7.15)
Next

By, = Aj1A45, + A5, A1, = [cos( ) + in, sin (A(p)] [cos( ) + in, sin (A(p)] +
+(in, +ny) sin (T) (—in, —n,)sin (AT(p) = cosAg + (nZ + in,) sinAp -

By, = cos Ap + (15 + in,) sin Ag. (C.5.7.16)
Then

Ba1 = Ajpday + AspAyy = (iny —ny) sin () (=in, +ny) sin (2) +
[cos (AT(P) —in,sin (%)] [cos (?) in, sin (Aan)] =cosAg + (n2 — in,) sinAp —
By, = cos Ag + (nZ — in,) sin Ag. (C.5.7.17)

Finally
By, = AjpAy, + ASyAy, = (iny —ny) sin (AT(p) [cos (%‘p) + in, sin (%‘p)] +
[cos (AZ(P) in, sm( ) (—iny —ny) sin (7(”) = —n, sinAp -

By, = —n,, sin Ag. (C.5.7.18)
So, the rotation matrix for {(gy),,, is:
n, sin A cosAg + (n?% + in,) sinA
_ yoMEP ¢+ +in,)sinfg) (C.5.7.19)
cosAp + (ny —in,) sinAg —n, sinAg

In the same way the rotation matrices for g, and g, can be found.
Let us return to (C.5.7.12). With matrix B:
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R R,i — iR
X"Bx = X1 R (01) = Ry1(01) + Ry2(02) + Rys{os) = XT( ' t 12))( )

Ry +iRy; —Ri3
(C.5.7.20)
Then,
R R,, — iR R R, — iR
B = ( 13 11 12) = ( 13 11 12). C.5.7.21
Ri1 + iRy, —Ri3 Ri1 + iRy, —Ry3 ( )

Keep in mind B represents the effect of rotation, for a general rotation axis, on (gy ). In the
same way the rotation matrices for o, and g, can be found.

Now can | recover (5.102)? Well, | can. Since in that case the axis of rotation is the z-axis.
Hence, with (C.5.7.19) and n, = 1(nZ,n3 = 0):

_ 0 cosAp +isinAgp) _
= (cos Ag — i sinAg 0 ) = 07 cosAp — g, sinAg , (5.102).
and , with the axis of rotation aligned with n,,
A . . A
cos (7(0) —isin (7"’) 0 o-i)2 0
A= = ( 0 eiq)/z)' (C.5.7.22)

0 cos(2)+151n(A2fp)

With respect to the permutations mentioned by Fp, | will derive the matrix for the effect of
rotation along the z-axis[n, = 1(nf,nj = 0)] on o (or k = 2).
With (C.5.7.11)

024 = (i 0 ) (A21 A,) =4, Ay ) (C.5.7.23)
With (C.5.7.13)

AL AL\ (—Ay —A C, C
Alg,A = l( . fl)( 21 22) = ( u 12). C.5.7.24

So, for the case k = 2 (C.5.7.24) | obtain for the elements of the matrix C:

Ci1 = —iA7145, + 145,441 = [cos (AT(’)) —in, sin(AT(p)] (—nx + iny) sin (%‘p) +

+(—nx + iny) sin (%(p) [cos (%) —in, sin (%‘p)] =0-

Ci1 =0. (C.5.7.25)
Next

Cip = —iAj,1A,, + 1A5,A1, = —[icos (%) — n, sin (AT(p)] [cos (AZ ) + in, sin (Np)] +
—(in, +ny) sm( ) (—n, + in,) sin (AT(”) = —icosAp + sinAg -

Ci, = —icosAp + sin Ag. (C.5.7.26)
Then

Cpr = —iAl, Az + iA3,Ar = (ny + iny) sin( ) —in, +n,) sin (A—"’) +
[icos (A ) + n, sin (A(p)] [cos (%‘p) —in, sin( )] icosAp +sinAgp -

Cy1 = icosAp +sinAg . (C.5.7.27)
Finally

Cap = —iA72 Az, + iA35A1; = —(—n, — iny) sin (A7<p) [COS (Az ) t in; sin (Azq))] +

—[cos (Az(p) in, sm( ) ( n, + my) sin (A(p) =0-
C,, = 0. (C.5.7.28)
Hence
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0 —icosAp + sinAp
- (icos A +sinAp 0

Compare B = g, cos Ap — 0, sin Ag,(5.102), and C = g, cos A@ — g, sin Ag,(C.5.7.29), and

the “cyclic permutation” as mentioned by Fp on top of page 85 is illustrated.

In summary:

(5.98) exp(—ia . n%o) =exp[—i(axnx +oyn, + aznz) %(p]. (C.5.7.30)
The rotation axis aligned with the x-axis, n, = 1(nZ,n3 = 0),

A . . (A
cos (—‘p) —isin (—(p)
2 2

) = g, cos Ap — o7 sinAg. (C.5.7.29)

exp[—i(ax) A?"’] ol U (A%p) - (A?(p) (C.5.7.31)
The rotation axis aligned with the y-axis, n, = 1(nZ,n3 = 0),
Ap (A
o i(0,) %] - 8 :“é;f. 57
The axis of rotation aligned with z-axis, n, = 1(n%,n3 = 0),
Ap\ . . (Do
exp[—i(ay,) %‘p] - 0 (T) —Olsm (7) cos (%(p) -|(-)isin (%(p) : (C.5.7.22)
Keep in mind, using (C.5.7.6):
exp[—i(o'x) %(p] - exp[—i(ay) %‘p] : exp[—i(az) AT(P] = exp[—i(oyny + gyn, + 0,n,) AT(p] -
n2 cos (ATQ) —in,sin (AT(’)) njcos (%‘p) —nysin (AT(p)
- —in,sin (ATQ) n2 cos (AT(’)) ¥ ny sin (AT(p) n? cos (AT(p) ¥
nzcos (%(p) — in,sin (AT(P) 0
* 0 nZ cos (%) + in,sin (%‘p) B
(n% +n3 + nZ)cos (%‘p) — in,sin (%‘p) (—=in, —ny)sin (%‘p)
(—in, +ny)sin (%‘p) (n% +n3 + nZ)cos (%‘p) + i n,sin (%‘p) ’
(C.5.7.33)

Since (nf + nj +nZ) = 1, (C.5.7.33) equals (5.99).

With the expressions (C.5.7.31) and (C.5.7.32), | can evaluate
. A . A

exp|i(0;) 2| 0y exp [—i(0:) 2],

and
exp[i(ay) %‘p] Oz x€XP [—i(ay) %‘p].

5.8 Spin Greater Than One-Half Systems

In this section Fp refers to (5.83) for the two wavefunctions . (x).

On page 86 above(5.109) Fp writes: “In this case, the Hamiltonian represented as a 2 x 2
matrix of complex numbers in the Schrodinger/Pauli scheme[see Equation (5.73)], and the
spinor eigenvalue equation reduces to a straightforward matrix eigenvalue problem.”:

Sk = 2 0k,(5.73), Hy = Ex ,(5.10).

On the middle of page 86,Fp mentioned spin one or a spin three-halves particle. Three-
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halves particle? Well, below (5.110) Fp defines a spin three-halves particle to be represented
by a four-component spinor.
On page 87 Fp derived the Pauli matrices. See also Undergraduate Course, Fp. On page 88
the spin one matrices are given.

abc
On the other hand by writing for: §~ = (d e f) and operate this matrix on the column

ghi
vector representations of the three states, you will find the elements of the lowering
operator. Keep in mind the raising and lowering operators being mutual Hermitian

0 0
conjugates. An example of the exercise is: S~ (0) = (0) .
1 0
Then:
abc\ /0 0
(-
ghi/ \1 0
next
abO0\ /0 0
(de())(l):(o)ﬁb:e:o,h:l,
gh0/\0 1
and
a00y\ /1 0
(d00>(0>=<1>—>a=g=0,d=1
g10/\0 0
Hence
000
S™ = (1 0 0), | neglect the constant factor.
010
Simarlily, the raising operator is found:
010
St = (0 0 1).
000
With (5.116):
L L 010
g=56++§j=5101, (C.5.8.1)
010
and
P B L 0 —-i O
SJ’=_E(S ) )=5 i 0 —i]. (C.5.8.2)
0 i O

Again neglected constant factors in the above matrices for S, and S,,. To complete this

exercise, | need to multiply (C.5.81) and C.5.8.2) with Av/2.
So, including the constant Av/2 in the lowering and raising operators,

000 010
ST=mv/2(100]andSt =nv2(001
010 000

Then with (5.112) the extended Pauli matrices (5.124) and (5.125) are found.
With the commutator (4.24),
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[S*,S7] = 2hS,,

1 0 O
S,=h{0 0 0 )
0 0 -1

Exercises

Exercise 5.1 Demonstrate the spin operators to be Hermitian.

5.1 Demonstrate that the operators defined in Equations (5.11)-(5.13) are Hermitian, and
satisfy the commutation relations (5.1).

Let’s start with

Se =S (I HX=1 + | =)+, (5.11)

Then
SE=21A+AX=DT+ (| =X+ =2 =X+) + [ +X=D) = 2 (| +X=] + | =X+, (5.1D).
On the other hand, with matrix representation:

=10 3=l

1 0
Next .
Sy = Z (=] +)= + | =X+, (5.12).
So,

Sh= =2 = +X=DT+ (| =X+DT = Z (=] )= + | =}+) = S,
With matrix representation:

Sy = Z(? 0) =5
Simarlily:

S, =S
The commutation relation:

[Sx, S, ] = iRS,.
Using (5.11) and (5.12)

S8y = SySe = S [ )=+ 1 HHED (] +)=] 4+ [ =)D +

—(=I +H=1H T =XEDA =1+ T =X+D] (C5.ED)
With (5.8), (5.9) and (5.13)

[Sx, Sy ] = ihS,.

As an example:

SxSy & (| +M=1+ [ =HFD N1+ 10D = =0+ | +X=] =X+ +
—| =) )]+ 0.

Simarlily, the other two commutation relations are obtained.

Exercise 5.2 Proof of the Baker-Hausdorff lemma
See my notes on Section 5.4. (5.4a Proof of Baker-Hausdorff lemma and the CBA

convention).
The Baker-Hausdorff Lemma:
i212

fQ) = e ae% = A +i2[6,A] + (=) [6,[G, A]] + (iis) |6.[G. 16, 41]] + - (5.31)

The Taylor’s series expansion:
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f) = 11m Yo ” f(r) (0). Based on Taylor’ Theorem. I assume Taylor’s Theorem need

not to be proven.
For convenience, | will use the CBA-convention as presented in my notes on section 5.4
On Rotation operators in Spin Space :
el4e™ = Lo ([q,)“A(D¥, (C5.4.18),
where
k=0:([GHcA(Dk = 4, 2F terms,
k=1:([GH*A(D* = [G, A], 2¥ terms,
k=2:([GH*A(D* = [q,[G, A]], 2¥ termis, .........
Now, in general with (5.31):
lG)lAe—lGl Zp O(LGA)P (-icH? ic1)4 (inpta

p! AZq =0 q! _Zp OZq 0( )q plq!
DN I ) L COMe Sy Tl (C.5.E.2)

ri(s— r)'

With (C.5.E.2), (5.31) can be written as
f@) = eae™ = A +iA[G,A] + () (6,240 + (55) (16.)°A(° + -+ +

GPAGT =

(* nl! ) Zho(- )k( ) Gn*AGH, (C.5.E.3)
Now | have to prove:

Sioo(-)* () 67k AG* = ([6)"aQ)™ (C5.E.4)
Using induction, so,

(eH)™Aam™* = ([6)H"[G, Al (D™ (C5.E.5)
Now, instead of A in (C.5.E.4) there appears [G, A]. Consequently (C.5.E.5) becomes:
A6)™AD™ = Bioo()* (i) 616, A16* =

— Z 0( )k ( ) Gn+1 kAGk O( )k ( )Gn kAGk+1

— Gn+1A + Zkzl(_)k—l (k N 1) Gn+1 kAGk _ 1( )k( )Gn+1 kAGk
+(=)"1AG™tt. (C.5.E.6)
Plug

(Z) + (i e (n;{r 1) into (C.5.E.6):

G4 + Z 1( )k (TL + 1) Grti-kpGk + (_)n+1AGn+1 —

= YLk (” + 1) Gk Gk, (C.5.E.7)
Hence, with induction it follows, with (C.5.E.8):
e Ae™0h = 4 +i[G, Al + () (16,2407 + (52) (16.)°A0)% + -+ +

+(5
n!

5) (16" +

See also www.math.stackexchange.com .

Another approach for the proof of Baker-Hausdorff lemma.
fGA) = e Ae™i0% = f(id) = Tio 1 (D,

k

4L atid = 0anday = A.

where a; = TGk

78


http://www.math.stackexchange.com/

dm =[G, f]. (C.5.E.8)
In addition

d o ke

ﬁ =y (k‘i"l)! (i1, (C.5.E.9)
Plug f(i1) = Z,? 02X (i) into (c 5.E.8):

L =6, 30 2 (()*] = T2 =[G, @] (i) (C.5.E.10)
The two identical expressmns (C.5.E.9) and (C.5.E.10):

i1 oy (D = B0 ~[G, a,] )", (C.5.E.11)

In the left hand side: k — k + 1, then, equating the coefficients of (i1)*:
S0 2 (ID* = 27— [6, ] (iD)* -
axs1 =[G, ag], (C.5.E.12)
a recurrence relation.
Then a, =[G, a,] =[G, A].
Hence
trsr = [G,[G ag—]] = -+ = ([G)FT A, (C.5.E.13)
See www.webhome.phy.duke.edu , Notes on Baker-Campbell-Hausdorff Formulae.
In Noordzij(3), Homework 1, a proof is presented.

Exercise 5.3 Pauli Representations of Spin Eigenstates

Find the Pauli representations of the normalized eigenstates of S, and S,, for a spin-1/2
particle.

The Pauli representation can be read about in Section 10.5 of The Undergraduate Course, Fp.
| will use the notation of Section 10.5.

The spin operators are, i = 1,2,3 corresponding to x, y, z:

S = al,

where o; the Pauli-matrices.

- Let’s start with S,..
For the eigenvector in Pauli representation | choose:

x=(5): (C.5.E.14)
Then
1 6=+ cse

With the positive eigenvalue, +1, of the Pauli-matrix, the eigenvector is (a)'

Normalization results into:

lal = =
a—ﬁ.

Neglecting the phase factor, the eigenvector is:
1

V2
1

V2
a
Now for the negative eigenvalue —1, the eigenvector is (—a)'

(C.5.E.16)

With normalization and neglecting the phase factor, the other eigenvector of S,.:
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1

vz
L

V2
- The normalized eigenstates of the operator S,,.

Then

n(0 —i\(ay_ ,h(a
G 0)G)=230)
With the positive eigenvalue, +1, of the Pauli-matrix, the eigenvector is (icclz)'

Normalization and neglecting the phase factor gives for the eigenvector:
1

V2
I

V2
. . . . a
For the negative eigenvalue —1, the eigenvector is (—ia)'

(C.5.E.17)

With normalization and neglecting the phase factor, the other eigenvector of S;:
1

V2
oy

V2

(C.5.E.18)

Exercise 5.4 Probabilities of a Measurement of S;
Suppose a spin-1/2 particle has a spin that lies in the x-z plane, making an angle 6 with the

z-axis. Demonstrate that a measurement of S, yields 7/2 with probability cosz(g) and —h/2
with probability sin® (g).
Let’s start with a spin vector in a direction represented by the normalized vector
n = (Ny, Ny, Ny).
Then
_h ng (ny — iny)
Sp = . <(nx +iny) —n, > (C.5.E.19)
See for example Susskind.
Or in spherical coordinates, (C.5.E.19):

_h cos sin9cosq§—isin051n¢>
nT (sin@cosqb + isin 6 sin ¢ —cosf ' (C.5.£.20)
Now | set ¢ = 0, the x-z plane.
Hence,
h(cos B sin @
== . C.5.E.21
n Z(Sine —cos 9> ( )
The eigenvalues are found by the determinant (Chisholm and Morris)
|COS,6 —4 sing | = 0, for nontrivial solutions.
sin@ —cos — A

Hence, the eigenvaluesare A = +1.
Assume the general eigenvector A to be

1)

The spin eigenstates:

X+ = ((1)) and y_ = ((1)), (10.45) and (10.46) respectively. The Undergraduate Course.
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Then

h(cos@ sinf \sa\y _  h(a

E(Sin9 — cos 9) (b) - iz(b)' (C.5.E.22)
With the positive eigenvalue, +1:

7]
a sin @ cosy

b 1-cos®  sin? "
2

(C.5.E.23)

Consequently, with normalization and neglecting the phase factor:
6
a=cos-,
2
and
.6
b = sin-.
2
The eigenvector with positive eigenvalue is:

COS%
A= 2. (C.5.E.24)
Sll’l;

Or, with the spin eigenstates:

A = cosg((l)) + sing(g). (C.5.E.25)

(Ailxs) = cosgand (Ailx-) = sing.

The, with the spinor properly normalized (10.56), The Undergraduate Course:

AIAl = cos? g + sinzg =1. (C.5.E.26)

Fp: “In this case, we can interpret cos? g as the probability that an observation of S, will yield

the result +/7/2, and sin? g as the probability that an observation of S, will yield the result

—h/2.”, page 135 The Undergraduate Course.
Remark:
The negative eigenvalue, —1:

.0
a__ —sing Sty
> = Trcost = oot (C.5.E.27)
Consequently, with normalization and neglecting the phase factor:
a= —sin2
2
and
b = cosg.
2
The eigenvector with negative eigenvalue is:
—sin2
A, = e (C.5.E.28)
cos—
2
Or, with the spin eigenstates:
.61 6 (0
A, = —sm;(o) + cos> (1) (C.5.E.29)
With the spinor properly normalized (10.56), The Undergraduate Course:
A;Az = sin? g + coszg =1. (C.5.E.30)

How to interpret this? |c, |2 and |c_|? changed position. The conclusion is still the same?

81



Well, the probability to observe the positive eigenvalue is:

6
|G 14017 = cos?Z,
and the probability to observe the negative eigenvalue is:

. 7]
[(x-145)[> = sin® 2.

Exercise 5.5 Normalizing of a spin state. Measurement of Sy, Sy, and S,. Calculate expectation
values

An electron is in the spin-state
1-2i

X= A( 2 )

in the Pauli representation. Determine the constant A by normalizing y. If a measurement of

S, is made, what values will be obtained, and with what probabilities? What is the

expectation value of S,? Repeat the calculations for S, and S,,.

See also exercise 4 of Chapter 10 The Undergraduate Course, Fp.

- A:

Normalization of y —

yly=1=42(1 + 2i 2)(1_22‘) =429 A=+1.

So, with the positive value of A and neglect phase ambiguity.
_ (Y +2(0

x=30 21)(0)"'3(1)'

- A measurement of S, :
_ 11 =20 _ 1 0\ _ (C+

1=3(03") =elo) e ()= ()

| express y in the normalized eigenstates of S, Eqs.(5.56) and (5.62):
_ 11 =20 _ 1 0

1=3(3") = o)+ ()

Equate the elements of the column vectors:
1

co=3(1-20), (C.5.E.31)
and
c. =2, (C.5.E.32)

3
Bottom of page 135, The Undergraduate Course,

“In this case we can interpret |c.|? as the probability that an observation of S, will yield
the result +h/2 and |c_|? as the probability that an observation of S, will yield the result
—h/2.”

With (C.5.E.24) and (C.5.E.25):

5
[(xlxe)? = les]? = 5, and

4
|G lx? = le-]? =5
- The expectation value of S, :

(S2)=x"S.x .
For this expression we have all the ingredients derived:

sr=ga+za(; 205" =%

- Next a measurement of S, :
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We express y in the normalized eigenstates of S, see exercise 2,:

1 1
1(1—2i vz 7z
= 5( 5 ) = CosXns T Codoe = Con | |+ [ V2], (C.5.E.33)
V2 vz
Now equate the elements of the column vectors:
Cop = %(3 —20), (C.5.E.34)
and
Cro = —%(1 +2i0). (C.5.E.35)

Bottom of page 135:

“In this case we can interpret |c,.|* as the probability that an observation of S, will yield
the result +h/2 and |c,_|? as the probability that an observation of S, will yield the result
—h/2.”

Then with (C.5.E.27):

13
|<X|Xx+)|2 = |Cx+|2 =T

18’
and with (C.5.E.28):

5
e = lexn]? = =

- The expectation value of S, :
ot _h . 0 I\(1—-20\ _2n
So=xtsa=pa+2(] )%=

- Next a measurement of S, :
| express y in the normalized eigenstates of S, see exercise 2,:

1 1
_1(1-=20\ _ _ z 7z
- E( 2 ) = CysXy+ T Cy_Xy— = Cyy i +Cy- =i ] (C.5.E.36)
V2 V2
Now equate the elements of the column vectors:
Cyr = 55 (1= 4D), (C.5.E.37)
and
Cy-= g (C.5.E.38)

Bottom of page 135, The Undergraduate Course:

“In this case we can interpret |c, .. |? as the probability that an observation of S, will yield
the result +h/2 and |c,, _ |2 as the probability that an observation of S,, will yield the result
—h/2.”

Then with (C.10.E.31):
17

|<X|Xy+)|2 = |Cy+|2 = 18’
and with (C.10.E.32):

1
|<X|Xy—>|2 = |Cy—|2 =15
- The expectation value of S, :
ot _ . 0 —i\(1-2i\_4n
(Sy) = xTSyx == (1+2i 2)(i 0)( 5 )_ =
Remark: In the exercises 2 and 4 of Chapter 10, The Undergraduate Course, | paid attention

to phase ambiguity.
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Exercise 5.6 The Probability of a measurement of S, for a given spinor

Consider a spin-1/2 system represented by the normalized spinor
cosa )

= ([sin ale'f
in the Pauli representation, where a and [ are real. What is the probability that a
measurement of S, yields —h/2 ?

We express y in the normalized eigenstates of S, see exercise 5.3:

1 1
cosa NG NG
X = (sina exp (18)) = CysXy+ T Cy_Xy— = Cyy i +cy_ Si ] (C.5.E.39)
V2 V2
Now equate the elements of the column vectors:
Cyy = —~ (cos a — sin ae'®*? , (C.5.E.40)
y V2
and
Cy_ = \% (cosa + sin aei(6+5)). (C.5.E.41)
- The probability
With (C.5.E.41):
I(x|xy-)I? = lcy-|* =1 — sin2asin§ . (C.5.E.42)

Remark:

Now | like to remind the discussion of exercise 4, Chapter 10 The Undergraduate Course, and
imply the eigenstates presented in (C.10.E.24). Leaving out the detailed calculations we find
for |c,_|*:

lcy—|*> =1 —sin2a sin(§ + B) .

The question to be answered: does it matter setting § = 0 ?

Exercise 5.7 The analysis of an electron at rest in an oscillating magnetic field
An electron is at rest in an oscillating magnetic field

B = B, cos(wt) e,,

where B, and w are real positive constants.

(a) Find the Hamiltonian of the system.
The Hamiltonian is given by Eqs.(10.61) and (10.62), The Undergraduate Course Ch. 10,
H = QS,, (10.61),

and

Q= 95D _ o cos(wt). (C.5.E.43)

2me
Note: Section 5.6 on Spin Precession is about a static magnetic field: w = 0 in (C.5.E.43).
The same applies for section 10.6 on Spin Precession, The Undergraduate Course, Fp.

(b) If the electron starts in the spin-up state with respect to the x-axis, determine the spinor
x(t) that represents the state of the system in the Pauli representation at all subsequent
times.

..... ” the electron starts in the spin-up state with respect to the x-axis”. | suppose the spin
state to be: y,, att = 0.
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1

Xt = ‘/f , Exercise 5.3, (C.5.E.16).

V2
Schrodinger’s equation
L 0Y
lha =Hy

The state vector in Pauli representation

¥ = (C+(t)).
c_(t)
Plug this state vector in to (C.5.E.44), (10.65) The Under Graduate Course:
dex _ ;2
ac 7
where () is given in (C.5.E.43), a function of time.

The solutions for both differential equations, (C.5.E.46), are
c.(t) = c,.(0) exp[—i?—:)sin(wt)],

and

c_(t) =c_(0) exp[i?—:)sin(a)t)].

Fort = 0, the electron starts in the spin-up state with respect to the x-axis.

The state vector at t = 0, (C.5.E.16) and (C.5.E.45)
1

xe=0=(7 )= () =50+ 5(0)

N

V2
Then,
1 . Qp .
c.(t) = 5 exp[—tzsm(wt)],
and

c_(t) = \/% exp[i ;2—:) sin(wt)].

- Find the probability that a measurement of S, yields the result —# /2.

To this end | express the state vector y(t)
1 1

x(@) = <ztgg) = Cx+ ; t Cx- ; .

Hence, with (C.5.E.50) and (C.5.E.51),
— Qo .
Cxy = cos[Zw sin(wt)],
and
. . Qo .
Coe = —1 sm[z sin(wt)].
The probability
|cy—|? = sin? [?—:) sin(wt)].

- What is the minimum value of B, to force a complete flip in S,..
“...a complete flipin S,.”, meaning?
Let’s find out about the expectation value of S,.

5= (@0 (-3 (&)

With (C.5.E.50) and (C.5.E.51):
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(S,) = gcos[%sin(wt)]. (C.5.E.57)

Then, rewrite (C.5.E.55) with (C.5.E.57)
1

lex-I? = 2 (1= 2(S,)). (C.5.E.58)
Let’s analyse |c,_|? given by ((C.5.E.55).

| suppose a complete flip to mean a probability of 1 to be in the spin-down state with
respect to the x-axis. So,

lex-|? = 1.

Since,

—1 <sin(wt) <1,

| find for the minimum value of
'Q‘O > T

2w 2
With (C.5.E.43):
geBy

2me ge

. Q T
it follows from =2 > —
2w 2

B. > 2MeTw
0 = ge

6 Addition of Angular Momentum(No sections layout)

No sections.

See also chapter 11 of The Undergraduate Course, Fp.

For example (6.3)—(11.3),and J;; = L; , J,; = S; etc.

On the middle of page 92, Fp mentioned the two alternate groups of mutually commutating
operators, similar to those mentioned on page 143 of The Undergraduate Course.

Just a reminder: in (6.18) with orbital momentum and angular momentum(spin): j = [ + s.
In (6.12) — (6.19):

lj1,J2s My, m3),

and

|j1,j2}j,m> ’

are the basic kets.

(6.24):

J, = J1, + J>,and with the results of the operators given in (6.14), (6.15) and (6.19), (6.25) is
obtained. Then it follows, given m # m, + m,, the CGC’s(Clebsch-Gordan* Coefficients) to
be zero.

(6.26):

Jj < ji + j,, follows from the implication of the largest possible value of j = j; + j,, bottom
of page 93. Now,

Jj = lj1 — j2|. This follows from the fact that there are just (2j; + 1)(2j, + 1) independent
kets. Then,

@i+ 1D =2+ D(2j, + 1), (6.27).
Well, as mentioned by Fp, without loss of generality, set j; = j,, the summation consists of
(2j, + 1) terms.

The first term in the summation is

4 Gordan or Gordon?
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2(]'1 _]2) + 1/

and the last term in the summation is

2(jp+j2) + 1.

The summation in (6.27) is an arithmetic series, so

SIOE 2+ 1) =5 (2 + D201 — j2) + 1+ 201 +J2) + 1] = @)1 + D (22 +1).

(6.28) is defined to be the normalization condition.
Another one can be found. To this end | use the other completeness relation presented in
(6.21) by multiplying |jy, j,; mq, m,) into (6.21):

lj1,J2s My, M) = ZjZm(jl»jzij'mUpjzim1'm2>|j1’jzij'm> . (C.6.1)
Then, multiply (C.6.1) with the bra (jy, j,; m;, m,| :

(1 J2smy, Ma|jy, jo3 my, my) = 2j2m|(i1’j2Fj»m|j1'j2Fm1'm2)|2 =1, (C.6.2)
where

(1, J2; J, mlj1, j2; mq, m,) are the invers CGC's.

At the bottom of page 94 and at the top of page 95, Fp explained the CGC’s and inverse
CGC’s to be identical. This is of importance in discussing the tables presented on the pages
95-97.

6.1 Intermezzo Notation

Notation,

referring to The Undergraduate Course,
m;j=m=my +m, =mg +my,
mg, = i%and mg, = i% ,

—js=m =],

J=Jj1t+j2=51+5s3,

|s1 — s3] <j < 51+ 5.

End of Intermezzo.

Let’s anticipate an example given by Fp: a two spin one-half system.

For given j, using (6.28):

m=1,

summing over all the possible values of m; and m,, with the constraint m = m; + m, , one
term remains and leaving out the labels j;, j,

|<§§|11>|2 = 1. (C.6.3)
m =0,

6= 1oll + I3 3 =2

m= -1,

|<—§,—§|1,—1>|2 - 1. (C.6.4)
(6.30):

J* represent the raising and lowering operators for total angular momentum.
(6.32):

the "+ in the right-hand side of (6.31) changes into “+” using orthonormality by
multiplying the right-hand side of (6.31) with (j;, j,; m;, m,|
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giving the following expression for the first term on the right-hand side of (6.31)

(1 J2s My, maljy, josmy £ 1L,my) = 5m1m5115m2m;-

So, in order to contribute

m;=m;+1->m;=my +1andmj, =m,.

Simarlily for the second term on the right-hand side
my,=my;+1->m;,=m,+1andmi =m,.

Just below the table on top of page 96, Fp writes:

The normalization condition (6.28) implies that the sum of the squares of all the rows and
columns of the above table must be unity. This is a bit confusing, since (6.28) is about
summing over all the possible values of m; and m,, of which | presented the example of the
two-spin one-half system. This means the sum of the squares of the columns. What about
the sum of the squares of the rows? This is about summing of all values of j and m . In
(C.6.2) this summation has been derived.

Now | will investigate (6.35) to find out about the CGC's.
Reminder: the “ — “ sign on the left-hand side of (6.32) goes together with the “ + ” sign on

the right-hand side, and vice versa. Just above (6.35), Fp writes: “m; = m, = i% taking the
upper/lower sign”. Meaning? | suppose since m = 0 is analysed: m; = i—% andm, = $% .
On the other hand, on the left-hand side of (6.32) in the inner product m + 1 is obtained.
So,m; = i%and m, = i%. Furthermore, m; = m, is confusing. However, by analysing the
two spin one-half system the expression: m; = m, = i—%, becomes clear.

In the Intermezzo below, | will summarize and discus the C-G Coefficients for the two spin
one-half system.

6.2 Intermezzo the Angular Momentum of Two Spin One-half Systems at rest.
Note: see the above Intermezzo on Notation.

First in (6.32):

m =m;, and m; = m;,

So:

j=81+s,=1,5 =5, = %,the constraint m; = m = my +my,, and my, m, = i%.
| start with:
j=1m=1m;,m, =
The left hand side of (6.32), for the upper sign,
m<§§|12> =0,

as it should be: e,% |1,2> does not exist.

N | =

The right hand side of (6.32),for the upper sign, becomes:

3 1 1 11 3 1 1 1 1
36D (sl i3 (-3 =0

What about the coefficients <— %,% |1,1> and e, — % |1,1> ?

Well, both coefficients are equal 1.
In fact, J* has been used. So, m is “raised by 1. | think this to be meaningless, since m has to
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be 1 instead of 2, on the left hand side.
What about /7?
The left hand side becomes:

11

VZ(3.3[10).
The right hand side of (6.32) is 0.
Now ,what to do?
There is just 1 coefficient for the constraintm =my + m, = land my = m, = % with
(6.22):
(.2]1),

2°2
and (6.28)
|<3,1|1,1>|2 ~1.

2’2
So,
<1,1|1,1> = 1.

2’2
Note: this result cannot be obtained with the recursion relations (6.32).
Next,

1 1
m =2, my = —Eandmj =m=0,
the upper sign, left hand side of (6.32), resulting into:
1 1
V2 (5, -3 )
. . . 11

In (6.35), the right hand side, Fp presents this to be \/?(E,E |1,1>.
Well, for m = 1 there is just one possibility: m;,m, = %,(6.22).

Now, m; = %, m, = — % and m = 0, for the right hand side, the upper sign,

<—l, 1 |1,0> +0- <l, 3 |1,o>. (C.6.5)
2 2 2 2
Again: m = 0. Consequently, the bra-parts of <—%, —%|1,0> and e, —% |1,0> are not

correct. The bra’s should comply with comply withm = 0.
So, the C-G-coefficients are:

<1, - |1,0>, and <—1,1 |1,0>.
2 2 22
What about the “0” in front of e, —% |1,0> in (C.6.5)? | assume this “0“ to be 1. There is no

difference between <l, 1 |1,0> and <— l,l |1,0>.
2 2 2°2

Remark 1:
| do have a problem here with the recursion relation:
- the constraint m = my + m,. If m # my + m, , the CGC s zero.

. 1 1
- on the other hand, for,i.e, m =0, m; = 5 andm, = — > works.

So, what to choose? | choose: the CGC’s to be e, —% |1,0> and <— %,% |1,0>. The recursion

relation is not of much help? With (6.22):
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2’ 2 2’ 2
Then, (6.29):
1 1 11
|<5,—5|1,0> 2 + |<—5,5|1,o> =1,
and symmetry
1 1 11 1
<5'—5|1'°> = <—5'5|1'0> =7
The zero’s in the table at the top of page 96, result from

m # my + m, ,Fp, bottom of page 95.
Remark 2:

(6.38) should read <1,l |1,1> = <—l,—1|1,—1> =+1.
22 2 2

The following case:

. 1
j=1lm=-1m;,m, = -

. . . 1
Similartothe j = 1,m = 1,m;,m; = -,

bt

the result | already presented above.

The remaining case,

j=0m=0m =§,mz = —iorml = —%,mz = +§.

At the top of page 97, Fp presented an easier method to find out about the CGC's:

“The dot product of a row with any other row must be zero. Likewise, for the dot product of a
column with any other column.”

The result of this approach is presented in the table at page 97.

In (C.6.3)-(C.6.4), | presented the results as obtained from (6.28).

In (C.6.3):

<%,%|1,1> = 41, and due to the constraintm=1 :m; =m, = +%

Here | shall repeat some of the results already discussed above for the left hand side of
(6.35) or the right hand of (6.32).
Again suppressing the j; and j, labels, with m = m; + m, , the summation in (6.31), the

upper sign, the “m,; = %, m, = — % and m = 0 “ cell(page 95) and the inner product with
(my, my|:

(my, m,| Zm; Zm;{\/jl(h +1) —-my(my +1) Imy +1,m;) +

+Vi2(z + 1) = m;(mj + Dimy, my + 1)}y, mylj, m). (C6.6)

The summation in (C.6.6) is over all possible dummy variables m; = i—% and mj, = i%, with
the constraint: m' = mj + mj.

Hence, with the inner product

+\/j2(jz + 1) — my(m;, + 1)(mmy, my|my, mj + 1) (my, my|j, m). (C.6.6a)
Keep in mind: the summation is over all possible dummy variables.

The inner product in (C.6.6a) is # 0 for
m; = m; +1 - m; =my ¥ 1and mj, = m, for the first term in the summation,
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and

simarlily for the second term on the right-hand side of (C.6.6a)
m,=m5;+1->m,=m,+ 1landm; = m;,.

So, for the upper sign , (C.6.6.a) results into

\/jl(il + 1) —my(my — D(my — 1,m,|j,m) +

+Vj2Gz + 1) = my(my — 1D)(my, m, — 1]j,m) . (C.6.6b)
Then, for completeness, (6.32) for the upper sign

\/jl(jl + 1) —my(my — D{(my — 1, my|j,m) +

+j2Ga + 1) = my(my — 1)(my, m, — 1]j,m) ,(6.32).

In addition, | will apply the method used in Noordzij(3),page 61.

(6.22), suppressing the j; and j, labels:

lj, m) = Xom, m,{my, mplj, m) imy, my), (C.6.7)
where

(my, m,|j, m) are the CGC’s(C;).

I shall analyse j = 1 and m = 0, the case | failed to analyse above.

With (C.6.7), tensor product notation and m = 0,

1 1 1 1
10 =G 1) ®1-3)+Cl-3)®13). (c68)
So, in column representation, e.g.,
0
1 1\ _ 1 0y _|(1
Bei-=(e@)=|,
0

Next | will operate the lowering operator on |1,1), using (4.55)-(4.56),
ViG+1D) —m(m—1) =2,
J711,1) = v2|1,0), (C.6.9)

and with the chain rule or with J; (operating on m;) and J; (operating on m,),
\/j1(j1 +1) —-my(my —1)=1and \/jz(fz +1) —my(m, —1) =1,
- _ 1 1 1 1 1 1
=y (3e13) =1-3 @13 +13e1-3). (€610
In (6.10), | made use of the CGC= 1 for the first cell in the first column. Consequently, there
are two terms at the right hand side of (C.6.10).

Keep in mind, on the left hand side of (C.6.10): m = 1.

Combine (C.6.9) and (C.6.10):
1 1 1 1,1 1

110)==(-)® 1P+ 503 @1-2). (c6.11)
Consequently, from (C.6.8) and (C.6.11), the CGC’s are:

_ 1 Vi1(i+1)—-my(m;-1) _ 1 _ Vi2Gz+1)—my(my—1)
= V2T JiG+D-m(m-1) and (; = V2 JiG+D-m(m-1)
A bit closer to Fp’s approach.
(6.22):

11,0) = ¢, |§,—§> A 1>. (C.6.12)

2’2
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Next, use the lowering operator for the |1,1) state
J711,1) = V2|1,0), (C.6.9).
(6.22), suppressing the j; = %andjz = % labels:

|1,1) =CGC(| %,3). Again with the lowering operator, CGC= 15 and with (C.6.9):

=133 4133 = 1= 32+ 12 -3) = V210, (€6.13)
With (6. 13)
10) = %1 - 2.3 + 5132 (C.6.14)

Hence, from (C.6.12) and (C.6.14), the CGC's are:

Ci=ZandC = 5.
This completes my analysis of the two spin one-half system.

Conclusion about the use of the recursion relations | (6.32):

It is not about a straight forward application of these recursion relations to find out about
the CGC's, to say the least.

End of Intermezzo.

At the top of page 97 Fp presented an easy way to complete the table at the bottom of page
96: the rows and columns of the table must all be mutually orthogonal. For example, the dot
product of a row with any other row must be zero. So, suppressing the j; and j, labels, with

(C.6.1):

<m17 m,2 |m1, m2> = 6m'1m1 6m£m2 = (mll' m’2 |{ Zj Zm(j' mlml' mZ)Ij' m)} (C-6-8)

Exercises

Exercise 6.1 Calculate the CGC’s for adding spin one-half to spin one.

This exercise can also be found in Chapter 11 of The Undergraduate Course, Fp.
| will use the advice of Fp to use a table to collect all the possible CGC's.
See the table below. Below the table, the numbers in the table are calculated.

my m, 1 2 3 4 5 6
1 1/2 1 0 0 0 0 0
1 -1/2 0 1/V3 0 0 V2/V3 0
1/2 0 |v2/V/3 0 0 —1/3 0
0 -1/2 0 0 -1/V/3 0 0 V2/V3
-1 1/2 0 0 V23 0 0 1/v/3
-1 —-1/2 0 0 0 1 0 0
ji=1 j= 3/2 | 3/2 3/2 3/2 1/2 1/2
2=1/2 | jitj;
m= 3/2 | 1/2 | =172 | =372 172 | —1/2

5 This leads to the result: |1,1) = | %,%> It is about two spaces of states having two identical states.
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| [y +my || | | I | |

| start with the first column®: use m = m,; + m, = 3/2. Only the first cell does contribute.
Consequently, the first cell of the column is equal to 1. The other cells in the first column
are zeroes according to (6.29).

The same reasoning applies to the last column and the last row: m = m; + m, = —3/2.
The other cells in the last column produce zeroes according to (6.29).

On the basis of m = m; + m,, | plug into the other columns the zeroes.

The second(2) column:

m=my +m, =1/2.

| need to find the CGC’s for: j = %,m = %and my =10, m, = —%,% respectively.

The second and third cell in the second(2) column. Consequently, | need to find two CGC's.
Again | could apply for the tensor- and column vector approach. | will stay close to the
approach of this chapter. So, | will use the result of just one CGC in the first(1) column and
the lowering operator J .

(6.22):
31 1 1
|E'E> = Clll,—5>+62|0,5>. (C.G.E.l)
Next, use the lowering operator for the | %, §> state with (4.55)-(4.56):
_,3 3 31
J E’E> 3 E’E>' (C.6.E.2)

(6.22), suppressing the j; = 1 and j, = % labels, gives
|3,5> =CGC|1,1> = |1,1>,
2°2 2 2
where CGC= 1, normalization (6.28), the first(1) column of the table above.
With the lowering operator,

_,33 41 a1 1 1 31
12 = L3 4 L3 = v210.2) + 11,-3) = V3 12.) (C.6.E3)
From (C.6.E.3):

31\ _ V2,1 1 1

|5'§> = —3|o,5> +ﬁ|1,—5>. (C.6.E.4)
Hence, from (C.6.E.1) and (C.6.E.4), the CGC’s are:

_1 _V2

Cl —_ \/_gand Cz —_ \/§ . (CGES)

The third(3) column:

m=my+m, =1/2.

I need to find the CGC’s for: j = %,m = %and my =10, m, = —%,%.

The same analysis as used above can be applied. A bit more complicated however, since the
machinery of the lowering operator works on two terms instead of one. | use the remark
made by Fp at the top of page 97: “.......... Likewise for the dot product of a column with any
other column.” So, the dot product of the third column with the second column needs to be
zero. The only possible way is for the unknown CGC's in the third column to be equal and

opposite. The result is presented in the table above.

6 The numbers of the columns are given in the first row of the table.
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The fifth(5) column. | will pay attention to the fourth(4) column later.

It is convenient, not to say, practical to do this. In this way | can make use of the single
CGC = 1 in the sixth(6) column. In addition, | will use the raising operator.
m=my+m, =-1/2.

| need to find the CGC’s for: j = %,m = —%and m; =0,—-1;, m, = —%,%.
(6.22):
3 1 1 1
2-P=al0-d+ei-1) (C6.E6)

Next, use the raising operator for the |§, — §> state with (4.55)-(4.56):
JiG+D-mm+1)=+3

+13 _3\ = 3 _1

JH13 2>_\/§|2, 2>. (C.6.E.7)
With J; (operating on m;) and J5 (operating on m,),
\/jl(jl +1) —-my(my+1)=1and \/jz(fz +1) —my(m, +1) =1,

+13 3\ v 1 22 +1_1 1= _1 _14 = 3 _1
J |E'_§>_ =1 2>+]2 =1 2>_\/§|0' 2>+| 1'2>_\/§|2' 2>'

(C.6.E.8)
Then
3 1\ _ V2 1 1 1
Hence, from (C.6.E.6) and (C.6.E.8), the CGC’s are:
_V2 -1
Cl —\/_gand Cz _\/§

This result is presented in the fifth column of the table above.

The fourth(4) column.

With the same reasoning as presented for the third column:

So, the dot product of the fifth column with the fourth column needs to be zero. The only
possible way is for the unknown CGC’s in the fourth column to be equal and opposite. The
result is presented in the table above.

This table is also presented on page 147 of The Undergraduate Course, Fp.

Exercise 6.2 Calculate the Clebsch-Gordon coefficients (CGC’s) for adding spin 1 to spin 1.

| will make use of the Fp table. There are 81 entries and at least 62 zeroes.

m my m, 1 2 3 4 5 6 7 8 9
2 1 1 1 0 0 0 0 0 0 0 0
1 1 0 ol1v2] 0 0 0 | -1v2 0 0 0
0 1 -1 0 0 146 0 0 0 132 0 1/43
1 0 1 ol12]| O 0 o | 1/v2 0 0 0
o] o 0 ol o [2i6] 0 [0 0 0 0 |-1v3
-1 0 -1 o] o 0 [1p2] 0 0 0 —1/\2 0
0| -1 1 o] o [16] 0 0 0 —1/\2 0 1/V3
-1 -1 o o 0 [1p2] 0 0 0 12 0
—2 —1 —1 0 0 0 0 1 0 0 0 0
ji=1|jmax=2|21] 2 2 2 2 1 1 1 0
J2 1| jmin =0
m 2 1 0 -1 -2 1 0 -1 0

o
e



The first column(1)’:

| start with the first column: use m = m; + m, = 2. Consequently, the first cell of the
column is equal to 1. The other cells in the first column are zeroes according to (6.29).
The same reasoning applies to the fifth(5) column and the row: m = m; + m, = —2.
The other cells in the last column(5) produce zeroes according to (6.29).

On the basis of m = m; + m,, | plug into the other columns the zeroes.

The second column(2):
m=my+m, =1
| need to find the CGC’s for: j =2,m=1andm; =1,0;, m, =0,1.
(6.22):

|2,1) = C;]1,0) + C,|0,1). (C.6.E.10)
Next, use the lowering operator for the |2,2) state with (4.55)-(4.56):
ViG+ 1D —m@m—1) =2

J712,2) = 2|2,1). (C.6.E.11)
With the lowering operator on (6.22), |2,2), J{ (operating on m,), J; (operating on m,) and
(C.6.E.11)

VitGi + 1) —my(my — 1) =vV2and /j,(, + 1) — mp(m, — 1) = V2,

J712,2) = J71L,1) +J5 11,1) = v2(0,1) +v2|1,0) = 2|2,1), (C.6.E.12)
Then
1 1
[2,1) = 5 |0,1) + 5 |1,0). (C.6.E.13)
Hence, from (C.6.E.10) and (C.6.E.13), the CGC’s are:
1 1
Cl —\/_Eand Cz _\/_E

This result is presented in the table above.

The sixth column(6):

m=my+m, =1.

| need to find the CGC’s for: j =1,m=1andm; = 1,0, m, =0,1.

The same analysis as used above can be applied. A bit more complicated, however. | use the
remark made by Fp at the top of page 97: “.......... Likewise for the dot product of a column
with any other column.” So, the dot product of the sixth(6) column with the second(2)
column needs to be zero. The only possible way is for the unknown CGC's in the sixth column
to be equal and opposite. The result is presented in the table above.

The fourth column(4):

m=m;+m, =—1.
I need to find the CGC's for: j =2,m = —1andm; = 0,—-1; m, = —1,0.
(6.22):

|2,—1) = C;]0,—1) + C,| — 1,0). (C.6.E.14)
Next, use the raising operator for the |2, —2) state with (4.55)-(4.56):
JiG+ D —m@m+1) =2

Jt12,-2) =2|2,—-1). (C.6.E.15)
With Ji (operating on m;) and J; (operating on m,), using (C.6.E.15)

7 The numbers of columns are indicated in the first row of the table.
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ViGi+ 1) —my(m; +1) = V2 and Vi2Gz + 1) —my(m, +1) = V2,
JH2,-2y=Ji - 1,-1) +JF| — 1,—-1) = v2]0,—1) + V2| — 1,0) = 2|2, -1),

(C.6.E.16)
Then
1 1
|2,—1) = 5 |0,—1) + 5l 1,0). (C.6.E.17)
Hence, from (C.6.E.14) and (C.6.E.17), the CGC’s are:
1 1
Cl —_ Eand C2 —_ E

This result is presented in the table above.

The eighth column(8):

m=mq;+m, =-—1.

| need to find the CGC’s for: j =1,m=—1andm; = 1,0, m, =0,1.

The same analysis as used above can be applied. A bit more complicated, however. | use the
remark made by Fp at the top of page 97: “.......... Likewise for the dot product of a column
with any other column.” So, the dot product of the eighth(8) column with the fourth(4)
column needs to be zero. The only possible way is for the unknown CGC’s in the eighth
column to be equal and opposite. The result is presented in the table above.

The third column(3):
m=mqy+m, =0.
| need to find the CGC’s for: j =2,m =0and m; = 1,0,—1; m, = -1,0,1.
(6.22):
[2,0) = C;]|1,—1) + C,|0,0) + C5| — 1,1). (C.6.E.18)
Next, use the raising operator for the |2, —1) state with (4.55)-(4.56):

ViG+1) —m(@m+1) =6,

J*12,—1) = 62,0 . (C.6.E.19)
(C.6.E.17):
2,-1) = =10,~1) + =| - 1,0).

Now | operate J* = J; + J5 on the right hand side of (C.6.E.17).

With Ji (operating on m;) and J; (operating on m,),

ViiGr + D) —=my(my + 1) =v2and /j,(j, + 1) — my(m, + 1) = V2,
and find four expressions, with (C.6.E.19):

1 1 1 1
JH12,=1) = J§ 310,~1) + Jf 1 = 1,0) +JF 510,~1) + J§ 1| - 1,0) =

|1,—1) +[0,0) + [0,0) + | — 1,1) = /6|2,0). (C.6.E.20)
Then
1 2 1
12,0) = =11,-1) + =10,0) + | - 1,1). (C.6.E.21)
Hence, with (C.6.E.18) and (C.6.E.21)
1 2 1
Cl —E,CZ —ﬁandCé _\/_E

These results are plugged into the table above.
Now, what about column 7 and 9?

The rules of orthogonality of the columns and rows and in addition normalisation are not
that easily applied. Since these rules lead to 6 equations for six unknowns.
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| will use instead the raising operator for column 8.

The seventh column(7):
m=my +m, =0.
| need to find the CGC’s for: j =1,m = 0andm; = 1,0,—1; m, = -1,0,1.
(6.22):
[1,0) = C,]|1,—1) + C,|0,0) + C5| — 1,1). (C.6.E.22)
Next, use the lowering operator for the |1,1) state with (4.55)-(4.56):

JiG+1D —m@m—1) =2

J*11,1) =+2]1,0). (C.6.E.23)
Use the results of the sixth column:
1 1
[1,1) = — 5 |1,0) + 5 |0,1). (C.6.E.24)

Now | operate /]~ = J; + ], on the right hand side of (C.6.E.24).
With J; (operating on m;) and J; (operating on m,),
VitGi + 1) —my(my — 1) = V2 and /j,(, + 1) — my(m, — 1) = V2,

and find four expressions, with (C.6.E.24):
_ _-1 _1 _-1 _1
LD = J7 Z1L0) 4 7 510.1) +J5 2110 + J5 10,1) =

= —0,0) + | — 1,1) — |1,—1) + [0,0) = v/2|1,0). (C.6.E.25)
Then
1 1
11,0y =% |- 11) - =1, -1). (C.6.E.26)
Hence, with (C.6.E.22) and (C.6.E.26)
1 1
Cl _\/_7'C2 —OandC3 = —5.

These results are plugged into the table above.

The last column(9):
Is there information to calculate the CGC’s easily using orthogonality and normalization?
m=mq;+m, =0.
| need to find the CGC’s for: j =1,m =0andm; = 1,0,—1; m, = -1,0,1.
(6.22):
[1,0) = C,]|1,—1) + C,|0,0) + C5| — 1,1). (C.6.E.27)

The orthogonality of the columns 7 and 9, leads to the conclusion:
1 1

5C1_5C3:O_)C1:C3,

and the orthogonality of the columns 3 and 9

Cl = _Cz.

Furthermore normalization

C, = +/1—2C2.

Hence:
Cl = C3 = \/Eand Cz = _ﬁ
These results are plugged into the table above.

The raising and lowering operators cannot be applied.

1 1
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Exercise 6.3 An electron in a hydrogen atom occupies the combined spin and position state.
This exercise is about a central potential. The eigenfunction can be separated into a radial
part, R(r), and into a spherical harmonic, Y, ,,, . Take care of the subscripts since this
exercise is not about stationary electrons. It is about orbital - and spin angular momentum. [
and m are quantum numbers of orbital motion, mg the spin angular momentum quantum
number. nn the quantum number for the radial wave function, the principal quantum
number.

The wave function:

1 vz
¥ = Ray1 (NI7F Y100, )x+ + ZY12(0, 0)x-1, (C.6.E.28)

where
n=21l=1landm=1,0.
n>1=m;,and m; = m + mg, see Eqs. (11.22) and (11.23) of The Undergraduate Course.

1 r
Rar(") = Gy

Yi0(6, ) = \/gcos 0,

Y1,00,9) = —\/gsine e'®,

= (=)

and
__ 4megh?

0 mee2 ’

e~7/(220) the radial part of the wave function,

the Bohr radius.

a) What values would a measurement of L? yield, and with what probabilities?

So,
L?1? L? operates on the orbital part, Y, m of the wave function v, Eq(4.43):

1 V2
L* Y = 2h*p = 207 Ry, () [5Y10(6, @)X+ + 511 (0, @) x-]. (C.6.E.29)
This measurement gives one value for L? — 2A2, with a probability of 1.

b) What values would a measurement of L, yield, and with what probabilities?
L, operates on the orbital part, Y;,,, of the wave function v, Eq.(4.25):

L,y =mhvy.

Now, there are 2 values of m — 1and 0.

L,Y; o = mhY; o = 0 with probability 1/3,

LY, =(m+1)hY;; =h.

And a measurement of L, yields h with probability 2/3.

c) What values would a measurement of S? yield, and with what probabilities?
With Eq.(5.14) and s = %:

S%x: =s(s+ Dh%yy = %hz)(i :

A measurement of S? yield %hz with probability 1/3 and %hz with probability 2/3.

So %hz is measured with a probability 1.
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(d) What values would a measurement of S, yield, and with what probabilities?
With Eq.(5.6) :

1
Szxy = E£ohys.
A measurement of S, yield %h with probability 1/3 and —%h with probability 2/3.

(e) What values would a measurement of J? yield, and with what probabilities?
With Eq.(11.26) The Undergraduate Course, Fp:

P =G+ DRy

j=1l+s,

|l —s|<j<l+s5,6.26).
=3

So,]—2

J2p = j( + Dh3p = Zh2y,

or,j=l

2
i 3

J2Y =0+ 1Dh*yp = thz/).

A measurement of J? yield %hz with probability 2/3 and %Shz with probability 1/3.

(f) What values would a measurement of J, yield, and with what probabilities?
With Eq.(11.8) The Undergraduate Course, Fp:
Y = mihgp,
and
m;=m-+ms.
In (C.6.E.28):
m=0,m5=l,andm= 1,m5=—1—>mj =1
2 2 2
A measurement of J, yield %h with probability 1/3 and %h with probability 2/3.

So, %h is measured with a probability 1.

(g) What is the probability density for finding the electron atr, 8,¢ ?
The probability density : []? .
With (C.6.E.28) :

1 2 2 x * 2 *
[Y|* = |R2,1|2(§ [Yi0l?|x+1? + 3 [Yil?1x-1? = 3oV Xe -5 Y1 YioxZx4) - (C.6.E.30)
Using normalization and orthogonalization (C.6.E.30) becomes:

1 2
[Y|* = |R2,1|2(§ [Y1,0l% + 3 1Y111%) . (C.6.E.31)
Now plug the expression for the spherical harmonics, Egs. (8.92) and (8.91), The
Undergraduate Course, Fp, into (C.6.E.31), then we have:

[¥|? = |R,1|? . Finally, this expression can be written with Eq.(9.67), as: The

Undergraduate Course, Fp,
1 -
|2 = m(alo)ze r/ao (C.6.E.32)

As we see, the probability density does not depend on 6, ¢ .
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(h) What is the probability density for finding the electron in the spin up state (with respect
to the z-axis) at radius r ?
Well, how to understand with respect the z-axis? 8 = 0 ?

In that case we have to evaluate: |R2,1|2(§ [Y10l%|x+1%), given Yy o = ’% )
This results into the expression given in (C.6.E.32).

Exercise 6.4 Calculate the potential energy for a neutron-proton system
In a low energy neutron-proton system ( with zero orbital angular momentum ) the potential
energy is given by

V@ =@ + 10 (322D 5 6,) +Vs(0s oy, (C6.E33)
where
r = |x|, and

0, denotes the vector of the Pauli matrices of the neutron, and o, denotes the vector of
the Pauli matrices of the proton.

(C.6.E. 33) represents a special potential energy. | have not seen such one before. Well,
section 12.10 on the hyperfine structure of The Undergraduate Course shows an example,
partially, of such a potential energy.

Calculate the potential energy for the neutron-proton system [Hint: Calculate the
expectation value of V(x) with respect to the overall spin state.]:

(a) in the spin singlet(i.e., spin zero) state:

Table for two spin one-half system, page 97, fourth column

om =502 -4-1-5 =2 - O 2 e () -( e ()=

0

_1] 1 . .

=% 4 | the overall spin state, |sing). (C.6.E.34)
0

(b) in the spin triplet(i.e., spin one) state, for comparison | choose the second column of the
CGC’s Table:

0
1,1 1 11 1|1 . .
[1,0) = \/_E(l > _§> + | - E’E>) A BNE the overall spin state, |trip2).
0

Now, what | call the overall Pauli operators.
| start with @, - 65, and construct the tensor product of the Pauli matrices. | will include the
unit vectors along the three axis:

_ , 1 0 00

( n, Ny, — my) ® ( n, Ny — my) (o -1 2 o0
n, + in, —n, n, + in, -n, J |0 2 -1 0
0 0 0 1

Operate this 4 X 4 matrix on the singlet state:
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1 0 00 0 0
(0 -1 2 0 T y__3(1
vz 0 2 -1 of|-1] +v2|-1

0 0 0 1 0 0

Hence, the singlet state is an eigenvector of 6, - 0, . The eigenvalue is —3 . This result is also

found below with a bit more work.
Operate the 4 X 4 matrix on the triplet state:
1 0 0 0 0 0
10 -1 2 O 1y_21(1
v2y 0 2 -1 0/\1 vz 1
0 0 0 1/ \0 0
Hence, the triplet state is an eigenvector of 6, - 0, . The eigenvalue is 1 . This result is also
found below with a bit more work.
The next for which | construct the overall operator is (o, - x)(ap . x). | will suppress the unit

vectors. So, keep in mind, products like x - y = 0, etc.

/ z2 0 0 x? — y?
( z x—iy>®< z x—iy)_ 0 -—z2 x%2+y? 0
x+iy -z x+iy -z ) 0 x2 + y? —22 0 '
x? —y? 0 0 =z

Now, | found the two overall operators for the overall spin states.

Finally, calculate (V(x)).
Again for comparison | choose the first column of the CGC’s Table for the triplet state:

1
0} (C.6.E.34a)

|tripl) = 0
0
a) The spin singlet state.
(V(x)) = (sing|V(x)|sing), and (C.6.E.34).
| calculate the expectation value for the various elements of V(x) in (C.6.E.33).
- Vi(r) = (V) = Va ().
Next
- Vz(r) = V(0] o - Op -[V3(r) — Vo (r)] (sing|oy, - 0'p|5ing) =
1 0 0 O 0

_1 _ _ 0O -1 2 0 1 1_ _
=3 [V3(r) — V2(1)](0,1,—1.0) 02 -1 0ll=1]" 3[V3(r) — V()]
0 0 0 1 0
Finally
(onx)(opx)  3V5(r) ) . .
-3V,(r) = - (smg|(an . x)(ap . x)|smg) =
z2 0 0 x*=y*\ /0
2 2 2
— 0
=3%0 (0,1,-1.0) 0 —=  xty !
2r 0 x“+y —z2 0 -1
x? —y? 0 0 2z 0

With 72 = x? 4+ y2 + z?2, this contribution to the expectation value is
3V, (7).
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Combining the above results:
(V(x)) =Vi(r) — 3V5(r). (C.6.E.35)
The same result as found below.

b)The spin triplet state.
(V(x)) = (trip1|V(x)|trip1), and (C.6.E.34a).
| calculate the expectation value for the various elements of VV(x) in (C.6.E.33).
- Ni(r) - (V1i(r) = Vi (7).
Next
- [V3(r) = Vo(r)] oy - 0 2[V5(r) — Vo ()] (tripl|oy, - opltripl) =
1 0 0 0 1

_ _ 0o -1 2 o[o]_ _
- [V3(T') VZ(r)](]-;O;OO) 0 2 -1 0 0 - [V3 (T') VZ(r)]
0 O 0 1 0
Finally
(en)(opx)  3V,(r) 4, . . _
-3, (N === - =5 (trip1|(oy - %) (0, - x)|tripl) =
z2 0 0 x% — }’2\ 1
3% 0 —z2 x% + y? 0 0] _ 322m(n)
=2Ewo0n | 7 L [ 0=
x? —y? 0 0 z? 0

Combining the results for the |trip1) state:

(V) = (triplV@)|eripl) = V, () = Vo () [1 - ] + v, (0.

'
The same result as found below.

Just curious: what result is found for |trip2)? Leaving out the details, the result is:
. , 622

(V@) = {trip2|V(@)|trip2) = V,(r) = V,(r) [1 = Z] + V().

Without the details
. , 622

(V(2)) = {trip3|V(@)|trip3) = V,(r) = V,(r) [1 = Z] + V()

For the triplet’s | found a dependency on z2.

Exercise 6.4 Summary and observations
-A single double ket — a singletj = 0,m = 0.
-A triple of two single kets and one double ket — a tripletj = 1,m = 1.

<sing| (BM -0y, ap> |sing> =0.

7"2
(sing|oy - 0,|sing) = =3 .
(trip1,3|(0, - x) (0, - x)|trip1,3) = z2.
(trip1,2,3|0y, - 0,|trip1,2,3) = 1.
(trip2|(oy - x) (0, - x)|trip2) = 222.
Below | reproduced the results of Exercise 2 Chapter 11 The Undergraduate Course.

| need to obtain: ( V(x))
The vector of the Pauli matrices reads:

o= (ax, Ty, UZ).
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Consequently, the inner product of the matrices are:

On* Op = OnxOpx + OnyOpy + 0,05, . (C.6.E.36)
When we operate o, - g, on the singlet state and the triplet state respectively, what will be
the result?

Let us start with the singlet state:

=06 -O

With (C.6.E.34):

1 .(0\ /1 1\ (0
(anxapx + OnyOpy + Unzapz) ﬁ [(1) (0) - (0) (1)] .
Onx Operates on the first column of the two column vectors between square brackets. oy,

on the second of the product of the two column vectors, etc. With the expressions for the
Pauli matrices, the result is:

(st + oy + 3.2) (1) (o) = (o) (D] = =5 (0) = (0) (D)}

Hence, the singlet state is an eigenvector of oy, - g, . The eigenvalue is —3 .
Now with the triplet state. There are three triplet states. | choose one:

(O'nxo'px + OnyOpy + anzapZ) \/% [((1)) ((1)) + (é) (2)] :

With the expressions for the Pauli matrices:

(nex + 0nyny + ) 5 (1) (6) + (o) ()] =

-+ 1-051() (o) + (o) ()

Hence, the triplet state is an eigenvector of o, - ), . The eigenvalue is 1.

What about (—(al'rjgarr)) ?

Op" X = 01X + 01y + 01,7 . (C.6.E.37)
So,
(04 X)(0, - X) = (OpxX + Onyy + 0n22) (OprX + Oy Y + 0,,2) . (C.6.E.38)

Now calculate (V (x)).

ad (a) The spin singlet state as given by Eq.(11.75), The Undergraduate Course:
Hence, in general we have to find out about:

xTV()x.

Now:

x=%10) () - QO =51 () -
and V(x) is given by (C.6.E.33).
We already calculated:

(et + 0y + 90090 (1) (o) = (o) ] = =51(2) (o) - () (O

The easy part of the job:
<V1) = Vl ’
and,

o+ von- 0 5(1) (o) = (0) Q)] = =+ 51() (o) - () (-

For the expectation value of the easy part we find:
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_3 (_VZ + V3) + Vl . (C.6.E.39)

In addition we must operate (C.6.E.38) on the singlet state. Instead of 3, we have to find the
result of 9 operators given in (C.6.E.38) in order to calculate the additional part of the
expectation value.

We start, neglecting for the time being, \/2_3://;2 with:
() )= Q) Q)] rax+ 0y + a0t s + oy + 0 (D) (0) - (5) (D)

(C.6.E.40)

It’s not difficult, but asks for carefully bookkeeping. The above expression results into,

—2(x* +y* + z°).

Combining this result with (C.6.E.39) gives us for the expectation value, including the factor
3V,

VZVzre

(V(r)=V,—-3V;.
ad(b) | choose the spin triplet state as given by Eq.(11.74), The Undergraduate Course, the
Pauli representation:

_ (N1 (1 (14

X= (o) (o) and y' = [(0) (0)] '
Again we have to calculate

XV

| start with, what | called the easy part of the job:
<V1> = Vl ’
and

(_VZ + VB)XTO-n "O0pX -
Then
1

1 1\ /1
(=V, + V3)[(0) (0)]T (nxOpx + OnyOpy + Onz0p;) (O) (O) =(-V,+V3). (C6.E.41)
So for the easy part of the job we find:

Vy—V, + Vs . (C.6.E.42)
In addition we have to calculate:
1\ /1 1\ 71
[(0) (O)F (OnxX + OnyY + 002 2) (OpxX + Opyy + 0,2) (O) (O) , (C.6.E.43)
3V, .
where | neglected r—zz in (C.6.E.41).

The result of (C.11.E.43) is, %2 included,
2
3V, j—z . (C.6.E.44)

The expectation value of the potential energy for the triplet y = ((1)) ((1)) is, combining
(C.6.E.42) and (C.6.E.44):
3 2
V) =V, = V,(1 =) +V;.
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Exercise 6.5 Consider two electrons in a spin singlet state, |sing), (i.e., spin zero) state
a) If a measurement of the spin of one(1) of the electrons show that it is in the state with

h . . .
S, = 5,1 = -, what is the probability that a measurement of the z-component of the spin of
2

the other(2) electron yields S, = S,, = g?

Subscripts 1 and 2 are used for convenience.
h. . . i h
S, = S s short hand for the eigenvalue of the spin operator, S, = 50z 1o be -

The spin singlet state |j, m) = |0,0), table page 97:
0 =505-3-1-33) =516),© (1), - (1), ® @)} (C.6.€.45)

This problem can be found in Chapter 11 Exercise 3 of The Undergraduate Course, Fp.
There | had some trouble to deal with this problem.

Eq.(5.4):
515,43 = 301143,
2’72 2 12272
Now use (5.4) with (C.6.E.45):

s.10), 00, - (), ), -2210), 00+ (), (), cssen
and a triplet appears on the right hand side of (C.6.E.46).

Consequently, the conclusion is

(A]Sz114) = 0.

Now I cite Susskind, page 174 and 175: “If the expectation value of a component of the
angular momentum operator is zero, it means that the experimental outcome is equally likely
to be g or — g In other words, the outcome is completely uncertain. Even though we know

the exact state vector, |sing), we know nothing at all about the outcome of any
measurement of any component of either spin.”
So, the probability that a measurement of the z-component of the spin of the other(2)

. h.
electronyields S, = S,, = S is Y.

b) If a measurement of the spin of the spin of one(1) of the electrons show that it is in the

. h . -
state with §,,; = b what is the probability that a measurement of the x-component of the
h

spin of the other(2) electron yields S,, = — > ?
With the operator S,,; and (C.6.E.45):
_ i 0 0 1 1
$114) = 55 [(1)1 ® (1)2 + (0)1 ® (0)2]' (C.6.E.47)
Again, the expectation value
(4]S,1]4) = 0.

So, the probability that a measurement of the x-component of the spin of the other(2)
electronyields S, = S,, = —gis Y.

| could also have calculate the result of the composite operator, leaving out the details:
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(A|Sx2S,114) =0,
leading to the same conclusion.

c) Finally, if electronl is in a spin state described by

P, = cosay x4 +sina; ePry_,

and electron 2 is in a spin state described by

P, = cosa, x4 +sina,efzy_,

what is the probability that the two-electron spin state is a triplet state?

Let’s return to chapter 6, section 5, The Undergraduate Course-Fp. On page 91, Eq.(6.42) the
stationary wave function of the whole system for two identical non-interacting fermions is
presented.

| denote the first wave function of fermion by y; and the second fermion by ¥, . Then:

Y= @iy —Path) . (C.6.E.48)
This resembles the singlet state (C.6.E.45).

Keep in mind: the products are tensor products.

Now | rephrase the question to be answered: what is the probability for | singlet to
represent a triplet? Intuitively: the probability is O.

Let’s look into it.

P, = cosay xy +sina; ePry_ =a;x. +biy_, (C.6.E.49)
and
P, = cosa, xy +sina, ey =a,x, + byy_ . (C.6.E.50)
With (C.6.E.48), (C.6.E.49) and (C.6.E.50) :
bi-asb
Y=y @y -2 ®x-] (C.6.E.51)

Normalization of ¢ gives us |a,b; — a;b,| = 1.
(C.6.E.51) represents a singlet.
Hence, the probability is that the two spin state is a triplet is: O.
Remarks on Tensor products
The singlet in (C.6.E.45) is a 4 vector:
0

[((1))1 ® ((1))2 B ((1))1 ® (é)z] = _11 - (C.6.E.52)

0.
How to deal with an operator like S, being a 2 X 2 matrix and the effect on the first and

second electron?
Well, for the first electron, the solution is, with S, < g,:

(1 0)®(1 0)_ (1) (1) 8 8 (C.6.E.53)
0 -1 o0 1/ {00 -1 o]
00 0 -1

the looked-for 4 X 4 matrix.
For the second electron:
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10 1 0y _ (1) _01 8 8
(0 1)®(0 _1)_ o0 1 0/ (C.6.E.54)
0 0 0 -1

The analysis for the expectation values, etc, is straight forward.

7. Time-Independent Perturbation Theory

7.1 Introduction

In this chapter techniques are developed for finding approximate solutions.
See also The Undergraduate Course Chapter 12, Fp.

Fp introduced the Hamiltonian

H=Hy,+H{,(7.1),

where

H; < H,.

7.2 Two-State System

It is about time-independent perturbation theory.

Fp analysed a system in which there are two independent eigenkets of H , represented by
(7.2) and (7.3). These eigenkets are |1) and |2), mutually orthonormal and a complete set.
The next step is to solve the modified eigenvalue problem for H, given in (7.1).

Fp made the remark at the bottom of page 101 that the problem can be solved exactly.
How to find the matrix in (7.6)? Let’s find out.

| use (7.2)-(7.5) and the definitions (7.7)-(7.9):

Multiply (1| into the left hand side of (7.4), use (7.2)-(7.3), (7.5) and of (i|j} = 6;; —

= (1|Hy + Hy|E) = (1|EX1|Ho + Hy|1) + (2|[EX1|H, + H|2) -

= (LEX1[Ho|1) + (LIEX1[Hy|1) + (2IEX1|Ho|2) + (2| EX1|H;]2) —

— (1|EYE; + (1|E)e 1 + 0 + (2|E)eq, . (C.7.1)
Multiply (2| into the left hand side of (7.4), use (7.2)-(7.3) and of (ilj) = §;; —

(2|Hy + H{|E) = (1|EX2|Ho + Hq[1) + (2|EX2|Hy + H|2) —

= (LEX2[Ho|1) + (LIEX2[Hy|1) + (2IEN2|Ho |2) + (2| EX2|H,]2) —

- 0+ (1|E)e,; + (2|E)E, + (2|E)e,, . (C.7.2)
Furthermore, with (7.4)
(1|Hy + H{|E) = E(1|E), (C.7.3)
and
(2|Hy + H,|E) = E(2|E). (C.7.4)
Equate the right hand side of (C.7.3) with right hand side of (C.7.1)
E(1|E) = (1|E)E; + (1|E)ey; + 0 + (2|E)ey, , (C.7.5)
and equate the right hand side of (C.7.4) with (C.7.2)
EQ2|E) = 0+ (1|E)e,; + (2|E)E, + (2|E)e,, . (C.7.6)
Two equations, written in matrix form

Ey—E+ey €12 (1|E) 0
(e ™ - Fren) (im) = () €7.7)

Since H; is Hermitian:

€12 = €1,
and (C.7.7) is identical to (7.6), page 102.

107



For the special case e;; = e,, = 0, the determinant of this eigenvalue problem:

El - E 912 _
et Ey— E| =0, (C.7.8)
a quadratic equation:
(E; —E)(E; —E) —|ez|* = 0. (C.7.9)
The two eigenvalues of E , E; and E , are given in (7.11),
or
1 le1z]?
E = 3 [(E; +E;)) X |E;—E;| [1+4 (Eliz)z] . (C.7.10)
Fp presented approximations for the eigen values presented in (C.7.10) considering
le1z]
=——,(7.12
gy (712)
to be a small parameter. The expansion in the parameter ¢ is given in (7.13).
The eigenvalues E; and E; are given in (7.14) and (7.15).
Now, what about the coefficients
(1|E),
wherei =1,27
With (C77) and €11 = €2 = 0:
E 1|E! 1|E/
( 1 e’12) (( | l/>) — B (( | l/)) . (C.7.11)
e12”  Ez /) \(Q2|E}) (2|E7)
Fori = 1: two dependent equations, | obtained
o _ _€12 I
(LB} = — 772 (2IE),
and
12, o fore - 0.
E{—E!
The other solution is
no_ €12 A e12” /
(21E}) = ;72 (L1E]) ~ 22 (11E)) (€7.12)
In column vector representation, (7.5), the eigenket is:
1
<1|E{)< e12” > . (C.7.13)
E1—E;
With normalization, and (7.12),
KLIEDP(1+€2) =1 (1E) ~ 1 —§52. (C.7.14)
Then, with (7.5) and (C.7.12)
11)" = (1|E))|1) + (1|E{)% 12) + 0(€?) ... (C.7.15)
Now for H; = 0 and € = 0 in (C.7.15) the expression reduces to
1) =11),

and (1|E7) = 1, as it should[See (C.7.14)].
Hence, (7.16) is found.
Completely similar, (7.17) is obtained.

7.2.1 Intermezzo Notation Style Guide
In chapter 1, Dirac notation,

a general operator: ¢,

the general eigenket: |§),
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and

the general eigenvalue: &'.

In this section:

the energy operator: H,

the general eigenket: |E),

and

the general eigenvalue: E.

Now the two-state system and perturbation.
The unperturbed energy operator H, and the operator representing the perturbation H;.
Now the indices conundrum starts.

(7.2): Ho|1) = E4|1) = Ho|Ey) = Eq|Ey) .
(7.5): |[E) = (E{|E)|Eq) + (E2|E)|E>).

(7.16): [1)' = |E)) = |Ey) + 22— |E,) + 0(£?) ...
E,—E,

End of Intermezzo.

7.3 Non-Degenerate perturbation Theory.

In this section systems with more than two energy eigenstates are analysed.
(7.19)-(7.21) are the basic equations.

Remark:
For example the three energy eigenstates. Leaving out the details. The matrix similar to the
onein (C.7.7) becomes:

Ey—E+eq €12 €13 (1|E) 0
( €21 E, —E + ey €23 > (2|E) | = <0>

€31 €32 E; —E +e33/ \(3|E) 0

and for a growing number of states, the matrix growth in proportion to say the least.
For that reason Fp searches for a modified version of the unperturbed energy eigenstates.

The eigenstates, |n), of the of the unperturbed Hamiltonian are assumed to be orthogonal:
(m|n) = 6. (C.7.16)
To obtain (7.22) substitute (7.20) into (7.21):

(Ho + H)I|E) = Xy (k|E)(Ho + Hy) k) . (C.7.17)
Now multiply (C.7.17) with the bra (m| :

(m|(Ho + H)|E) = Xi(k|EXm|(Hy + Hy)|E) . (C.7.18)
Select the m-term of (C.7.18):

with (7.19):

(m|Ho|E) = (m|E)Ep,

and with e,,;, = (m|H,|k), (7.23), and (7.21):

(m|H,|E) = (m|E)emm,

and (m|H, |E) = Yy 2m emx (k|E).

Then, collecting the results, plugging these into (C.7.18):

(m|(Ho + H)|E) = (m|E)Ey, + (M|E)emm + Lizm emi (k|E). (C.7.19)
Multiply (7.20) with the bra (m| :
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(m|(Hy + H,)|E) = E{m|E). (C.7.20)
Subtract (C.7.20) from (C.7.19) and (7.22) is found:

(Em + emm — EYM|E) + Xyem €mi (KIE) = 0, (7.22).

In (7.24) Fp presented the expansion parameter and introduced a modified version of the
nth unperturbed eigenstate.

Then, (7.22) becomes to order €2, with (7.25)-(7.26):

[Em — En 4+ 0(€) + En - 0(€)[m|E) + Xgesem €mi (KIE) = 0 . (C.7.24)
With

(m|E) = 0(¢), in the summation of (C7.24), (k|E) = 0(¢) except for (n|E) = 1 and
emk = 0(€) * (Em — Ep),

(C.7.24) becomes up to 0(£2):

(Em - n)(m|E> + emn = O ’ (729)1

or

emn
Then Fp obtained (7.31) by substituting (7.30) into (7.22).
Caveat: e, given in (7.25) is still 0(¢) in (7.31). The latter equation gives the eigenvalue E;,
of the nth energy eigenstate.
Similar to the two-state system of the fore going section, with (7.30), the nth energy
eigenstate is given by (7.33) using (7.27) and (C.7.17):

In) = (n|E)Nn) + Ypsn Eek’; |k) — (7.33), and (7.33) is properly normalized to O(&?).
n—Ek

See also Mahan, 6.2.
For n = 2 the results of the two-state system is obtained.

7.4 Quadratic Stark Effect.

In this section an example of the perturbation theory is presented.

See also Chapter 12 of The Undergraduate Course.

A one-electron atom is subjected to a uniform electric field in the positive z-direction.
The unperturbed Hamiltonian is presented in (7.35), the perturbation is given in (7.36).
According to (7.32) of the foregoing section, 7.3, AE,, ;,, in (7.37) compares with

2
enn + Tien 2 (7.32).

In AE}, |, the indices represent the radial quantum number and the two angular quantum
numbers.

Fp. Subsequently derived selection rules for the quantum numbers m and .

(7.39), [L,, z] = 0, with (7.38):

(L, z] = xpyz — ypxZ — 2XDy + ZYDy. (C.7.25)
Furthermore:

XZ = zx,yz = zy .and [pl-,xj] = (hd;; .
So, in (C.7.25):

zx = xz,and zy - yz.

Plug these results into (C.7.25), then
[L2,2] = x[py, 2] + [z p:]-

With [pl-,xj] = (hd;;:
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[L,,z] = 0.

Deriving of (7.42) use have been made of:

[L2,z] = 0,and, a.0., L, [L,z] = —ihL,y.

In the last line of (7.42) the expressions for L, and L,, have been used.

In the first line of (7.45) commutator brackets should be used, a typo.

To find (7.46) from (7.45) in the reduction process, use has been made of:
L,[z,L,] =0.

Evaluating (7.50) keep in mind |n, l.m) is an eigenstate of L? with the eigenvalue:
I(L + 1)h2.

(7.61) is obtained using: Y.|i) (i| = 1 and (z?) = §<r2).

For the Hydrogen atom withn = 1: (r?) = 3a(2, , (9.72) The Undergraduate Course.

7.5 Degenerate Perturbation Theory.

In this section the unperturbed Hamiltonian with degenerate energy levels is investigated.
Fp starts with applying non-degenerate perturbation theory.

Besides the unperturbed Hamiltonian with degenerate energy levels, another Hermitian
operator L is introduced:

[Hy, L] = 0.

On page 108 Fp writes: “In general, Equation (7.70) is not satisfied”. How come? According
to the selection rules [ = I’ can happen. So, §;;7 = 1 and the singular terms in (7.67) and
(7.68) do not disappear.

In (7.71) (n, k|n, {V) are the weights of the new eigenstates in terms of the original
eigenstates — (7.78).

Reminder: m is not included due to the selection rule m = m'.

(7.73) represents the definition of orthogonality.

7.6 Linear Stark Effect

In this section the effect of an electric field on the excited energy levels are examined.

Fp introduced the usual notation for the various states of a hydrogen atom.
The perturbing Hamiltonian is given by (7.36) and (7.81)

H, = e|E|z.

n = 2 is examined.
There are four states to deal with:

[2,0,0),|2,1,0),|2,1,1) and |2,1, —1). (C.7.26)
Then the perturbation matrix is a 4 X 4 matrix.
The elements contributing to the perturbation matrix are:

(n,l,m|z|n',l',m").

In section 7.4 the selection rules to evaluate the matrix elements not being zero are given:
m=m'andl=1"orl'=1+1.

Due to the selection rules only two off diagonal elements of the matrix remains, as shown in
(7.83). The diagonal elements are taken to be zero(due to parity, Mahan).
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Remark: the integrals of the diagonal elements of the matrix (Hydrogen atom: central
potential) contain the product sin 8 cos 0 giving zero.

The only matrix element to be evaluated is given by (7.84). For central potentials the integral
to be evaluated is, z = r cos 0:

ST LT 720,00 cos 8]2,1,0)r% sin 8drd6dg,

and with

(8.91), (8.92), (9.66) and (9.67)

the integral— 3qa, .

The matrix (7.83) is a block matrix. Consequently, to find the eigenvalues 4; , two
determinants need to be evaluated:

0—21 3ay ~0
3a, 0—2f 77
and

0—2 0 |_
|0 O—AM‘Q

Resulting into four eigenvalues:

A =3ay, A, = —3ay, A3 =0and 4, = 0.
| did not include e|E]| in the eigenvalues.
Now | need to obtain the eigenvectors.
To this end | analyse:

0 3a, 0 0\ sa a
3 0 b b
a8 . 8 8 o=, | (C.7.27)
00 0 o0/\d d

Using simplicity, normalization and orthogonality the eigenvectors given in (7.85)-(7.88) are
obtained:

0 0 1 0 1 0
0 01 1 0 1 1 0 1
1o b= o + 0 and\/7 0 0 (C.7.28)
0 1 0 0 0 0

The resulting four states are obtained with (7.71) and presented in (7.89)-(7.92).
So,

i ~
_x]fo),(t
==(lo/*lo |l (C.7.29)
[ \O 0/
) e
_11{0oy (1
2 =%|, o ll (C.7.30)
[ \O 0/
0
13) = (1) , (C.7.31)
0
and
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o O O

|4) = (C.7.32)

1
Note: the summation in (7.71) should read Zk=0,Nn(n, k,m|n, l(l),m) In, k,m))?

7.7 Fine Structure

The energy levels of hydrogen-like atoms are considered.

In 12.8 of the Undergraduate Course Fp presented the fine structure of Hydrogen. There,
two examples are presented for the perturbation of the Hamiltonian: one based on the
lowest-order relativistic correction of the kinetic energy and the other of the spin-orbit
coupling.

In section 5.5, the magnetic moment of spin and orbital motion is presented, (5.44).

Here, in section 7.7, the perturbation is based on the interaction between spin and angular
momenta of the outermost electron of a hydrogen-like atom.
The spin-orbit coupling, the perturbation, is presented in (7.100).

As explained by Fp, in the application of the perturbation theory in this section one half of
the value given in (7.100) has to be taken.

In chapter 6, Addition of Angular Momentum, there are two groups of operators shown
which can be used. This is illustrated by (6.12) —(6.19).
An important remark just above (7.102): “We know, from section 7.6, that the application of
perturbation theory to a degenerate system is greatly simplified if the basis eigenstates of
the unperturbed Hamiltonian are also eigenstates of the perturbing Hamiltonian.” Remark: |
think the statement relates to section 7.5. Top page 109.

So, the operators used here are given in (6.16)-(6.19), the second group.
The basic equation is presented in (6.22) and the Clebsch-Gordon coefficients are presented
as sina and cos «, (7.103) and (7.104). These equations represent for a given [, two states:
spin up and spin down.

| derive (7.103) and (7.104) applying (6.22) and use the constraint m = m; + m,.

(6.22):

lj,m) = Zml,mz(mlr m,|j, mymy, my).

Withj=l+s=l+%,j1 =1,j, =s=%,m=m]- =m;+ms,andm; = my , mg = m,,
—l<m;<landmg = i%,

spin up (7.103)

|l +%,m> = <m —%,%|l +%,m> |m —%,%> + <m +%,—%|l +%,m> |m +%,—%>.
Fp defined:

cosa = <m - %,% |l + %,m>, (7.12),

and

sina = <m +%,—%|l +%,m>.

Note:

withmj=m=l+l,
2
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1
m—=-=1.
2

Consequently,

cosa=1=<l,l|l+l,l+l>andsina=<l+1,—1|l+3,l+l>=0.
2 2 2 2 2 2

Using the definitions of sin @ and cos a :

|l +l,m> =cosa|m —3,l> +sina |m+3,—l>.
2 2°2 2 2

What about spin down (7.104)?

=2 m)=(m+2,—2[1=2,m)m =23+ (m =22+, m)|m+,-2) >
2 2 2 2

2’2 2’2 2 2 2
- |l—l,m>=<m+l,—l|l—l,m>|m—l,l>+cosa|m+3,—3>.
2 2’ 2 2 2’2 2’ 2

Now:
<l+l,m|l—l,m>=0.

2 2
This results into:
sina=—<m+l,—l|l—l,m>.

2 2 2

So, (7.104):
|l—l,m>=—sina|m—1,l>+cosa|m+1,—1>.

2 2°2 2 2

Application of the recursion relations in (6.32) to obtain cos a :

. 1, . 1
]=l+s=l+5,]1=l,]2=s=5,m=mj=ml+m5,andml=m1,ms=m2.

Remark: compare this with the text on pages 113 and 114. There, page 114, the maximum
value of m is %. | consider this to be a typo.

1 1 . . _
Then,m; =m — 5 andm, = > (lower sign, meaning the /~ operator | suppose).

In addition, before the application Fp writes: “(lower sign)”. | assume this remark to apply to
the use of (6.32).
Now, (6.32):

JI0+2) (142 = mam =Dy (m =) A +2m = 1) =
=\/[z(z+1)—(m—§)(m+§)] (m+2).2]1+2m)+
TR 2 )

- 1043 (142 = mOm =1 (m=2) 2o+ ,m—1) =

- J[z(l +1) = (m—H(m+3)] <(m +2) 2]+ §m> (C.7.33)

The expression \/[(l +%) (l +%) —m(m —1)] <(m —%),%|l +%,m - 1> =

= \/[l(l +1)—(m— %)(m + %)] <(m +%),% |l + %,m>, in (C.7.33) is no way near (7.106).
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| keep struggling with the recursion relation. Why is that? | am lost in notation?
Let’s use the following notation, The Undergraduate Course, in (6.32) and consequently in
(C.7.33):

j=l+s=l+%,j1=l,j2=s=%,m=mj=ml+ms,ml=m1,mls|l|,and

1
ms=m2=5.

JE )+ =m0y~ mom,
=0+ 1D —m(m +1)] <(mz +1),m,

Now , replace m; by m; — 1 in (C.7.33a), then the “new” m; becomes the “old” m; + 1:

\/[(l + %) (l + Z) - mj(mj + 1)] <mj — Mg, My
= JIA+ D = my(m; + 1)] <(ml +1),m,

2

L+ %,mj>. (C.7.33a)

1
l+5,mj> =

[+ %,mj + 1>. (C.7.33b)

The next step is to replace m; = m; =m; —%,mj by m; and my =% in (C.7.33b):
J[(z+§)(z+g)_m<m+1)](m_§,§|z+;,m>=
= JI0+D—(m—-1)(m+1)] <(m+ 2)z|i+sm+ 1>,(7.106).

| would have appreciated when Fp had used the notation Of the Undergraduate Course.
| continue with (7.106).
Now, (7.106) reduces to (7.107). | did not see that “at a glance”.

However, I(1 + 1) — (m —2) (m +3 ) = (l+§)2—m2 =(U+m+)U-m+3).

1 3 _ 2 _ 1 z _
Furthermore, (l + 5) (l + E) -m(m-1)=({+1) (m + 2) =
=(+m+)(-m+7),
(l-m+ %) represent the common factor in (7.106)

(7.108) is found by increasing the value of m; < [ :

<(m+%),%|l +2,m+ 1> - /%((rn+%)%|l +2,m+ 2>, (C.7.35)

and substitute this expression into (7.107).

Next Fp considers, page 114, the situation where “m; and m both take their maximum
values, | and %, respectively”. The maximum value of m is %2? A typo.

(7.103) and (7.104): the kets on the left hand side are |}, m]-) - m=m; =m +m;g.
So, | suppose the maximum value of mg to be %. So: “m; and mg both take their maximum
values, | and %, respectively”. Note: the use of m; .

Increasing the value of m;, (C.7.35)

m+2-m+3->-->l+ % — the maximum value of m;(= m).

For example, let m + 2, in the right hand side of (7.108), to be the maximum value of
my=l+4z:setm+2=1+sol+m+o=l+m+2)+;=21+1.

Then, with (7.108), in general:

1)1 1 _ ’l+m+1/2 Ji+m+3/2 \[l+m+5/2 v < l| 1 1>
<(m 2)’2 |l + 2,m> T\ 1m+3/2 JI4m+5/2 Vo V2i+1 l’z L+ z’l + 2/’
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and

<(m -2 +1,m> o e <z,l|l +10 +1> , (7.109).
2/’2 2 20+1 2 2 2

Remark: by continuing increasing m,, /l +m+ % does not change.

In the Intermezzo below, | demonstrated (7.110) to be the CGC for both the maximum value
of m; and m . The reasoning in the text between (7.109) and (7.110), | do not understand.
Plug (7.110) into (7.109):

((m—l),1|l+l,m>= /”m“/z. (C.7.36)
2 2 2 21+1

Consequently, with (C.7.36) and (7.105), cos « is obtained.

7.7.1 Intermezzo: The Recursion Relation (6.32) and the table for CGC's.
| had some trouble in deriving (7.106). This was related with notation.

. 1, . 1 1
J =l+s=l+5,]1 =l,]2=s=5,m=mj =m;+mg;,andm; =my;,mg =m, =z
Now, | will start the construction of the table for CGC’s. The CGC to start with is the state
with the maximum values of m; and m,, i.e., [ and % respectively:

42 = 3+ L+ )

2 2 2 2 2 2
Since there is just one CGC, <l,% |l + %,l + %>, in compliance with m = m; = m; + m,, then
with (6.28):
|<l,1|l+1,l+l>|2 - 1.

2 2 2
So,
<l,1|l +1 +1> = +1.

2 2 2

| choose +1. The result presented in (7.110). The CGC= —1 differs just a phase factor.
Hence | start the table with:

0+, +1> - <z,1|l +1 +1> |z,1> = |l,1>.
2 2 2 2 2 2 2
| will use (6.31).

The lowering operator /™ on |l + %,mj> andm; =1+ % :

]~ |l+%,mj> = JUU+ 1) —mj(mj - 1)]|j,mj -1)=
:\/[(l+%) (1+3) = my(m; - D)1HA+3),m; - 1) =

= la+H(1+2) - a+D(a-da+h a-b) =vaFTIa+Ha-)
(C.7.37)

The right hand side of (6.31) , withJ~ = J; +J5 on |l, %>

VIA+ 1) —my(my — D|(my — 1), mg) +/s(s + 1) — mg(mg — 1)|my, mg — 1) =
= I+ D —-1a-D|(1 —%)%} + |z,—§> =21 (1 _%)3 + |1,_%>,

116



(C.7.38)
(C.7.37), (C.7.38),

1 1.\ | 2 P! 1 1
|1+ 2’ (- 5)> T 42041 t-1), 2> + V2I+1 1L 2>' (C.7.39)

In this way | found the two CGC’s for the second column in the table below.
Table(incomplete, ....) of CGC’s:

m, m, 1 2 3 4 5 6 7 8

l 1/2 1 0 0 0 0 0 0 0
-1 11/2 0 cos a, 0 0 0 —sinay 0 0

l -1/2 0 sinay 0 0 0 cos a4 0 0
-2 |1/2 0 0 cos a, 0 0 0 —sin a, 0
-1 | -1/2 0 0 sina, 0 0 0 cos ay 0

0 0 0 0

0 0 0 0 0 0

-l —-1-1/2 0 0 0 0 1 0 0
Jji=1 J=J1xJ2 l+1/2 | 1+1/2 | l+1/2 | 1+1/2 | 1+1/2 | 1-1/2 |1-1/2 |1l-1/2
J2=5

my=my+my | I+1/2 | 1-1/2 | 1-3/2 ]| ... -l-1/2)1-1/2 | I-3/2
1 1 1 . 1

[FEN —5> = cosay |l - 1,5> +sina, |l,—5>, (C.7.40)

. , l : -
where | denoted in (C.7.39) cosa; = 212? andsina; = \/% . These coefficients are

shown in the table above. Plugm = [ — % into (7.111)— cosa = ’% andinto (7.112)—

- sina = \/% . This demonstrates that the CGC’s approach works.

Obviously: cos? a; + sin®a; = 1.
Next: cos a, and sin a5:

Operate J~ on |l +%,l —%>:

]‘|l+%,l—%>=\/j(j+1)—m(m—1)|l+%,l—%>=

1 3 1 3 1 3 1 3
= J(l +) [+ --Da-Hu+3. _E> =2VI|l+3,1 —5>. (C.7.41)
Then, with (C.7.40):
Jr +J7) (cos a |l — 1%> +sinaq |, —%>) (C.7.42)

| evaluate the operators in (C.7.42), resulting in 4 expressions:

Jicosay |l - 1%) =cosa; I+ D —(1-D(I-2)|l - 2%> =
cosay V4l — 2|l — 2,%>.

- 1 1 1 11 1
J; cosay |l — 1’§> = cosal\/s(s+ 1) _E(_E)ll_5’5> =cosay |l — 1,—5>.

JE sinay |l,—§> = sinay IO+ D =101 |l - 1,—§> = sina, V21 |l - 1,—%).
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J5 sinay |l,—§> = sina, \/s(s +1) - (—%)(—%— 1) |l,—§> = 0.
So, collecting the results from (C.7.41) and the 4 expressions resulting from (C.7.42):

|l+1,l—§>= 212, > |l—1——> (C.7.43)
2 2 20+1

21+1

where use has been made of cosa; = 2L andsina, = !
17 2141 17 2+t

2l-1 . 2
Then cos a, = /m and sin a, = ’m

Now, plugm = [ — ; into (7.111) and (7.112):

21-1 . 2
cosa = |—andsina = [—.
21+1 21+1

Without the details8, | found
20-2

1 5
|l+§’l_5>= 2l =3 _>+ 21+1|l_2__>' (C.7.44)

fzz f 3
Then, cos a; = T and sina; = PTIR

| did not plug cos as and sin a3 into the table above.
Is there a pattern for cos a; and sin a;? There is:

201-i+1 : i
cosa; = , andsina; = |—, (C.7.45)
20+1 21+1

where, cos @y = 1 and sinay = 0 . In this way the first CGC= 1, in the table above, is
obtained.

There is more. What is the relation of (C.7.45) with cos a and sin « given in (7.113) and
(7.112) respectively?

Well,
0101
21-i+1 I+1—i+1 I+l-it+o+s
cosq; = = = ,
2141 2141 21+1
. 1 l+m+%
andl—1+5=m —cosa; =[5 (7.111).

l—i+l=m —>i=l—m+1.
2 2

Plug the latter result into sin «; , (C.7.45):

l-m+=
sina; = / 21+12 - (7.112).

As it should be.

Two sets of CGC’s can be implemented in the table. See the text at the top of page 97. It is
about the use of orthonormalization. Another one is for the minimum value of m; = -1 - 1/2
andj = [+ 1/2:the CGCis 1.

The general value of the CGC’s (7.111) and (7.112) are needed for the states:
|[l+1/2,m)and |l —1/2,m),
where m = m;.

& The details are presented in Appendix 1.
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When completed the table given above, the CGC’s can be collected from this table or
calculated with (7.111) and (7.112) through substitution of the actual value of m;.

| developed the table, since | felt insecure applying the recursion relation (6.32) to construct
the table presented on page 97. Consequently, | used (6.31) in the exercises 6.1 and 6.2.

In Chapter 6, Fp presented two groups of operators with eigenkets in (6.12)-(6.19). Both are
complete sets of eigenkets, spanning their own space of states. | interpreted

L+3042) = 1L3)

2 2 2
the two states, which the two spaces of states (j, m;) and (m,;, my), have in common.
End of Intermezzo.

7.7.2 Intermezzo on Lowering and Raising Operators
Some remarks:

SIS+ ) =VAFT L+, 3)
Sl = =V -3),

]‘|l+%,l—g>=\/6l—3|l+%,l—§>,

]-|l+§,l—§>=\/81—8|l+§,l—§>.

So,

UM +2, 0+ 3) = VAT T VA Ve =3 VBI=B i+ 3,1~ )

A pattern?

The pattern could be:

U 1L+ +§> = T i T D — G- DL+, +§—n>. (C.7.46)

Let’s demonstrate this for

- 1 7\ 1 3 7 9 1 9\
J |l+5'l—5>—J(l+z)(l+5)—(l—z)<l—z)|l+z'l—5>—
=\/10l—15|l+%,l+%—5>=\/5(2l+1)—4-5|l+%,l+%—5>. (C.7.47)
So, fori = 5in (C.7.47):

]‘|l+%,l—%>=\/i(2l+1)—i(i—1)|l+%,l+%—5>.
The pattern has been demonstrated.

Note:n < 1[.

Now:

JlL+ 3 -l = VaTF T+, -1+ ),

2

syal gl 1.3
Sl l+2>—\/4_l|l+2, l+2>,etc.

A similar pattern as given in (C.7.43) can be obtained for
anr.

End of Intermezzo

Fp found the expression for cos a using the maximum value of m; = [. With the expression
for cos a, Fp presented, in (7.112), sin? a.
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What about the sign of sin a ? Fp: “A careful examination of the recursion relation, Equation
(6.32), shows that the plus sign is appropriate.” A careful examination?

Now, with the general expression for the CGC’s or the table given above the spin angular
functions can be derived.

Fp defines spin angular functions in (7.115). See also Section 11.3 of The Undergraduate

j=1+1/2 . . .
Course: Y-~ /2 The general wave function is written as:

Yims = Rt ()Y, , (7.116).
In (7.117): L - S operates on the ket |}, mj).
This result is also shown in The Undergraduate Course Chapter 12, (12.135).

Plugj =1 i% into (7.117)— (7.118) and (7.119) respectively.
Now , the integral:

¢ sin 6 dOde (Y1) TL-S YL,
Likewise:

$sin 0 d0do(Y) L S Y, = — § sin 6 dodep L2 <l ~Lmli-1m ) _ @oR?

§5in0 dodp (1 +2,m|1+3,m; ) =& (7.120).

2 2 2
,(7.121).

Note: the integral in (7.121) comprises the factor ﬁ .

Next, Fp applies degenerate perturbation theory to evaluate the shift in energy, of a state
whose wavefunction is ;1,4 , due to the spin-orbit Hamiltonian, Hys.
In (7.122) Fp presented the first order energy-shift:

AEnim+ = fdv(lpnlmi)-l_ Hys¥nim+ , (7.122),
the integral is over all space: dV = ﬁrzdr sin 8 d@d e,

and

H; s = 1 14y, S, (7.100) divided by 2 and V is the potential.

2meg2c? r dr
L - S operates on the orbital an d spin part of the wave function. This results are presented
in (7.123)-(7.125).
Fp applies the results to a sodium atom of which the ground state is written as:
(15)2(2s)?(2p)®(3s) , (7.126).
The superscript represents the number of electrons in a shell. The number in front of s, p,
etc. equals the radial quantum number n.
Furthermore:s - [ = 0,p = | = 1. (3s) in (7.126) is given without superscript. | suppose
this is about one electron for the n = 3,1 = 0(m = 0) shell.

7.8 Zeeman Effect

Consider a hydrogen-like atom placed in a uniform z-directed field.

The Hamiltonian Hz and magnetic moment u are presented in (7.128)-( 7.130).
Next Fp assumes

Hg < Hy + Hyg,

where H; ¢ represents the Hamiltonian of the spin-orbital interaction.

See for this case The Undergraduate Course and my notes(Noordzij).

Fp considers the states with the quantum numbers j(= [ + %) and m(= my): |j,m).

Then, with (7.37), the first order energy shift is given in (7.131).
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The eigenvalue of J,:

]zlj' m) = mhl]! m).

| will look into more details for deriving (7.136):
with (7.131) and (7.132)

B 1 1
BEnims = oLt 5,m ], + 8, [ U5 m), (.7.49)
Then , with the eigenvalue of J,:

B
AEnlmi = Zine < T >), (7133)

Next, for the ket |l + %,m>, (7.113) and (7.114) are used, resulting into (7.134), and

S,lm+1/2,F2) = Fajm+2 i%}
A I+ m+— l+m+ 1
5[ 2141 “|m > 21+1 2 mt; _E>] (C7.50)

= F |m Fl4 ) — 0, (7.134)and (C.7.50):
1
2

11 l$m+ lim+% 11 l+m+— 1
~23l T < B ”_[ \ 241 m—;,;)— o Im _§>
2(2l+1) ( m + ) (l Tm+ )] + M (7.135) {(12.146)-Undergraduate}.

Plug (7.135) into (7.133)—(7.136), the Landeformula.
See (12.147) The Undergraduate Course.

21+1

7.8.1 Intermezzo Eigenkets for addition of angular momentum.
Let us look back. The Undergraduate Course:
There, Fp formulated similar expressions in terms of wave functions instead of kets.

(2) Lmy+lyq /o0 (1) I=myy 1 /2.1 (1)
where ml is the orbital quantum number, =l < m; < L.
Replace in (11.47), ml =m; — % -

) _ Amitaiy2 ON *av1/2 (1) _ :
¢z+lm 4172 = (5o ) l/J 112 ( zz+1 ) 1/) Ly =00 ket notattion
_ l+m;+ 2 1/2 1 1> mj+ Z 1/2 1 _l>

=1i+3 m1> G ) my — 2,3 4+ (L 172 |m j +2,—5), (7.134).

Keep in mmd. in The Graduate Course m = m;.
Note in addition, using (11 48):

l=1,f=%—>mj Z form=1-9p3, —ypM

1->m 412 Y2172
(11.47) and (12.144) produce the same eigenstates.
See also Noordgzij(2): the table 1,[)(2)

Ls;jmj *

— 0sincel = 1. Then

End of Intermezzo.

The Fp applies this Lande formula(7.136) to the sodium atom and looks for the effects of the
magnetic field. At the bottom of page 114 Fp presented the ground state of the sodium
atom in chemist’s notation. Then, it is about the excitation of the 11t electron from 3s to
higher energy states. The closest (in energy) are the 3p states (Fp page 116): the doublet
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(3p1) and quadruplet states (3ps).
2 2

Note: the spin-orbit interaction of this atom is analysed in Section 7.7.
- (3p)3/, state:
n = 3,1l = 1.Thesubscript3/2:j=1+s=

31 1 3
2’2’ 2

3
>
1n.::7nj::

)

-
With (7.136), the + sign, | construct the following table, a quadruplet of states:

mEm AEpimy %
3/2 2
1/2 2/3
-1/2 -2/3
-3/2 -2

- (3p)1/- state:

n = 3,1 = 1. The subscript 1/2:j = l—%z%.
1 1

m=m;=-,—-.
2’ 2

With (7.136), the — sign, | construct the following table, a doublet of states:

/ AEhhn—'Z;ﬂg
1/2 1/3
-1/2 -1/3

Next Fp considered the extreme limit in which the energy shift due to the magnetic field
greatly exceeds the shift induced by the spin-orbit effects. The Paschen-Back limit.

The energy shift is presented in (7.137), where use have been made of (7.132):

J-|n, l,mj,ms) = m;h|n,l, mj,m5> and S,;|n, [, mj,ms) = msh|n,l, mj,ms>.

Then F p applies this result to a sodium atom’s six 3p states. As shown in Noordzij(2) section
12.8, there are two 3p, /, — and four 3p/, states. States resulting from the addition of spin -
and orbital angular momentum.

Fp applies an intense magnetic field, the Paschen-Back limit. With this intense magnetic
field, the 3p states are split into five groups(definition?). This is obtained with:

—%Smj S%,—%Smj S%and—%ﬁms_%.

Plug this into (7.137), (m; + my), delete double counting and 5 values(groups?) result:

m; +mg=2,1,0,—1,and —2.

Keep in mind: m; = m; + mg. However, | suppose m; no longer to be a constraint. The
magnetic Hamiltonian commutes with (6.12)-(6.15) and does not commutes with (6.16)-
(6.19). So, m; is just a sum of m; + my. This is due to the external magnetic field. The result:
the total angular momentum of the system is no longer conserved?

Looking at the values of m; + mg, the energy shifts are equally spaced.
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Next, Fp discussed the energy-shift induced by the spin-orbit Hamiltonian. It is again about
the excitation of the from 3s to some higher energy states(Fp page 116): the doublet (3p1)
2

and quadruplet states (3ps).
2

Use has been made of

L-S,

given in (7.102) and derived in The Undergraduate Course, Chapter 11 On the Addition of
Angular Momentum.

L - S can be written as:

2-L-S=2L,S, 4+ 2L,Sy + 2L,S, = 2L,S, + (L, + iL,) (S, — iS,) +

+(Ly — iLy)(Sy +iS,) = 2L,S, + L*S™ + L™S*.

Now, (7.140) with (7.141):

(L-S)=(n,1l,m,mg|L,S, + (L*S™ + L™S*)/2|n,l,m;, m) =

= (n,l,m;, m¢|L,S,)|n, [, m;, ms) = h2mymg .

The energy shift due to spin-orbit interaction, using the expectation value of L-S is
presented in (7.142).

Fp applies this result again to a sodium atom of the states just above ground state:

two 3p,/, —and four 3p3/, states.

The quantum numbers (m;, m;), presented by Fp just below (7.142), (1,1/2), (0,1/2), (1,-1/2)
or(?) (-1,1/2), (0,-1/2) and (-1,-1/2).

The energy shift:
AEnlmlms X mymg
Highest 1 11 quartlet
shift 2 2
1
0-—=0 quartlet
2
1. (_1) _ 1 | doublet
2 2
_1_1__1 doublet
2 2
1 uartlet
0 (-p=0 |1
Lowest (_ l) _ 1 ] quartlet.
shift 2 2

The result of including this interaction is, the energy shifts are no longer equally spaced.

7.9 Hyperfine Structure
It’s about the proton of the hydrogen atom and the magnetic moment of the proton.

The magnetic moment of the proton <« than the magnetic moment of the electron:
Hp Me

—_— OC —_—

He
The perturbing Hamiltonian is obtained from the expressions (7.144)-(7.147).
First-order perturbation produces the energy-shift by the expectation value of the
perturbing Hamiltonian Hy:

<O)O)O|H1 |OJOJO)'

Mmp
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See the first term on the right hand side of (7.37), and

T

2 1 -
|0,0,0> = R1’0Y0‘0 = E?e ao (C751)
The expectation value is presented in (7.149).
In (7.149):
<3(s”'e’")(3:3'er)_s”'s’3> =0, (C.7.52)

due to symmetry in the ground state.
To prove this, | need to evaluate, see Exercise 11.3 and Section 12.10 of The Undergraduate

Course:
3z2 1
= 1 = (C.7.53),
where | used
X Yy z
e.=(—,=—,—).
r [rl " Ir] 7l

Set z = rcos @ in (7.53). Then (7.52) can be written as:

2r

2w o 01 . -
Jo Iy Jy z(3cos?8 —1)sinfe 0 drdfdp =0.
With (C.7.51):
[Wooo(r = 0)|2 = %,the energy shift AEyq, (7.150) is obtained.
0
The results of addition of angular momentum, Chapter 6, for Two Spin One-Half Particles:
s =%i%,or|sp—se| <s<s,+s,
so there are two states one with s = 1 and mg = —1,0,1,
the other withs = 0andm; = 0.
The eigenvalues of SZ and S5 , Equation (5.7):
3

Sex+ = Spxz = 7 h X+
and S, x4 = i%h){i , (5.6).
The eigenvalue of Stzrip withs =1
With S, Xerip = S(s + D02y , equals 202,
The eigenvalue of S&,,; with s = 0, equals 0.
To determine AEy, in (7.150), | need to evaluate (S, * S) .
With (7.152):

1
(SpSe) =3 ({S2) = (S2) = (SZ). (c.7.54)
For the singlet state:

e y=2(0_3p2 _3p2) = _3p2
(Sp-Sey=3(0—2n2 —2n?) = - 212, (7.153).
For the triplet states:
. _1 2 _ 332 _ 332 _1l:2

(Sp-Se) =3 (2h? —2h% —2n?) = 202, (7.154).

4 4

For completeness | present the table of Glebsch-Gordon coefficients, see Table on page 97:
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1 2 3 4
Mgy, My, trip | trip | trip sing
1/2 1/2 1 0 0 0
1/2 ~1/2 0 [1v2] 0 | 142
—-1/2 1/2 0 |1/¥/2] 0 | -1/12
—-1/2 -1/2 0 0 1 0
sp=1/2 S=5,+5S, 1 1 1 0
Se=1/2
ms = Mgy, + My, 1 0 -1 0
Exercises

Exercise 7.1 The energy-shift for a harmonic oscillator.

Calculate the energy-shift in the ground state of the one-dimensional harmonic oscillator
when the perturbation

V= Ax*,

is added to the unperturbed Hamiltonian:

Hy = % + %mwzxz.

The properly normalized ground-state wavefunction is:
2,2

P(x) = (o) exp( - "55)

To first order, the energy-shift is defined by (7.37):

AE = (n,,m,n|H{|n, [, m) = (n,|,m|Ax*|n, I, m).

Since the wave function is a continuous function, the following integral needs to be
evaluated:

AE = [* * Vipdx .

Then, with integration by parts and f_oooo e"yzdy = /i, the result for the energy-shift AE:

=332 L
AE = " A(mwz) =
Note: the integral for AE is symmetrical. So, the perturbation produces a first order shift.
With a perturbation: V = Ax, the first order contribution is zero.

Exercise 7.2 The energy-shifts due to the Stark effect.

Calculate the energy-shifts due to the first-order Stark effect in the n = 3 state of a
hydrogen atom. The perturbing Hamiltonian:

H, = e|E|z = eEr cos @6 .

You do need to perform all of the integrals, but you should construct the correct linear
combination of states.

Note: | worked on this problem(Noordzij(3), Exercise 6.7)

n = 3 : there are 9 degenerate orbital states.

Let us sum them up; see Chapters 8 and 9 of The Undergraduate Course on orbital motion
and central potentials.

| will use the notation |[nlm) .

|300),l=0,m; =0

The radial eigenfunction R3:
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2
— 2(%)3/2,-1/3a 2 (r
Rso =2 0 [1 2 (ao) ] (C.E.7.1)

1
Vam©

)3/2 —-r/3aq [1 _2r + 2 (L)Z] (C.E.7.2)

The spherical harmonicis: Yo =

Hence the eigenstate [300) =

1310),1 = 1,m; = 0.

The radial eigenfunction Rsqis:
5

Ry = 1(3)2 T e (1 - —) (C.E.7.3)

3\3 Qo 6a0

=G

3ag 27 \ag

The spherical harmonic Yo = \/% cosf .

5
3 (22 r

i =1 3 (3 L, (1 -
The eigenstate [310) = o (3) = e 3% (1 6a0) cosd. (C.E.7.4)
|311),l=1,m; = 1.
The radial eigenfunction R34, (C.E.7.3).

The spherical harmonic Y;; = /% sinf e'?,

5

2 _r .
The eigenstate [311) = § i(3) aie 3ag (1 - eL) sinf e'?, (C.E.7.5)
0

8m \3 Qo
31 -1),l=1,m; = —1.
The radial eigenfunction R34, (C.E.7.3).

The spherical harmonic Y;_; = /% sinf e ¢,
5
. 1 [3 [(2)? - . _i
The eigenstate [31 — 1) = o o (—) L e 3a0 (1 — 6L) sin @ e~i®. (C.E.7.6)

8w \3/ agp Qo
|322),l =2,m; = 2.
The radial eigenfunction R3, is:

\/:(ao)ze 3a0 (C.E.7.7)

The spherical harmonic Y,, = 3 / sin? @ e%1®,

The eigenstate [322) = f( )2sinfe 3“08 (C.E.7.8)

|32 —2),l=2,m; =
The radial eigenfunction is given in (C.E.7.7). The spherical harmonic equals the one given for
the state |322), except for the sign of ¢.

The eigenstate |32 — 2) = 54\/7( )Ze 3ao sinZ 0 e~2i®, (C.E.7.9)

|321),l =2,m; = 1.
The radial eigenfunction is given by (C.E.7.7).

The spherical harmonicY,; = 3 / sin 6 cos 0 e'?.
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The eigenstate |321) = 8—11\/% (aL)Ze_% sin 6 cos @ e'?. (C.E.7.10)
0

132 —1),l =2,m; = —1.
The radial eigenfunction is given by (C.E.7.7). The spherical harmonic equals the one given
for the state |321), except for the sign of ¢.

The eigenstate [32 — 1) = 8—11 %(aL)Ze_% sin @ cos 6 e "¢, (C.E.7.11)
0

|320),l =2,m; = 0.
The radial eigenfunction is given by (C.E.7.7).

The spherical harmonic Y,y = i\/% [3(cos 6)* —1].

162

The eigenstate [320) = L\/g(aL)ze_%B(cos 0)% —1]. (C.E.7.12)
0

E
So, the 9 degenerate eigenstates are obtained with the same eigenvalue E5; = —% .

The next step to take to find out about the Stark effect on these degenerated states.

What does the matrix looks like?

Fp: You do need to perform all of the integrals, but you should construct the correct linear
combination of states.

So, | need to find the matrix elements,(7.53):

(n,l,m|z|n',l',m'"),

where

Z=7rcosf.

Fp, page 106, (7.102): The matrix elements vanish unlessl =1' = 0orl' =1+ 1. The
selection rule......It follows from (7.53) that the matrix elements vanishes by symmetry when

[ =1"=0.Itis about integrating f: cos 8d6 = 0. In addition, a lot of zero’s results from

foznei”“” =0,fork>1and {k € N}.Furthermore: k =m +m'.

These selection rules are the tools to construct the matrix as diagonalized as possible. So, it
is about the arrangement of the basis vectors. However, some trial and error are involved
(Mahan, page 169). It is about the choice of sequence of basis vectors (Styer, page 216).

Let us start with constructing the following Table E7.2, which resembles the character of the
matrix—Block Matrix:

0 1300) [ |310) | [320) | |311) | |321) | [31—1) | 32 —1) | 322) | |32 —2)
1300) 0 A
1310) A 0 B
1320) B 0
1311) 0
1321) 0 c
131 —1) c 0
132 — 1) 0
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1322) 0
132 — 2) 0

Table E7.2 The matrix elements for n = 3 of the Hydrogen atom.

The nonzero off diagonal elements are indicated by Capitals representing the integrals
(n,l,m|z|n',l',m') with use of (C.E.7.1)-(C.E.7.12).

The energy shifts are:

A = (300|eEr cos 0 |310) = 3V6eEa,,

B = (310|eEr cos 0 |320) = 3+/3 eEa,,

and

C=(32—1|eErcosf |31 —-1) = % eEa, .

The table E7.2 shows the character of a Block Matrix of which the eigen values are:
0,+9eEa, and i; eEa,.

Exercise 7.3 The energy-shift due to relativistic mass increase.

The Hamiltonian of the valence electron in a hydrogen-like atom can be written as

=241y p* C.E.7.13
=+ V(r) - : (C.£.7.13)

3.2
8mgc

Here, the final term on the right-hand side of (C.E.7.13) is the first-order correction in the
Hamiltonian H; due to the electron’s relativistic mass increase. Treating H; as a small
perturbation, deduce that it causes an energy-shift in the energy eigenstate characterized
by the standard quantum numbers n, [, m of

AE, = ——— (E2 — 2E,(V) + (V2)), (C.E.7.14)

2Mec?
where E,, is the unperturbed energy and «a the fine structure constant.
Note(Nz): & does not show up explicitly in (C.E.7.14).

2

e

4meghc
In The Undergraduate Course FP, according to special relativity, derived from the kinetic
energy the lowest-order relativistic correction to this energy (12.115).
There Fp presented a result for a Coulomb potential.
In this exercise 7.3, V(r) is not specified.

Now, | need to find the first order correction, completely similar to (12.117):
1

AEnm = (n,,m|H{n,,m) = — (n, L, mlp*In,Il,m) =

8m3c?
- __r 2.2
=~ gz (L Lmlp*p*in, I, m). (C.E.7.15)
For the unperturbed hydrogen-like atom:
p?n, I, m) = 2m,(E, — V)|n, I, m). (C.E.7.16)

Plug (C.E.7.16) into (C.E.7.15):
ABpm = ———(n,l,m|E2 — 2E,V + V2|n, 1, m) =

2Mmec?
1
ez (BR = 2En(V) + (V2)), (CE7.14),

where (n,[,m|n,[,m) = 1 has been used.
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Exercise 7.4 Calculate the energy-shift due to spin-orbit coupling and the electron’s relativistic
mass increase for an energy eigenstate of the hydrogen atom.
Consider an energy eigenstate of the hydrogen atom characterized by the standard quantum
numbers n, [, m. Show that if the energy-shift due to spin-orbit coupling ( See Section 7.7) is
added to that due to the electron’s relativistic mass increase(Exercise 7.3) then the net fine
structure energy-shift can be written as

2
AEpm = 22 (é - Z) (C.E.7.17)
Here, E,, is the unperturbed energy, a the fine structure constant, and
Jj =1+ 1/2 the quantum number associated with the magnitude of the sum of the
electron’s orbital and spin angular momenta.
All of the work has been done by Fp and presented in Section 12.8 The Fin Structure of
Hydrogen of The Undergraduate Course.
The first thing to do, is to plug into (C.E.7.14):

V)= = —

4meyT - 4TTEQ
(9.55), (9.57) and (9.5.8) of Section 9.9 Hydrogen Atom , The Undergraduate Course, the
result for the energy-shift due relativistic effects is, (12.121):

2
AE,,, = %n (LL — Z) ,(12.121).
2

n? \ 1+

(%) , the expectation value of the Coulomb potential. Then with

As mentioned before, Fp presented all the work in Section 12.8 The Fine Structure of

Hydrogen of The Undergraduate Course.

So, | need the energy-shift due to spin-orbital coupling. The energy- shift due to this coupling

is given by (12.137) The Undergraduate Course:

{2410+ 1)—j+1D)}
21(1+3)t+1)

FP: A comparison of this expression with Eq.(12.121) reveals that the energy-shift due to

spin-orbit coupling is of the same order of magnitude as due to the lowest-order relativistic

correction to the Hamiltonian. We can add these two corrections together(linearity)(making

a’En
AEyim = [

n2

1,(12.137).

use of the fact that j = | + % for a hydrogen atom-see Section 11.3 of The Undergraduate

Course) to obtain a net energy-shift of
2

AEpy, = =3 (—nl - 5) ,(12.138) - (C.E.7.17).
n J.|.E 4

Note: in the derivation above use has been made of
1

T R The latter expectation value results from the
n l(l+§)(l+1)a0

1 1 1
(2 = ey 4 () =

correction to the Hamiltonian (12.127) due to spin-orbit correction.

8 Time-Dependent Perturbation Theory

8.1 Introduction

Now the perturbation Hamiltonian is considered to be time-dependent.

Fp: A time-dependent perturbation allows the system to make transitions between its
unperturbed eigenstates.

That’s the key issue of this chapter.
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See also The Undergraduate Course, Chapter 13 with the same title. In this chapter, the
notation is based on the “wave function” notation.

In (8.2), | suppose |n) to be a complete set of eigenstates of the unperturbed Hamiltonian
H,. Furthermore, | understood the Hamiltonian H to have a, different, complete set of
eigenstates. That understanding is wrong. The small time-dependent perturbation “allows
the system to make transitions between the unperturbed eigenstates”.

8.2 General Analysis

Fp starts with a system at time t, in a state |A) which is some linear superposition of the
unperturbed energy eigenstates:

|[4) = Xncn|n), (8.3).

Next, Fp calculated the time evolution of |4), (8.4).

This is based on the analysis of Section 4.12, Stationary States, The Undergraduate Course,
(4.158).

Note: From now on | present the numbers indicating equations of The Undergraduate
Course in Light Italic.

(4.158):

We(x, t, Ep) = i (x)e Eit/
The result of calculating the probability of finding the system in state |n) - B,(t), (8.5):
B.(t) = [(n]A)|?,

where use has been made of:

(nlm) = 6ppm.

Consequently, the state |n) is projected out.
At the top of page 124 Fp writes: “Here we have carefully separated ......... ”. So, Fp assumed
on beforehand the phase oscillations of the eigenkets |n) to be fast compared with the
variations of the amplitudes ¢, (t).

Schrédinger’s time evolution gives (8.7) and with differentiating (8.6) — (8.9).

Equating the right-hand side of (8.8) and (8.9) — (8.10).

. d
Note: obviously, the operator H; does depend on e

Finally, a differential equation for the coefficient ¢, (t) is obtained.
The matrix elements = H,,,,(t) = (n|H,(t)|m) # 0, (8.12).
For the differential equation (8.11) exact solutions cannot be found.

8.3 Two-State System

For a two-state system, (8.11) can be solved exactly.

Fp assumes the diagonal matrix elements of the interaction Hamiltonian to be zero.

The two first order differential equations resulting from ( 8.11) can be combined into a
second order differential equation (8.20).

Fp looked for a solution of this differential equation for certain initial conditions.

The solutions are presented by (8.21) and (8.22). By plugging these solutions into the
relevant equations, the solutions appear to be appropriate.

On the other hand, from a textbook on differential equations or with WolframAlpha and the
initial conditions the general solution is obtained, with ¢, (t = 0) = 0, the general solution
is:
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¢, = dexp[—=“22] sin(Qr), (C.8.3.1)

where

Q= [y2 oot

Plug (C.8.3.1)into (8.19) and set ¢, (t = 0) = 1, results into
iy

d=-2.
Q

In (8.23) and (8.24), Fp presented the probability of finding the system in one of the two
states, P,(t) and P;(t) respectively.

Having obtained the equations for the amplitudes and the probabilities, Fp analyzed the
meaning of these results. He mentioned the results to exhibit all the features of classic
resonance.

Remark on resonance: resonance means the frequency of the perturbation w matches the
frequency of w,;. The latter frequency is of the order of magnitude of the fast phase
oscillations of the eigenkets | suppose. w is the frequency of ¢, (t). At the top of page 124:
w K w,q. Well, that’s my conclusion. Consequently, for the theory to be consistent, w will
not match w,4? No resonance according to the theory? On the other hand: “....the time-

dependent perturbation is only effective at causing transitions between state 1 and 2 if its
Zy ”

. A
contradiction with the premises of slow oscillations of the perturbation with respect to the
fast phase oscillations of the eigenkets?

. . . . . 2
frequency of oscillation lies in the approximate range w,; — % Sw<wyy t+

8.4 Spin Magnetic Resonance

A bound electron placed in a uniform z-directed magnetic field, and then subjected to a
small time-dependent magnetic field rotating in the x-y plane. A bound electron: no orbital
angular momentum.

So with (5.46), the magnetic moment expressed in the angular momentum spin operator:
u=- [% cos(wt)Sx,%sin(wt)S ,%SZ]. (C.8.4.1)
Then with (C.8.4.1)— (8.29) and (8.30).

So for the spin % particle the unperturbed Hamiltonian (8.31) is obtained.

With the raising and lowering operators (8.32) is found.

Rehearsal in order to derive (8.33):

(HISFI+) = 0,{+IS7[+) = (+|-) = 0,(=IST|-) =(=[+) = 0 and (—|S~|-) = 0.
Then Fp analyzed this system and with spin up and spin down, the system is a two-state
system as analyzed in Section 3.1.

8.5 Dyson Series.
In this section Fp tries to find approximate solutions for the general system as presented in
(8.11):

.y dcp

ar = Zm Hym (t)eXp[iwnm(t - to)]cm(t)-
See also Chapter 3 on Quantum Dynamics and the sections on the time evolution operator

T(t).
Fp introduced in this section another time evolution operator:
|4, ty, t) = U(ty, t)|A), (8.39).
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In The Undergraduate Course, Section 13.5, the first order approximate solution of (8.11) has
been derived without the use of the time evolution operator.

With (8.7), Schrodinger’s time evolution, time dependent, equation, (8.39) can be written as:
ih% |4, to, t) = ih% U(to, t)|A) = (Hy + H)U(to, D)]A),

for any |A).

So, the differential equation for U(t,, t) , (8.40), is found.

First, Fp derives the solution for the time evolution operator without external perturbation,
(8.42). This solution is a phase factor.

With U(t,, t) given in (8.42):

U(to, 1) =exp[— =),

the unitary character of the unperturbed time evolution operator of U(t,, t) is shown—

- Ut(ty, )U(ty, t) = 1.

Then, with this solution (8.42), Fp proposes a solution with the perturbation switched on.
Plug this proposed solution, (8.43), into (8.40) and (8.44) is obtained.

8.5.1 Intermezzo Time Evolution Operator
(8.44) can be solved ;
Uy (to, ) :exp[—%ftz dt'H, (to t))] . (C.8.5.1)

Caveat: H; instead of H,, (8.45).
Then, with (8.42):

U(to,t) = exp[—+ ffo dt' {Ho+H, (to, t)}]. (C.8.5.2)
Furthermore for ¢, (t) = (n|U,(ty, t)]i), (8.49), and with (C.8.5.1):

cn(t) = <n|exp[—%f; dt'H; (t,, t’)]|i>. (C.8.5.3)
End of Intermezzo.

Just below (8.44) Fp writes: “where

H, (o, t) =exp[+ M] Hyexp[

_ iHO(t_tO)] , (845)”

In deriving (8.44), | show a “a step in between”:

: iHo(t—to)] U1 (to,t) iHo(t—to)

ihexp [—l 2 - 0] 1at° = H,exp [—l > - 2 ] U, (to, t). (C.8.5.4)
Multiply (C.8.5.1) with exp [+ W] -

- ihw = exp [+ @] H,exp [— W] Uy (to, t). (C.8.5.5)

Then with (8.45), (8.44) is obtained.

By definition, (8.39), the eigenstate at t = t, evolves with time as:
|i! t(), t) = U(to, t) |l)

Then, with (8.6), |i, t,, t) is expressed as (8.47).

8.5.2 Intermezzo Time Evolution and Eigenstates

|i) is an eigenstate of Hy and |i, t,, t) is “some other eigenstate at a subsequent time” , Section
8.1 .Now, as mentioned before, | consider |n) to represent a complete set of eigenstates of the
operator H, of which |i) an also an eigenstate. | just learned |i, t,, t) is some other unperturbed
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eigenstate of the operator Hy, Section 8.1.

Assume the completeness to be correct, how is it possible to express |i, ty, t) in |m), where |m) is a
member of the complete set of eigenstates of the operator H,? Or do | consider

e (B)exp[— 2200
to be a new phase-shifted ket in the same space of ket states |m)?

Then, the question remains: “...a time-dependent perturbation allows the system to make
transitions between its unperturbed energy eigenstates.... “, what does that mean? For
example: at (t = t,) [i) and Hy|i) = E;|i) and after (t — t,) = Hy|k) = Ex|k)?

End of Intermezzo.

|m),

Using (8.43), |i, ty, t) can also be written as:

. . iHy(t—t .

i, 0,t) = U(to, D11 = exp [~ 25— Uy (£, 0)11) , (8:48).
Now, equate (8.47) and (8.48):

exp [~ =2 Ui (to, D1i) = Zom o (Dexpl[— 2= m) (c8.56)
Left multiplication of (C.8.5.6) by |n):

(n] exp |02 Uy (69, 010) = Em e (O (nlexpl— =202 m). (c857)
Now,

(n] exp[ M] = exp[— Enlt= tO)]( n|, (C.8.5.8)

where use has been made of Taylor series expansion of the exp-function.

Plug (C.8.5.8) into (C.8.5.7) and with

(nlm) = &, (8.49) is found.

Let’s still pay some attention to (8.47):

I suppose |i, to, to) = |i).

When | plug t = t, into (8.47) = |i, ty, to) = Xom Cm (to) IMm) . (C.8.5.9)
S0 Xn € (to) Im) = [i) ?

Well, the outer product operator helps:

2i 2m Cm (T [IXE M) = X € (E0)[D) 8im = 1),

since |c;|? = 1, the probability to be in state |i).

At the top of page 129 represents the differential equation (8.44) by the integral equation in (8.51).
The approximate solution to (8.51) is found by iteration — (8.52), the Dyson series.

Note: Expanding (C.8.4.2) produces the first three terms in (8.52).

8.5.3 Intermezzo Time Evolution and a small Time Step

(8.52):

Sett — t, = At, a small time step.

Then, to first order in At:

Uy(to to + AL) = 1 — %ftto"*“ Hydt ~ 1 - HAt .

With (8.42), to first order in At:

U(ty, to + At) =exp[—iHyAt/R)|U; (to, to + At) ~ 1 — % (H, + H))At. (C.8.5.10)
Since (C.8.5.10) has been expanded to first order in At, then the expansion of (8.45) can be
truncated :

H ~H -Hy+H ~Hy+H, =H.

Now, with (8.39):

|4, to, to + At) = U(t,, ty + At)]A). (C.8.5.11)
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(C.8.5.11) and (C.8.5.10):

|4, to, to + At) = |A) — = H|A)AL —
With the limit At — 0, (C.8.5.12) gives:

h=|A) = —i H|A). (C.8.5.13)
Well, that looks familiar, the time-dependent Schrodinger equation.

See also Susskind, pages 100-102.
End of intermezzo

[Ato.to+AL)—|4) _ i

- = ~H|A). (C.8.5.12)

With (8.11)-(8.13), (8.57)-(8.59) are found.

These expressions result from Section 8.2 General Analysis .

To simplify (8.56) use has been made of the outer product:

Zmlm)(m| = 1.

So,

(n|H,(to, t')H, (to, t")i) = Lin{nlHi(to, t)Im) (m|H, (to, t")]i) —>(8.59).

Remark:

The simplification: Compare the integrals in (8.55) and (8.58).

Caveat once more: it’s about H; and not about H;. May be, a subscript p instead of 1 could
have been of some help.

For example to evaluate cr(ll) in (8.55):

(n|H,(to, t']i) = <n|exp [+ —iHO(tf:_tO)] Hiexp [— —iHO(tf:_tO)] |L> : (C.8.5.14)

With Taylor series expansions and:
(n|Hy = Ep(n|, Ho|i) = E;[i) - (n|H;(to, t'[i) =exp[iwn;(t" — to)1Hpi (L),
where w,; and H,; are given in (8.60) and (8.61) respectively.

8.6 Sudden Perturbation

In this section a particular example of H;is analyzed. It’s about a constant perturbation
suddenly switched on. So, H; is a step function.

Fp calculates the first-order perturbation. Use has been made of (8.13).

8.6.1 Intermezzo on Simplification
(8.58):
i t - ! ! A
s (6) = = f, explioni(t' — to)|Hni(t) dt’,
and to = 0 with Hni = (anl(t)ll) = Hl(nll) = H16ni,
then, with (8.58)
i t . ' ' Hni .
Cr(ll) 0= _%Hni fo exp[lwnit lde" = Enj [1- exp(lwm-t)], (8.65).

So, t in the integrand of the first integral of (8.65) should be deleted, a typo.

However, what about H,,; = H,6,;, above? That is wrong, since the perturbation operator is
generally a function of the position, momentum, and spin operators(Fp). So:

(n|Hy(®)1i) # Hy(nli).

End of Intermezzo.
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In (8.66) and (8.67) the transition probability between the states |i) and |n) is presented.
In The Undergraduate Course Section 13.6 Harmonic Perturbations Fp also dealt with the
non-conservation of energy.
In (8.68) the sinc(x) is defined; sinc(0) = 1.
Conservation of energy: E,, = E; , Fp.
In (8.73) ,with (8.74):
dx = %
2h
At the bottom of page 131 Fp introduced the transition rate to be the transition probability
per unit time, (8.77).
(8.78) and (8.79), | suppose:
Wisn fWL—m p(E)dE
where the delta function “selects” E,, = E; .
On page 132 Fp calculated the second order transition in the Dyson series.
In the first line of (8.80), the second integral is:

f dt"exp(lwml " = [exp(lwml N —1]. (C.8.6.1)

Note: exp(iw,;t"") mstead of exp(iwm;t) , a typo.
Then, with (C.8.6.1):

t ’ s . ’
fo dt {eXp[lt (Wnm + wmi)] —exp({Wnmt )};
has to be evaluated.

With (8.60):
En—Em+Em—E;  En—E;

Wpm + Wi = - =" = Wn;. (C.8.6.2)

Use the facto
L _ lh
lWmi Em—E;

In this way, the second line of (8.80) is found.
The integrals in the second line of (8.80) are similar to the integral presented in (C.8.6.1).

So, for example,

(C.8.6.3)

] it €XP Wpit exp iwp;t
%mi [eXp(la)m-t) B 1] =t exp (lwz t) ( : Z)iwnit( : ) =
2

=t-exp (%)sincw%"t. (C.8.6.4)
To obtain, c,(ll)(t) , given in (8 65):

% [1—exp(iwy;t)] = 5 &P (li) [exp (— %) —exp (%)] (C.8.6.5)
Using (8.60), the definition of Wi, (C.8.6.5) can be written as:

Hpi iwnp;t exp( t) exp(l‘“mt) _ oo Hni exp(— 2 t) exp(lwmt) — it lWnj H wnp;t
Texp( 2 ) Wni - ltT 2iwpt - _EeXp( ) mSIHC 2’

2

(C.8.6.6)

Fp found the expression for c,sl) (t) in (8.81) with a + sign instead of a - sign as in (C.8.6.6).
Does it matter?
With (8.62), the transition probability between states |i) and |n):

Pion = [c + (P72, (c 8.6.7)

Then, with the same reasoning for the average of sin
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transition rate

Hanml
Wifn) = 2 | =Hyg o+ B | p(En), (C.8.6.8)

or

St o

So, this certamly differs from (8.82). From the reasoning at the bottom of page 132 and at
the top of page 133 about virtual transition, | conclude the first-order energy conserving
transition is of importance. Consequently, the - sign in (C.8.6.8) does not matter?

The total result with the + sign for the transition rate is presented in (8.82).

Wisn] =

8.7 Energy-Shifts and Decay-Widths
In Section 8.6 Fp examined how a state |[n) becomes populated. Next, Fp considers how |i),
the initial state becomes depopulated.

Remark:
| thought, FP examined a group of final states |n), all possessing nearby the same energy as
the energy of |i).

A perturbation Hamiltonian is gradually turned on, (8.83).

In (8.83) H is denoted to be a constant. Meaning independent of the time t | suppose, since
Hy; = (n|Hq|i).

To derive Fermi’s Golden rule for the exponential perturbation, (8.83), Fp used the following
representation of the Dirac-8-function:

m—2
8(y) = lim — sy

Chisholm and Morris, page 604 on Representations of the §-function.

Then, (8.88) is found.

Since Fp wants to find out about the depopulation of the initial state, c;(t) is calculated.
Now:

cO(t) = 6; = 1, (8.54) and (8.90).

(8.91) is obtained using:

H;; = (i|H,]i), and w;; = 0, (8.61) and (8.60) respectively.

(8.92) with wy,; + wim = 0, (8.60).

Then ¢;(t) to second order is presented in (8.93):

() = ) + ) + P (b).

The next step is to consider (dc;/dt)/c; in the limitn — 0.

The result of this limit is presented in(8.94).

The nominator in the first line of (8.94) follows straightforward from differentiating c; (t)
with respect to time. What about the denominator in the first line of (8.94)?

The denominator, a complex expression,

) =1-1 ”” (C.8.7.1)

So, (7)2 ln—‘zll « 1 with n to be small? In practice, what numbers to be used to find out?

What about the expectation value
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Hy = (i|Hq|i) ?
H,; in (8.83) is denoted to be a constant. Meaning: not dependent on time? On the other
hand, H; “is generally a function of the position, momentum and spin operators”, Fp.
|i) is the state at t - —oo, the unperturbed state. So, could the conclusion be:
Hii = (llHlll) =0att » —0?
Forn = 0in(8.83), there is a step function at t - —oo.

i .2
However, | cannot explain why (71)2 II;—Z' has been deleted in the denominator of (8.94),
—iv2 | Hiil?
unless () e & 1.

The last term on the right hand side of (8.93) could also be written as:

__i |Hmi|2 — __l . |Hmi|2 A .
w Ao o eXP(2Nt) = Ve g e exp(2nt) (B — En) +
| Hmi|2

~ Lmi g1 pyr e XP2Nt). (C.8.7.2)

Jumping to the bottom of page 134, the last term in (C.8.7.2) with n = 0 produces the
principal value in (8.98).

| continue with missing some answers.

Just below (8.94) Fp writes: “This result is formally correct to second order in perturbed
quantities”. | suppose the perturbed quantities are the ci(k)'s.

On top of page 135 Fp presented the solution,(8.99), of the differential equation in (8.95).

Then, the next question arises.

Fp normalized this solution such that

c;i(t=0)=1.

At the beginning of this section Fp writes:

c;(t > —o0) =1, see also (8.90)-(8.92).

| assume, since Fp refers in the derivation of (8.90)-(8.92) to (8.57)-(8.59), the perturbation
starts at t = 0? However, does that contradict gradually turning on the perturbation at
t = —oo? This looks like the perturbation Hamiltonian to be

H,(t) = [exp(nt) — 1]H,, (C.8.7.3)
with the perturbation turned on att = 0.

With (8.57)-(8.59), | arrive at different expressions for the higher order perturbed
coefficients, for example:

) = - %Hii [—exp(zt)_l —tl. (C.8.7.4)
Just below (8.104), Fp writes: “...., given that it (the system)is definitely in state |i) at time
t=20,....7 So, the perturbation isturnedonatt = 0.

The conservation of probability in (8.107) follows from (8.79) and (8.104).
To derive (8.111), Fp used the Fourier inversion Theorem.
So, with (8.110)

iEt
F(t) = 7= dEe™ " f(E),
and

F(E) = «%—n [dtenFD), (C.8.7.5)
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where

F(t) =exp][
AE; is given in (8.103) and I} in (8.106).
Plug F(t) into (C.8.7.5):

iEt PO . .
f(E) o [dten exp[— " Jexp(— 1K), (C.8.7.6)
Now, with
t, = [E - (EL +AEl) + lFL/Z] t,
(C.8.7.6) can be written as:

1 it 3.1

f(E) x E—(E{+AE{)+il’;/2 f € dt )

Then, with (8.103):
2 1
[F(ED]” (E-[Ej+Re(8)])24T%/4
| suppose [ eit'dt’ [ e~ dt’ to be a number.
Just below (8.111) Fp writes: “In the absence of the perturbation, |f (E)|? is basically a

delta-function ...... “.
Without perturbation, n — 0, (8.88) reduces into a delta-function:

i{(E+AE; T; . .
- M]exp(— 2#;) , see also section 8.2, General Analysis.

[elt'dt’ [e~it'dt" (C.8.7.7)

lim
70N +wr,

However in the numerator of (8.111), | do not find 7.

= 18 (wni) -

8.8 Harmonic perturbations

Now a perturbation is considered that oscillates sinusoidally in time. See also Section 13.6 of
The Undergraduate Course.

The harmonic perturbation Hamiltonian is presented in (8.112). The perturbation is switched
onatt =0.

Recapitulation of Section 8.6 and Section 13.6(The Undergraduate Course).

(8.113) can be written as:

1 it i(wpitw)ty . (wpitw)t —i(wnpij—w)ty . (wpi—w)t
c,s) = —E(Vm-exp[ "‘2 ]smc[ ”‘2 ] + V,Lexp[+]smc[%]) ,
(C.8.8.1)
Where use have been made of
elf-1 _ ela/2 eltfoeTiel Zele/2gincZ
2i 2i 2

Now the first term of (C.8.8.1) is non-negligible for
Wni +w< ZTT[ )
and the second term for
21

Wy — W < T .
So, inthe limit t > 21 /|wy;| or || = |wyil,

t2 ) (wpit+w)t 2, (wpi—w)t
P, = §{|Vni|2 sinc? [T] + V1| sinc? [T]} (C.8.8.2)

To obtain (C.8.8.2), expressions like

. wpitw)t . Wni—wW
( nit ) Sll’lC( nit )

t .
sinc , vanish.

The processes of stimulated emission and absorption are introduced:
Wy + w = 0 >stimulated emission,
wy; — w = 0 —absorption.
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With (C.8.8.2) and (8.78), the rate for stimulated emission and the transition rate for
absorption are calculated.
About detailed balancing:

Wis[n] _ W[’iﬁn]

(C.8.8.3)

PEn)|Ep=E;~hw B P(Erln)lEthnghw '
Now the balancing:

On the right hand side of(C.8.8.3), the final state E;, of absorption is larger than the initial
state E; . The symmetry or detailed balancing means:

E{ = E,, Ep = E; ,and W[, ) = Wpop; — (8.123).

8.9 Absorption and Stimulated Emission of Radiation.

In this section the results of time-dependent perturbation are used to investigate the
interaction of anatomic electron with classical electromagnetic radiation.

See also Section 13.7 on Electromagnetic Radiation, The Undergraduate Course, Fp.
In (8.125), a particle of charge g in the presence of an electromagnetic field:
pP—>q—qA,

and (13.65)

P—->q+qA.

The Maxwell equations also work in quantum mechanics.

In (8.129), the Hamiltonian, g = —e .

In (8.132) | do expect the term e:L'p in stead of — e:L'p .
Let’s consider the absorption case, with (C.8.8.2):
t2 2, (wpi—w)t
Pin = 15 |Vih| sinc? [<222), (C.8.9.1)
where
eAgep , (W .
Vo = — <n mLe exp[—i (:) n- x]|l>. (C.8.9.2)

With € and n are unit vectors. See top of page 139.
In (8.143) Fp specifies the relation between energy density Uand the amplitude of the
monochromatic wave A,.

Then with the definition of the transition rate

d
wi =—Pion,

and the results of the foregoing sections on Sudden Perturbation and Harmonic
Perturbations, 8.6 and 8.7 respectively, (8.144) is found.

In addition, Fp analyzed the transition rate for a non-monochromatic incident wave.

The energy density becomes an integral over a range of frequencies:

U= [u(w)do.

Plug fu(a))dw into (8.146). Take into account the delta function §[A(w,; — ) and (8.147),
the transition rate for absorption, is found.

8.10 Electric Dipole Approximation
In this section the exponent in (8.147) is approximated by the electric dipole approximation.
(8.150) follows from the first term, 1, in the expansion in (8.149).

Furthermore (8.151) for the one-dimensional case, withp = —ihaa—x :
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2 2 hZ 62 hZ 62 hZ 9

— p_ — p = — —_— —_— =
[x, Hol = x 2me  2me x x 2m, 9x2 2me 0x2 Mg 0x ihp/m, .
(8.152):
(nlpli) = —i==(nl[x, Holli) = =i =*(n|xH, — Hox|i) = —i =< (n|xEy — E;x|i) =

= imywp(n|x|i).

Now, with(8.155):

€ (n|pli) = imewy;€- (nlx[i) = imwp€- fr.
Then, (8.147) for a range of frequencies U = [ u(w)dw —(8.153).
Just above (8.156) Fp mentioned, referring to section 7.4: “..... (n|z|i) = 0 unless the initial
and final states satisfy.... “— (8.156) and (8.157). These expressions represent the selection
rules (7.41) and (7.52). Well, (7.52) indicates an additional selection rule: Al = 0.
Then Fp mentioned below (8.157): “It is easily demonstrated that (n|x|i) and (n|y|i) are
only non-zero if Al = +1 and Am = 0,+1.” In The Undergraduate Course this is
demonstrated for a hydrogen atom, where the electric dipole moment is non-zero.
Furthermore,

d;, = (ilex|n) = ef,;, (13.99), is the effective electric dipole.

So, when the probability of spontaneous emission is zero, the electric dipole is zero.
Then, to “...make a spontaneous transition from an energy state corresponding to the
quantum numbers n, [, m to corresponding quantum numbers n',l’,m’' the modulus squared
of the associated electric dipole, (13.128) is non-zero.”

Let’s pay attention to (n|x|i) and (n|y|i), use the analysis of sections 7.4 and (13.11) The
Undergraduate Course.

(n|x|i):

[Ly,x*] = L,(x+iy) — (x + iy)L, = (xpy, — ypy)(x + iy) —x*L, =

hxt +x*L, —x*L, = Ax™.

Nota Bene:

L,(x +iy) = (xp, — ypx)(x +iy) = hxt + xTL,.

With this information (13.131) is obtained.

Similarly is (13.132) for the lowering operator x ™.

With

x=x"+x7)/2,

and

y=—i(xt—x7)/2,

Fp arrived at the conclusion below (13.132) summarized in (8.160) and (8.1.61).

In The Undergraduate Course in section 13.11, the selection rules are derived by considering
transitions between the different levels of a hydrogen atom. However, the analysis is still
rather general. It is about one valence electron orbiting outside a closed, spherical
symmetric, shell(Section 7.4).

Then Fp introduced magnetic dipole transition.

The first order term in (8.149):

+i%n X,

Yields quadrupole transitions with different selection rules.
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8.11 Spontaneous Emission

Now, in the absence of any external radiation, a spontaneous jump is considered. A
spontaneous jump into a state with lower energy—emission.

it starts with black-body radiation and Planck’s formula, representing the energy spectrum
u(w), (8.162).

Use is made of the expressions for absorption and stimulated emission as derived in
section 8.10 —(8.153) and (8.154).

Just below (8.162), Fp explained detailed balancing for thermal equilibrium.

In (8.163), there are two systems of emission: spontaneous and stimulated for the two
energy levels E, > E; .

Below (8.163), | suppose w& ™ should read w5t , a typo.

In (8.166) Fp presented the transition rate for spontaneous emission. | expected two
frequencies: w,; and w4, . However, w,, the “selected “frequency, is used—detailed
balancing.

To obtain (8.167) isotropic radiation, Fp presented the relevant equations in The
Undergraduate Course: (13.100) -(13.104).. Then, it’s about evaluating (13.104) for the unit
sphere:

(€ For]Pap = f“ L[ [ sin® 6 cos?¢ dodp =12, (8.167).

With (8.167),(8.166),(8.169) and substituting w = w54 in (8.162), (8.170) is found.

To obtain (8.171) Fp used the dipole moment, matrix element f,; = (2|x|1), to be of the
order of magnitude of the Bohr radius.

In this way Fp shows, finally,

Wzszrll K wy1.

This assumption has been made at the top of page 124 in the section 8.2 on General
Analysis.

Exercises

Exercise 8.1 About the inner product of the vector potential A and the momentum operator p

Demonstrate thatp-4A =A-p whenV -4 = 0, where p is the momentum operator, and
A(x) is a real function of the position operator x . Hence, show that the Hamiltonian (8.132)
is Hermitian.
p-A=A-p:

] a 9 @
—ih (%2 5)  (Aw Ay, Ay) = —ih(Ay Ay, A,) - (020 5).
Let’s operate the operators (ai ai —) and (Ax,A Az) on a wave vector or wavefunction
Y, say.
So,
p-Ay:

(aax aay az) (A Ay, A =V-AP + A - (—wex+g—wey+z—wez)—A-(g—fex+g—¢ey+

3 e)
0z €z

where use has been made of V- 4 = 0.
Now,
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. P P P
—LflA'(gex+5ey+Eez)=A'pl/)—>p'A=A'p.

The Hamiltonian in (8.132):
2 . 242

2me me 2me
Is H Hermitian?
Then the question reduces into: is A - p Hermitian since the other quantities in (8.132) are
real functions. Since A(x) is a real function of the position operator x, the question reduces
furthermore.
Is p an Hermitian operator? Well, it is.
So:
Ap=A-pt=4-p)"=4p.
Hence
H = Ht,

Exercise 8.2 Selection rules for the matrix elements of a hydrogen-like atom

Find the selection rules for matrix elements (n, [, m|x|n’,l’,m"), (n,[,m|y|n’,l',m"), and
(n,l,m|z|n',l',m') to be non-zero. Here, |n. . m) denotes an energy eigenket of a
hydrogen-like atom corresponding to the conventional quantum numbers, n, [, and m.
Let’s start with the matrix element:
-(n,,m|z|n',l',m').

Fp did already all the work.

In section 7.4 ,pages 105-106, Fp derived the selection rules for [ and m . These rules are
summarized in section 8.10:

m =m- Am =0,

and

I'=1+1-Al=+1.

For these selection rules the matrix element is non-zero.

In my remarks on section 8.10, | also presented the selectionrulel = I’ = 0. | presented
this to be Al = 0. This is rather inaccurate. Since | cannot conclude from Al =0:1 = ' = 0!
[ = I" = 0 represents spherical symmetry.

Now the selection rule for [, and

(n,l,m|x|n',l',m").

In section 13.11 of The Undergraduate Course, Fp presented the tools to find out about the
matrix element. Fp: “.... a hydrogen(like) atom can only make a spontaneous transition from
an energy state corresponding to the quantum numbers n, [, m to one corresponding to the
quantum numbers n',l', m' if the modulus squared of the associated dipole moment,
(13.128) is non-zero.” In section 13.11, Fp also mentioned the proof for (n, [, m|z|n',l’,m’)
can, via a trivial modification, also be used for the other two matrix elements. Trivial?

| suppose trivial means the use of [L?, x] instead of [L?, z] to find out about the selection
rules for the matrix element (n, [, m|x|n’, ', m').

[1%,x] = [L2, x| + [L2,x], (C.8.E.1)
since [L2,x] = 0.

Now, it’s about operators operating on the wave function.

(C.8.E.1):
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[L2,x] + [L2,x] = Ly[Ly, x| + [Ly, x]Ly + L,[L,, x] + [L;, x]L, . (C.8.E.2)

Ly[Ly,x]:
Ly{(zpx — xp;)x — x(2py — xp,)} = —ihL,z . (C.8.E.3)
[Ly, x]Ly:
{(Gzpx — xp,)x — x(2py — xp,)}Ly, = —ihzL,, . (C.8.E.4)
L,[L,, x]:
LZ{(xpy — ypx)x - x(xpy - ypx)} = ihL,y. (C.8.E.5)

It comes as no surprise, from comparison with (7.42)— cyclic permutation,
[L,,x]L, to be ihyL, .

So, (C.8.E.1)
[L%,x] = ih(—Lyz — zL, + L,y + yL,). (C.8.E.6)

(C.8.E.6):

ih(—Lyz — zLy + L,y + yL,) = ih(—2L,z + 2L,y — zLy, + yL, + Lyz — L,y) =

= ih(—2Lyz + 2L,y + [Ly, z| — [L,,¥]) = 2ih(L,y — L,z + ihx). (C.8.E.7)

Then,

[L%,x] = 2ih(L,y — Lyz + ihx). (C.8.E.8)

The next step to be taken:

[L2, [L?, x]], with (C.8.E.8) using permutations:

[12,[L%, x]] = 2in[L?, (L,y — Lyz + ihx)| = 2iR(L,[L%, y] — L, [L?, z] + ih[L?, x]),

or just recombine [L?, (L,y — Lyz + ifix)] into (L,[L?,y] — L, [L?, z] + iR[L? x]).
Then, with (7.42) and (7.43), i.e., using the expressions for [L?, z] and [L?, y]

[L%,[L%, x]] = —4h2L,(zL, — L,x) + 4h*L,(L,x — yL,) — 2h?(L?x — xL?). (C.8.E.9)
Compare (C.8.E.9) with (7.45) and the permutations are demonstrated.

(C.8.E.9):

[L%,[L?,x]] = —h*{4L,zL, — 4L%x — 4L%x + 4L,yL, + 2(L*x — xL*)} . (C.8.E.10)
(C.8.E.10):
[L2, (12, x]] = —a*{4(L,z + Lyy)L, — 4(L% + L3)x + 2(L*x — xL?)} . (C.8.E.11)

Now, [L2,x] =0 - L,xL, = x12 = [2x .

Plug this into (C.8.E.11):

[L2,[L%, x]] = —A*{4(L,z + Lyy + Lyx)L, — 4(L2 + L% + [2)x + 2(L?x — x1?)},
(C.8.E.12)

With (7.47): L,z + L,y + L,x = 0, an operator,

[L2, [L?, x]] = 2R?(L?x + xL?). (C.8.E.13)
Consequently, with (7.49)-(7.52) and z — x, the conclusion for the matrix element
(n,[,m|x|n’,l',m') to be non-zero is
I'=14+1,o0rAl =+1.

For the matrix element (n, [, m|y|n’,l’,m’) not to be zero is, with similar analyzes and using
circular permutations, the conclusion is also:

Al = 1.

Next, the selection rule for m.

In section 12.5 of The Undergraduate Course and section 7.4 the selection rule for the matrix
element (n,[,m|z|n,l’,m") is Am = 0.
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With [L,,z] = 0, Am = 0 is given in (7.41).

What about the matrix element (n, [, m|x|n’,l’,m')? There is no operator as [L,, x] = 0. In
section 13.11 of The Undergraduate Course, the raising and lowering operators are used:
xt =x+iy, (13.129).

So:

x=x"+x7)/2,

and

y=—-i(x*—x7)/2.

[Lzrx+] = Lz(x + iY) - (x + iy)Lz = (xpy - ypx)(x + iy) - x+LZ =

=hxt +xtL, —x*L, = hx*.

Nota Bene:

L,(x+iy) = (xp, — yp)(x + iy) = hxt + x 7L,

So,

[L,,x*] = +hAx*, (13.130).

Then:

(n,I,m|[L,, xT] — Ax*|n/,l',m') = 0.

Then:

(n,,m|L,x* —x*L, — hx™|n',l',m') = i(n,,m|lmx*™ —x*tm' —x*|n',I',m’) =

= h(m—-—m'—Dn,,m|x*|n',l',m') =0, (13.131).

Simarlily,

(n,Lm|L,x™ —x" L, + hx~|n",l',m") = h(n, [ mimx~ —x m' + x~|n',I',m') =

= aA(m—m'+ 1)(n,,m|x"|n',l',m') =0, (13.132).

Just below (13.132), Fp explained the matrix elements (n, [, m|x|n’,l’,m’) and
(n,[,m|y|n',l'’,m') to be non-zero if m" = m £ 1, where us has been made of
x=x"+x7)/2andy = —i(x* —x7)/2.

With the result of section 7.4 for the matrix element (n, [, m|z|n’,l’,m’) to be non-zero for
m' =m, (8.160) and (8.161).

Exercise 8.3 About the dipole moment.

Demonstrate that

(le- faul?) =12
21 3’
where the average is taken over all directions of the incident radiation.
This result is presented in (8.167).
To obtain (8.167) isotropic radiation, Fp presented the relevant equations in To obtain
(8.167) iso tropic radiation, Fp presented the relevant equations in The Undergraduate
Course: (13.100)-(13.104).
Then, it’s about evaluating (13.104) for the unit sphere:

(e fa11ar = 22 [ [ sin® 6 cos?¢p dodp = 22, (8.167).

With (8.167),(8.166),(8.169) and substituting w = w,; in (8.162), (8.170) is found.

To obtain (8.171) Fp used the dipole moment, matrix element f,; = (2|x|1), to be of the
order of magnitude of the Bohr radius: (13.100)-(13.104).

I shall recapitulate the analysis of page 187 of The Undergraduate Course:
It is about unpolarized isotropic radiation. “...... we can define a set of Cartesian coordinates
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such that a wave vector k, which specifies the direction of wave propagation, points along
the z-axis, and the vector f,,, which specifies the direction of the atomic dipole moment, lies
in the x-z plane. It follows that the vector €, which specifies the direction of wave
polarization, must lie in the x-y plane, since it has to be orthogonal to k.”

So,

“k = (0,0,k), (13.100)

f21 = (f21 sin0,0, f,1 cos 0),(13.101)

€ = (cos ¢,sin¢),(13.102)

which implies that “

l€ - f21|? = fA sin? 0 cos?¢ ,(13.103).

“We must average the above quantity (|€ - f,1|?) over all possible values of 8 and ¢. Thus,

2
(€ f211%)ar =2 [ [ sin® 6 cos?¢ dn2, (13.104)

where df) = sin 8d0d¢, and the integral is taken over all solid angle.”
Then,

(€ fo11P)aw =22 [ [ sin? 6 cos?¢p dOdgp = 12, (8.167).

The modulus squared of the dipole moment d:
d? = |ef,1|?, (8.167), (8.168) and (13.128).

Exercise 8.4 About the spontaneous decay rate, the spectral line width, and the matrix
elements

Demonstrate that the spontaneous decay rate ( via an electric dipole transition) from any 2p
state to a 1s state of a hydrogen atom is

Waprs = 0P T = 6.26 x 10757,

where a is the fine structure constant.

Fp dealt with this problem in section 13.12 on 2P — 1S Transitions in Hydrogen, The
Undergraduate Course.

I shall cite Fp: “Let us calculate the rate of spontaneous emission between the first excited
state (i.e., n = 2) and the ground-state (i.e., n' = 1) of a hydrogen atom. Now the ground-
state is characterized by I' = m' = 0. Hence, in order to satisfy the selection rules(13.133)
and (13.134), the excited state must have the quantum numbers | = 1 andm = 0, +1.

The selection rules are:

Al = +1, (8.160),

Am =0,+1, (8.161).

Notel >0—->[1=1,m=0,=+1.

The various matrix elements have to be calculated. To this end, the wave function of a
hydrogen atom is needed:

wn,l,m(rr 0, ¢) = Rn,lYl,m(B: ¢)’ (13.135),

where the radial functions R,, | are given in Sect. 9.4 on Hydrogen Atom,(9.65)-(9.70), and the
spherical harmonics Y, ,,, are given in Sect. 8.7 on spherical Harmonics, (8.91)-(8.96).

Keep in mind: for the z-axis Am = 0, and for the x- and y-axis Am = +1.

To evaluate the integrals:

X =rsinf cos ¢,

y =rsinfsin ¢,
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Z=rcosb.
For example, to obtain the matrix element (1,0,0|z|2,1,0), the following integral has to be
evaluated:

(1,0,0|z]2,1,0) = f;” Jo J)" R10Yo,0(8,9) 7 cos 8 [Ry1Yy0(6, $)]"r? sin Odrdodep,
(C.8.E.14)
Then with (9.65),(9.67),(8.91) and (8.92), the integral in (C.8.E.14) results into:

7
(1,0,01212,1,0) = V2= aq , (13.138),
after “some straight-forward, but tedious integration”.

With the expressions for the radial wave function and the spherical harmonics, the matrix
elements for the other coordinates are found:

(1,0,01x[2,1, +1) = + 2 ay, (13.136),

and

(1,00ly[2,1,+1) = iZ ap, (13.137),

where a is the Bohr radius in Eq. (9.58).

Now, all the ingredients for calculating the spontaneous decay rate (via an electric dipole
transition) are available.

To this end the modulus squared of the dipole moment is determined. For the 2P — 1§
transition the modulus squared of the dipole moment is the same for m = 0,1, or —1.
The dipole moment d , (8.155), (8.168) and (13.128):

e?f% =1(1,0,0lex|2,1, £1)|?> + |(1,0,0]ey|2,1, £1)|? + |[{(1,0,0]ez|2,1,0)|>.  (C.8.E.15)
Plug into (C.8.E.15) the matrix elements.

Then:
2 2 _ 2" 2
d* = |efy1|* = 3To(ea0) . (C.8.E.16)
To calculate the spontaneous rate of emission w-, is needed, (8.170).
(8.60):
Wy = Ez;E1

Fp: “Now, the energy of the eigenstates of the hydrogen atom characterized by the quantum
numbers n,l,mis E = E,/n?, where the ground-state energy E,, is specified in Eq. (9.57).
Hence, the energy of the photon emitted during 2P — 1S transmission is

hwyy = =2 — By = —~E, . (13.140).

This corresponds to a wavelength of 1.215 x 10~ "m.”

The rate of spontaneous transmission is given in (8.170) and (13.141).

wSPT — wyi3e?fh
2-1 —

3meghc3
With (C.8.E.16), (13.140) and the given constants:
2
wiPlh = ()%aS ™S = 6.27 X 10° 5, (13.143).

“Here, « = 1/137 is the fine-structure constant. Hence, the mean-life time of a hydrogen 2P
state is

Trp = (WZSE)T],: )_1 = 1.6 ns.

Incidentally, since the 2P only has a finite life-time, it follows from the energy-time
uncertainty relation that the energy of this state is uncertain by an amount
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AE2P~TL~4 x 1077 eV, (13.144).

2P

This uncertainty gives rise to a finite width of the spectral line associated with 2P — 1S
transition. This natural line-width is of order

ﬂ"v AE,p - -8 “
7 hons 4 x107°.(13.345) “.

9 Scattering Theory

9.1 Introduction

The quantum theory of scattering is examined.
In Chapter 15 of The Undergraduate Course, Fp dealt with Scattering Theory.

9.2 Fundamental Equations

The Hamiltonian is introduced with a scattering potential.
(9.4), with (9.2) and (9.6):
h2K?

Hol) = EIp) = —Hy ) > —-V2[) = 25 ) = —H, ) -
> —(x| V2 — T (xlp) = (x| Hy ). (€9.2.1)

2k2

v represents the free particle energy.

Then with (€C.9.2.1) and V2x = 0, (9.5) is obtained.

To obtain (9.12), Fp used the outer product operator for continuous wave functions
" x|

(9.13)« (15.9), The Undergraduate Course.

The factor 1/(2m)3/?, results from normalization presented in (9.15).

(9.16), with the cosine rule, r = |x| and ' = |x'| :

. , "2 xx ,
lim, |x — x| =Jx2+ (x')2 —2x-x' Er(1+(7) —7) >r—e, - x.
Then, the exponent in (9.13) can be written as a product of two exponents given in (9.19).
(Kk'|H|y) can be considered as the Fourier transform of (x'|H; |y) in (9.22). Since, in (9.12),
(x| Hyl) = V(X
The particle flux as presented in (9.23), can also be written as: j = % WVy* =y Vy).

With the incoming wave given in (9.24) the particle flux in (9.25) is found. Similarly, the
particle flux associated with the scattered wave is obtained.

9.3 Born approximation

In this section further attention is given to (9.20).

The Born approximation is based on the assumption the scattering not to be particular
strong. In that case the total wave function is set equal to the incident wave function. This
could have been called the Born identity. However, Born approximation has been chosen.
This approximation is used to obtain an approximation for the scattering function f(k’, k) in
(9.22). In this way (9.32) is obtained.

(9.35) results from the isosceles triangle with |k| = |k’|, as explained by Fp just below (9.35).
(9.38) is found using integration by parts twice.
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(9.39), the differential cross-section is obtained with (9.29), (9.35) and (9.37).

2 2
In(9.41): E = & _ P~
2m 2m

On page 150, Fp considered low-and high energy approximations of the Yukawa potential.
So, for the low energy approximation | expected the condition for bound states to be, with
(9.37):

2m |V,
hzl '”‘;' > 2.7, instead of

and for the high energy case, the high-k limit:

thl %l « 1, instead of = 2n |V°| 1.

2m|V0| 2 7

9.4 Partial Waves

Partial waves is about a series of spherical waves.

See also Chapters 8, 9 and section 15.4 of The Undergraduate Course.

For spherical harmonics and Legendre Polynomials see also Sections 4.4, 4.5.

(9.53) and (9.54), spherical Bessel functions and the Neumann function, are found in, i.e.,
Whittaker and Watson.

(9.57) is the generating function for spherical Bessel functions (Mahan, page 111).
Multiply (9.57) with P;(cos 0), use orthogonality (9.58), and (9.59) is found.

In (9.58) the expression for orthogonality is given. In §4.1 of Chapter 19, The orthogonality
property, (9.58) has been derived (Chisholm and Morris).

Let’s demonstrate the orthogonality property for Y; o and ¥, .

FirStYLO:

N A T S
f—l(\/:\/;ﬂ) dﬂ_3_ 1+1/2°
NeXtYZO'

f (fjj 362 = 1)2dp =% = 5757,

Note: no ¢ dependency -m=0.

About (9.60), Fp: “It is well known .....” ,and the integral representation of the spherical
Bessel function is presented. On page 214 of The Undergraduate Course:”[ see M.
Abramowitz and I.A. Stegun, Handbook of mathematical functions, (Dover, New York NY,
1965), Eq.10.1.14]".

| looked it up in my copy, page 438 (10.1.14):

jn(2) = %(—i)” fon e#cosOp (cosf)sinf db.
Now, substitute in this expression cos 8 = pu, then
. 1 . -1 1 . 1 i
jn(2) = =3 (D" [ e Py (wydp = 3 (D)™ [ e P (u)d.
With z = kr — (9.60).
The asymptotic behavior of the spherical Bessel functions and the Neuman function

respectively, presented in (9.55) and (9.56) are plugged into (9.63)— (9.64).
(9.65), FP: “Note that A; = C;cos 6; and B, = —C; sin §;”.
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The incident wave function, (9.47):

¢(x) = (2n1)3/2exp(ikr cos @),

with (9.62)— (9.67).
Comparing the coefficients in (9.66) and (9.67)—

i l l
5 ¢, = il(21 + 1)exp(id)) = (ﬁ) 20+ 1) expli (8, +2)1, (9.69)
(9.68):
f(6) = @n)** 3 [W(x) — p()].

With (9.66)-(9.68), f(8) results into the expression presented in (9.70), the scattering
amplitude.

9.5 Optical Theorem

In The Undergraduate Course the subject matter is part of section 15.4 on Partial Waves.
The differential scattering cross-section,(9.29):

Z = f ()%

So, the total cross-section ootal is found with the integral:

o= $ dQ|f(0)]%.

There is a problem: dQ is usually defined as the solid angle 2 sin 8drdfd¢.

Fp used sin 8dOd¢ in (9.71). Actually Fp used sin 8d6d¢ —no r dependency.

To obtain (9.73), use has been made of:

Im[exp (i6;)] = sin§; .

9.6 Determination of Phase-Shifts

This section is about the evaluation of §;.

In (9.76) Fp presented the most general solution to the free space Schrédinger equation
outside the range of the spherically symmetric potential. With no incoming spherical waves.
This compares with (9.63) and (9.69), given that

A; = Ccoséy,

and

B; = —(;sin §;.

Here, A; and B, are constants, where A;(r) in (9.76) is a combination of spherical Bessel
functions and von Neumann functions.

Next, Fp derived the logarithmic derivative, 5;;, of the [th radial wavefunction just outside
the range of the potential: r > a .

Note: Mahan dealt with this problem in section 5.3.1 on Central Potentials in 3D. Mahan
derives the tangent of the phase shift by matching the two solutions forr < aand r > a at
r = a by equating the eigenfunction and its first derivative. Then, divide the two equations.
So, it’s equating of the logarithmic derivative atr = a, forr < aand r > a.

Definition of the logarithmic derivative of a function is this derivative divided by the
function. In this way S, in (9.78) is obtained.

Divide the right-hand side of (9.78) by cos §; —an expression for §; , (9.79).

Next Fp derived a general solution for the Schrodinger equation for r < a and a well-
behaved solution at v = 0. Then, the general logarithmic derivative at r = a, 5;_ ,(9.84), is
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obtained. By equating 5, = f,_, both derivatives can be eliminated and the phase shift is
found. The result is presented in (5.79), Mahan. There, the solution of the Schrodinger
equation for r < a is the spherical Bessel function.

9.7 Hard Sphere Scattering.

Hard sphere scattering means the potential is infinite for r < a to be infinite.

Then, Fp:

Bi+ = Bi1- = o0 = (9.87).

On the other hand, atr | a,in (9.76) - Y (a) - 0.

Consequently,

cos 6, j;(ka) = sin §;n;(ka) — (9.87).

For [ = 0, using equations (9.53) and (9.54) or (9.55) and (9.56), the phase-shift §, = ka,
(9.89).

The radial wave function for [l = 0, using equations (9.55), (9.56) and the phase-shift
8o = —ka (9.89), is presented in (9.90).

Then, Fp considers the low energy limit of tan §;. For the low energy case: ka < 1.

Well, tanx = x + §x3 + 12—5x5 + - for—m/2 < x < /2.

Then,
3
tand, = —kaandtand; = — (k;l) .
So, §; K & -
In (9.95) Fp presented the differential cross-section as given in (9.29).
Forl =0:

£0) = <2sin sy,

since P, = 1 ,(9.51).

The high energy case. The total cross-section is given in (9.72)—(9.97).The result of the
summation (9.97), an arithmetic series—(9.98).

In discussing the result given in (9.98), Fp mentioned the optical theorem about the so-called
Poisson spot.

9.8 Low Energy Scattering

As mentioned in the fore going section, partial waves with [ > 0 make a negligible
contribution to the scattering cross-section.

Fp considered a finite potential well. So, V, < 0.

The external wavefunction = r > a, and

the internal wavefunction - r < a.

The solution for the latter case is derived from the differential equation (9.82). On the other
hand for r < a and r = 0, the Neumann functions become singular. So the internal wave
function is the spherical Bessel function for [ = 0. Still, (9.82) defines k'.

Remark:
Let us match (9.99) and (9.100) at r = a .Then,

' i50 oj
' sin(ka + 80) ;= Bsin(k'a) ; » B = 200
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Fp, below (9.100): “Here, B is a constant, .....”. To me, it looks to be a function of k, k' and
do-

(9.102) results from the Bessel function of imaginary argument i;. This represents a decaying
function for [ = 0.

In (9.104) Fp presents the result for an attractive potential. (9.105) represents a repulsive
potential.

For the attractive potential and (9.82):

, 2
k' = k2 + 2Vl — (9.109).
9.9 Resonance Scattering

This section is about a significant exception to the independence of the cross-section on
energy.

_ . 1 .
In (9.111) it is shown the total cross-section to be dependent on pER) the cross-section
k2h?

depends on the energy: E = vl
The condition presented in (9.112) leads to: k?a? = 0. Hence, E = 0 — a bound state at
zero energy. This cannot be a stable situation.

In the subsequent analysis, Fp dealt with the phase shift [ # 0.

Then, Fp obtained the Breit-Wigner formula — (9.118).

Exercises

Exercise 9.1 Application of the Born approximation

Consider a scattering potential Of the form:

2
V(r) = Vyexp(— %) .
Calculate the differential scattering cross-section, da /df), using the Born approximation.
The integral to be analyzed is given in (9.34):

f(@) =- hT “rV(r) sin(qr)dr,

with
q = 2k sin(g), (9.35).
Then,
f(0) = 2mvof T exp(— —) sin(gqr)dr.

Some work has to be done to evaluate the integral.

| used the WolframAlpha App.

The result iS'
— Yo 3 —a? q

f(6) = ——3ma

The differential scattering cross-section:

d

—= = |f()]* (9.29):

da mVpy 2 6,-a2q?/2
= nwa-e .
dq (th)
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Exercise 9.2 Application of Partial Waves to obtain the total Cross-Section.

Consider a scattering potential that takes the constant value V, for r < R and is zero for
r > R, where V;may be either positive of negative. Using the method of partial
2h2
waves, show that for |V| K E = - ,and kR < 1, the differential cross-section is

isotropic, and the total cross-section is:
161, m2VZR®

) K4

Otot = (

Definition of isotropic: Identical in all directions, invariant with respect to the direction. So,
an isotropic differential cross-section is one of which the scattering probability into a
unit element of a solid angle is independent of scattering angles.

The infinitesimal solid angle element is:
dQ = sin6dOdg.
So,
d—; = |f(8)|* - constant C.
Otor = C $sin0dOd¢p = 4nC.
What about C?
Assume the definition of isentropic scattering to be correct, | have to prove:

do m2VZR®

a0 " (_) nt

or

f0) =G )leOlR independent of 8 (and ¢).

The external wavefunction, r > R ,(9.99):
Ao(r) = e sin(kr + 8,) /kr,
and

k2h? 2m
E=——-k=VE |2
The internal wavefunction, r < R ,(9.100):
Ay(r) = Bsin(k'r)/r,

and
k' h? , 2 Vol Vol
~Wol ===k ~VE |77 (122 = 5~ (1+-2). (C9.E.1)
Now, | assume with |V,| < E :
k=k'

To find out about Z—;, &, has to be obtained. In section 9.8, Fp analyzed k < k'.

For k = k', (9.105) can be used to obtain the phase shift:

tan(kR + 8y) = - tan(k'R).

Given is: kR «< 1. Consequently, k'R < 1and §, «< 1.

Next, | use the series expansion fortanx = x + §x3 + 12—5x5 + -

Then, (9.105):

KR + 8 + 5 (KR)? + (kR)28o + kROZ + 83 + -+ = k'R + 7= (K'R)® +
(C.9.E.2)
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(C.9.E.2) becomes:
8o (1+ (kR)? + kRSo + 382 + ) = 1[5 (K'R)® — (kR)* + -].  (CO.E3)
With (C.9.E.1), (C.9.E.2) gives:

8o =3[(1+°8) (1 - 22) (kRr)? - (kRY*] > — 222 (kR)?. (C9.E4)
Note: §, a dimensionless number.

With E:

Sy = —g%‘j’?gk. (C.9.E.5)

(9.70), L = 0 and the approximation for sin §, = &:
f(8) = ™% sin(8y) ¢ = '8, /k.
Then with (C.9.E.5):

2y2
= f(O)* = O™
Consequently, the dlfferentlal cross- section is isotropic and the total cross-section is:
Oror = |F(6)I* § sin BdBdp = (-5 "8 (CO.E6)

Suppose that the energy is slightly changed. Show that the angular distribution can

be written as
d_Q = A+ Bcos@.
Suppose that the energy slightly changed? Meaning? Of the scattering potential?

Well, that does not matter. Since, |V,| < E, a slight change in V, produces again
isotropic behavior of the differential cross-section.
So, | assume Fp meant in (9.70) the summation for the scattering amplitude is:

() = e'do sin(60)%+ 3ei%1 sin(6;) \E Y10(0) =

= e'% sin(6,) % + 3e'%1 sin(8;) % cosf . (C.9.E.7)

Now with (C.9.E.7):

=|f(®)|* = ! [ et% sin(8,) + 3e%1 sin(8;) cos 6]

_ [et%0 sm(60) + 3e'%1sin(8;) cos 8] [e ™% sin(8,) + 3e 71 sin(5;) cos O] =

[sin?(8,) + 9 sin?(8;) cos? O + 6sin(8,) sin(8;) cos(8, — 8;) cos O],
(C.9.E.8)

. 1
k2
1
k2

Compare (C.9.E.8) with Z—; = A + B cos 6, what to conclude?

Remark: obviously | can write:

f(@) =C + D cos 8, where C and D are complex numbers.

When | am allowed to assume a priori sin?(§;) < sin(8,) sin(8;) < sin?(8,) —
sin(61) sin(8g)

- sin(8g) 1K sin(8,) ’

(9.28) resembles Z—; = A+ Bcos#b.

Hence,
Z; = [sm2(50) + 6-sin(J;) sin(;) cos(6y — §;) cos G]. (C.9.E.9)
An approximate expression for B /A, with (C.9.E.9):

B _ 6sin(8;) cos(69—61) __ . sin(6q)

A sin(8o) = Tsin(So)
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Exercise 9.3 About scattering by a repulsive §-shell potential
Consider scattering by a repulsive §-shell potential:

hZ
V(r) = ys(r—a),
wherey > 0.

Find the equation that determines the s-wave phase-shift, §,, as a function of k (where E =
k2h?

— ). Assumey > a1, k.(Meaning: both a™! and k ?)
Note, | will use a instead of R. R will be used for the radial wavefunction R;.

The phase-shift needs to be determined. Consequently, the wave functions and their
derivatives need to be matched at r = a. How to deal with this matching with a §-shell
potential involved when a discontinuity is involved? The wavefunctions can be matched, the
derivatives ask for special attention.

| will use the method presented by Mahan on page 45. Mahan demonstrated this method

for the one-dimensional case. To this end, the Schrédinger equation is written as:

dx?
Integrate this equation, term by term, over the interval a — € to a + €. Here, € is small, and

eventually € — 0, with (C.E.9.10):
[ gy 0@ (28) - (%) =-Z " ax[E-V(Olp@).CIELL
a+te a—e€

a—e dx? dx dx 'z Ja-e
In the integral on the right in (C.9.E.11), — Zh—zl :_Jr: dx E vanishes.
For the integral with the delta-function potential:
2m ra+te h2
7 Jae dx%]aS(x —a)Y(x) = yY(a). (C.9.E.12)
Then, with (C.9.E.11):
w _ (¥ _
(dx)a+6 (dx)a_e V(). (C.9.E.13)

So, the tool for matching the derivates has been obtained.

Away from the singularity, E = k:—::lz andV =0.

r > a,and [ = 0, the wavefunction is, (9.99):

Ro(r) = e sin(kr + &,) /kr.

r<a,and E » V ,sinceyd(r —a) = 0, | assume. Though y > k.

Then, (9.100), E > 0:

Ry(r) = Bsin(kr)/r.

At the singularity.

| use the notation for the wavefunction presented in (9.81) and (9.82), with (C.9.E.13):

(%)m _ (%)H = yuo(a), (C.9.E.14)
and

uo(r) = 1Ry (7).
Matching the wave functionsatr = a :

e'% sin(ka + 8,)/k = B sin(ka). (C.9.E.15)
The derivatives with (C.9.E.14) ande — 0 :
et% cos(ka + 8,) — Bk cos(ka) = yB sin(ka) . (C.9.E.16)

Combine (C.9.E.15) and (C.9.E.16):
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k sin(ka) __ tan(ka)
y sin(ka)+k cos(ka) 1+% tan(ka)

Unless sin(ka) « cos(ka) and withy >» k, (C.9.E.17)—

tan(ka + 8,) = f

. k . .
— §; as a function of k (; : a dimensionless number).

tan(ka + §y) = (C.9.E.17)

(C.9.E.18)
Obviously, also (C.9.E.17) gives §, as a function of k.

Remark:
__ tan(ka)+tan §y
tan(ka + &) = 1-tan(ka)-tan &g

Then, with (C.9.E.17):
%tanz(ka)

- 1+%tan(ka)+ tan2(ka) ©

tand, = (C.9.E.173a)

Does (C.9.E.17) or (C.9.E.18) resembles the hard sphere result if tan(ka) is not close to zero?
The hard sphere phase-shift, (9.89):

6o = —ka.

Well, with sin(ka)~ cos(ka) (or tan(ka) is not close to zero) and y > k — tan(ka + ;) =
0 - &, = —ka, the hard sphere phase-shift. The same result is obtained from (C.9.E.17a)

About resonance.

Is resonance possible, when tan(ka) is close to zero? In other words, when cot §, goes
through zero from the positive side(?) as k increases.

tan(ka) * 0 > ka = 0.

Furthermore, coté, = 0 = §, = g
On page 158 Fp writes: “We have seen that there is a resonant effect when the phase-shift of
the s-waves takes the value t/2.”

Well, in the case of a repulsive §-shell potential , cotd, = 0 = 6, = g . So, resonance

behavior can occur.

Next, determine the approximate positions of the resonances. It do not know the definition
of the position of the resonances. Are the resonances the resonant energies? Well, the
resonant energies have to be compared in this exercise with the bound state energies for a
particle confined within an infinite spherical well.

First, | will pay attention to the bound states for a particle confined within an infinite
spherical well with radius a.

The radial wave function disappears at r = a.

V(r)=0for0<r<o0,

and

V(r) =ocfora<r.

The equations describing this potential are given in (9.53) and (9.54) with the above values
for V(r) or Eq. (5.16) with V(r) = 0.

In the spherical well the solution is presented by (9.53), since the solution y;(kr) diverges at
r=0.
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So,

R, (kr) = Cyji(kr), (C.9.E.19)
where, k? = Z;n—zE

Ji(kr) must be forced to vanish at r = a. This will give us the eigenvalues. For some values
of [ these are given in the table below(Abramowitz and Stegun).

Forl =0:- jy(kr) = Sizrkr
Atr=a :jo(ka) = Siz:al

consequently k,a = nm.So k,, = %

. h? .
The eigenvalues are: E,, = Py (%)2. So there is a bound state at zero energy: n = 0.

See the text below (9.112) in the section on Resonance Scattering.

To construct the table below, look up a table of zeros of spherical Bessel functions
(Abramowitz and Stegun).

Forl=0:k,a =nn,n=1,234,5,6.

2
And the six lowest eigenvalues are: E,, = zh_m (%n)z, n=1,2,3,45,6..
In addition, forl =1and2 - k,a,n = 1,2,3,4,5,6:

zeros | =0 =1 =2
n= |kpa=| kpa= | kya=
T 4.4934 | 5.7635
2m | 7.7252 | 9.9050
3 10.9041 | 12.3229
14.0662 | 15.5146
5t 17.2208 | 18.6890
6m | 20.3713 | 21.8539

olunlbdlwiNn|k
N
S

And the eigenvalues are :

h2
E, = m(kna)z. (C.9.E.20)
These bound energies can be considered as resonance energies.

What about the resonance energies of the repulsive of the §-shell potential?
| start with the determination of the phase-shifts for the repulsive §-shell potential.

The general solution for the wave functionat r > a, (9.76) and (9.77):
1

Y(x) = s Yi=0wit (21 + 1)e[cos 8, j,(kr) — sin &1, (kr)], (C.9.E.21)
(2m)z

andatr < a, (9.80) and (9.81):

W) = — Y100t (21 + D2 p (cos ) (C.9.E.22)
(2m)2 kr

where u; (r) satisfies the differential equation with V(r) = 0.

Then,

u;(r) = j;(kr), (9.53) the spherical Bessel function.
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Both wavefunctions are continuous at r = a, with (C.9.E.21) and (C.E.9.23):

Sicoe it 21+ 1) ™2 Py (cos 6) =
=Y 1c0,wit (2L + 1)e'[cos b, j,(ka) — sin §;;(ka)] . (C.9.E.23)
In addition the matching condition presented in (C.9.E.13):

@y (@ =
(dr)a+E (dr)a_e Yo (). (C.9.E.24)
| assume to be allowed to analyze the equations (C.9.E.23) and (C.9.E.24), for a
particular [.
Then, (C.9.E.23):
(@) P,(cos ) = e't[cos &, j,(ka) — sin &;n;(ka)], (C.9.E.25)

a

and (C.9.E.21), (C.9.E.22), (C.9.E.24):

. d . 852 2 )
(e'[cos §, —Ji(kr) = sin & — i (kr)])g+e — (Pz (cos 6) E]lkrr )a_e =

= 49D p (cos6). (C.9.E.26)

a

Now, the (C.9.E.25) and (C.9.E.26) determine the phase shift §;, similar to (9.79).
Divide (C.9.E.26) and ((C.9.E.25):

d . . d d ji(kr) uj(a)
([cos Sy (er) =sin 8 em ) Dare  (artor )™ ka (CO.E27)
[cos &;j;(ka)—sin &y (ka)] u;fa) ’ T
a

and
w(a) = ji(ka).

(g1 (k) —tan S (ker))r=a

d ji(kr) i (ka)
( J1 r)r=a+ Ji(ka

dr kr ka
Uika—tanomka)] ko) : (C.9.€.28)
d . d .
([ ji (k) = tan & =y (k) g + u(ka) =
=[j;(ka) — tan &;n;(ka)][ka (iM) +vji(ka)] . (C.9.E.29)
dr kr Jiy=q
Then
d ji(kr) . d .

[tan §;n;(ka)] [ka (E%)rta + y]l(ka)] — [tan 6lanl(kr)]rza Ji(ka) =

d . . . d jy(kr) .
=[50 _ke) + Gikallka (52507) _ +yitka)].  (C9.E30)
Replace in(C.9.E.30)
d d
— % _—
ar dkr - () 4 er)

d ji(kr Y . . n(kr _
tan i [m(ka) {a (5157 _, + ik} = juka) (52257) _ | =
_ _d_jy(kr) Y. (4 jikr)
= ji(ka)[ka (dkr—kr )r=a + k]l(ka) (dkr—kr )r=a] . (C.9.E.31)
In (C.9.E.31) all terms are dimensionless.
The expression for the phase-shift §;:
jikaika (25, itk ~(G25) ]

tan 6[ — ! d(t]i'lk(lr)kr )r=a K/l (dkr kr )r=a (C9E32)

[m(ka){ka(dkr kr )r=a+%jl(ka)}_jl(ka)(dirnllgc‘r))r=a] .
In the numerator and denominator% > 1 and % »> 1.
Now, a check, with [ = 0 and ka =0(1), (C.9.E.32)—

. 2
_Uotka)) —tanka - 8, = —ka .

- tandp ~ no(ka) jo(ka) ~
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0o = —ka, the hard sphere scattering.
Furthermore, with % >1, % >» 1 and ka =0(1), (C.9.E.32)>

jilka)
n(ka)’

- tané; = (C.9.E.33)

and

’Zm
k = FE,« .

| assume E,. to be the energy of the incident wave. In the text Fp used E, to denote
the incident energy. Or, denotes subscript r resonance?

Resonances:

Resonance occurs for the maximum value of the differential scattering and
consequently, the total cross-section.

(9.29), (9.51) and (9.70), the differential scattering:

d :
= = If(O)* = | im0 /4 2L+ 1) sin §Y0 (6, 9) 2. (C9.E34)
In (C.9.E.34) Z—; is at a maximum value for nm/2, where {n € N|nis odd } .

Remark:

In the text Fp analyzed resonance for a spherical potential well in section 9.9. The
resonance is about the instability of the bound state. In this exercise there is no well.
No bound state. So, what does resonance mean physically? | do not know.

In the text, Fp derived the Brett-Wigner formula for ka « 1, and k is the wave
number of the incident wave (9.99).

k' is the wave number of the internal wavefunction, (9.100) and (9.110).

From this | conclude, in the section on resonance scattering, (9.118) has been derived
for ka < 1.

So, | will look into the case ka « 1.

With series expansion using [ = 0 , (C.9.E.32) can be approximated by:

yatanka

tand, = — (C.9.E.35)

va+1

Giveny » a Lk->ya>» 1.

Then, for ka < 1 = tan §, = — tan ka, again the hard sphere scattering.

Now, | am in trouble. In this case the phase shift is nowhere near /2 : §, < 1.
First | will apply the expansion of cot(d,) near resonance E, — E and

tand, = —tan ka, with (9.114)-(9.116):

cot[8,(E)] = cot[8, (E,)] — m-w E,). (C.9.E.36)

With (9.75) the O™ partial cross-section is:

0y = T3 sin?[8o(E)] . (C.9.E.37)
Then,
1
Og = —Sll’l [50(E)] kZ m (C.9.E.38)
Plug (C.9.E.36) into (C.9.E.38):
am 1 am sin#[8,](T'/2)?
Oy =3 1 7 =5 T . ’
k 1+{C0t[[80(E1")]_mF(E_ET)}Z k sm4[60](F/2)2+[Esm80 Ccos 60—(E—Er)]2
(C.9.E.39)
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How to interpret (C.9.E.39) with §, < 1, near resonance with E = E,.?

With E = E, and 8§, < 1, (C.9.E.39)> g, ~ §,°.

Part of the exercise: Show that the resonances become extremely sharp as y — oo.
To show this, | need an expression for the width of the resonance I'.

| analyzed the case ka <« 1 and obtained tan §, = — tan ka: hard sphere scattering.
No dependence on y. Now what? | suppose a too rough an approximation.

Let us return to (C.9.E.17):
The resonance width for the phase-shift §; is defined in (9.116)
With (C.9.E.17):

1+Ztan(ka)
— k
cot(ka + 6,) = —enGa) (C.9.E.40)
With ka < 8, = 8,(E,) = g (9.113).
Now, using (9.113), (9.114) and (9.115) :
2
= ~ dcot(Sg) * (C9E41)
dE
for E = E,.
i _ 1 d_é‘o _ il+%tan(ka) _
dE cot(8,) = sin28, dE ~ dE tan(ka) ' atE = Ey
Now,
2m dk 1 [2m
k= |ZVE-—=- /ﬁ (C.9.E.42)
d a dk
Etan(ka) - cosz(ka)E '
So,
d g 14ptan(ka) 1 1+ka, [2m
d—ECOt50 = d_E—tan(ka) = —E)/( 2 ) AR (C.9.E.43)

With (C.9.E.37) y = o and (C.9.E.41), the width " = 0.
Consequently the resonances become extremely sharp.

Exercise 9.4 Elastic scattering of an electron by the ground state of a hydrogen atom.
Show that the differential cross-section for the elastic scattering of a fast electron by the
ground-state of a hydrogen atom is:
do 2mee? 2 16
a0 (47‘[60h2q2) (1 - [4+(qa0)2]2)' (C.9.E.44)
where q = |k — k|, and a, is the Bohr radius.
Then,
2

2 [ 2mee? _ 16
£ (0)]" = (47t60h2q2) ¢ [4+(qa0)2]2)'
f(8) needs to be found.
Rewrite |f(8)|?%:

|f(9)|2 — ( 2mee? )2 8(qap)?+(qap)* .

4megh?q? [4+(qao)?]?
So,
" _( 2mee? 2 2v2qag+i(qag)? 2v2qag—i(qag)?
{f(H)} f(@) - (4neoh2q2) 4+(qag)? 4+(qag)? ’ (C.9.E.45a)
and
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2mee?  2v2qagti(qag)?

fO) =t ™ artaan)? (C.9.E.45b)
Elastic scattering: k = k' . The prime represents the scattered wave.

4megh? h2k?2
Ao =—— 5 and E = b (C.9.E.45)
So, (C.9.E.44) can be written as:
do 2 \? 16
2= (aoqz) (1 - o) (C.9.E.46)

and the dimension of Z—; ism?, (9,95).

A fast electron, | suppose, means the energy of the electron is larger than the coulomb
potential of the ground-state of the hydrogen atom. So, Fp is not indicating at relativistic
effects, e.g., relativistic mass increase.

The ground-state of a hydrogen atom, the wavefunction:

Y00 = Rno(MY0,0(6, ¢) . (C.9.E.47)

The first question to answer is: how to model the scattering ground-state? Should | consider
the scattering center as a one potential or as a proton plus an electron?

However, in that case the exercise is about a many particle system. | suppose this is not the
intention here. What to do? | assume a simple model represented by the potential:

2
y=—-—— (C.9.E.48)

4mey T
So, (C.9.E.48) represents the scattering potential?
Remark:
The Coulomb potential V is proportional to the potential:

. et
lim—.
-0 T

e2

This can be helpful to determine the Fourier transform of — ——
0

The Fourier transform of this Coulomb potential is:
1 e?

V(k) = - E—oﬁ ,
where the z-axis is along the direction of k , k- r = kr cos 6.

See also the evaluation of (C.9.E.52) below.

The ground-state energy of the hydrogen atom:

4
mee
E=E = ————
0 2(4meg)2h2’

Next, the scattering f(6) has to be obtained.

To this end Born approximation could be applied. However, in that case the scattering is not
particularly strong (Fp). Fp did not indicate something about the strength of the scattering.
The scattering Hamiltonian is only a function of the position operator: (C.9.E.47).

The wave function of the scattering atom:

1 2 1 _
W100 = Rio(r) == Vim 2 r/ao, (C.9.E.49)

(9.57), The Undergraduate Course.

see also chapters 8 and 9 of The Undergraduate Course.
| assume, a fast electron means weak interaction. Consequently, | will use the Born
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Approximation.

In (C.9.E.48) the potential is the interaction potential between the incoming electron and the
proton. So, to complete the picture of the potential the interaction with the bound electron
must be included.

Then, the scattering potential for the incoming electron is:

V() = o (=2 4 - rbl) (C.9.E.50)

where the nucleus is at the origin. The fast electron is at r and the bound electron at ry,.

For the ground-state, a most probable value for |r,| = ay and an expectation value for

3a0
[Tp| = =z -
See Chapter 9 The Undergraduate Course, Exercise 3e and 3f. | come back to these values
later.
What | learned from Mahan (page 236) is, the bound electron usually to be averaged over its
allowed positions. So, here the bound-state wave function comes into play.

In this way the potential becomes:

V(r,ry) = (——+ [ridn, - 100" 7sin6dfdg). (C.9.E.51)

The average is actually the expectatlon value of position of the bound electron.
So, the integral as expectation value:

Jridr,(P1,00)" o |1/)100 sin 0dBdg — (C.9.E.51).

The scattering amplitude is proportional to the Fourier transform of the scattering potential
V(r,rp) given by (C.9.E.51).
The first term in (C.9.E.51):
e? 1
4TtEY T

Plug this term into (9.33)— (9.34). Then, this part of the potential, — 4;

4TTEQ

4TTE

2

1 .
-, contributes to
Eg T

the scattering amplitude, (9.34):

Zme ’t 1, N 2mee? oo .o, . '
f dr —Oﬁsln(qr ) = pr— J, dr'sin(qr"). (C.9.E.52)
In (c 9.E.52)
—yr’ - — ==
f dr'sin(qr’) = llmf e Y dr'sin(qr") = 2lll_)o(y p ]/+ql) =
So, one part of scattermg amplitude is, (C.9.E.52):
2mee?
m (C.9.E.53)
Now, what about the second term of the potential in (C.9.E.51):
2 2
_c 2 1,0,0 : 2
pr [ridr, ey SID 0dody) - (C.9.E.54)
With (C.9.E.49), the integral in (C.9.E.54) becomes:
2 /a
frbzdrb L 13 el ™ sin 0dody). (C.9.E.55)

4TTE T ag

The expression in (C.9.E.56) represents the potential in (9.34).
Now, | use the following approximation:
1 1,17

~

lr=rpl ~ 7 r3 ’
| start with the first term of this approximation
Hence, (C.9.E.55):
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—-2rp/ag
™ in6dodg = <1 (C.9.E.56)

4TTEQ r’

2
11e

Jridry——

4TEQ T ag

This contribution to the potential gives the second term for the scattering amplitude, (9.34):

2mee? 2mee?

R f dr'sin(qr') = ~ meciia? (C.9.E.57)
For the scattering amplitude, (C.9.E.53) en (C.9.E.57):
2mee? _
f(6) = yE— (1-1)=0. (C.9.E.58)
The differential cross-section:
= 0. (C.9.E.59)

ao
Not close to (C.9.E.44), to say the least. In this case the term % needs to be included.
However, then the exact expression is better used. See below.
Mahan derived the expression for the differential cross-section in section 7.6.3. There is the
scattering cross-section as presented by Fp, found from combining Egs. (7.122) and (7.125).
The scattering cross-section is obtained from the Fourier transform of the potential given in
Eqg. (7.121). The scattering cross-section of Mahan is the differential cross-section of Fp.
However, with Fp the scattering amplitude is (proportional to) the Fourier transform of the
scattering potential with respect to the wave factor g = |k — k'|.

Now, | will use the most probable value of |r,| = a, in the expression of I
Now see e.g., (10.62) and (10.63):
— = 2
gl = )
Note: the right-hand side does not depend on 73,. A surprise? Well, draw a 2-dimensional

picture, with various values of 73, and the result is demonstrated.
The scattering potential, ( C.9.E. 50)'

e? 1 1
V(r rb) - 47'[60 (_ ; + |T—Tb|) 4'71'60 [_ r + (47-[) ] -
Plug this term into (9.33)— (9.34):

HOE zm; z[(4m)? —1]. (C.9.E.61)

The differential cross-section:

Z_;_(Mi:l;ez 22 [(4m)? — 1] (C.9.E.62)

Again not close to (C.9.E.44).
| leave the exercise.

r—rpl|’

()2 1]. (C.9.E.60)

10 Identical Particles

10.1 Permutation symmetry.

A system of identical particles will be considered.
Fp starts with two identical particles. The phenomenon of exchange degeneracy is
introduced. This phenomenon creates a problem since a measurement does not
uniquely determine the corresponding state ket.
To deal with this problem, the permutation operator is introduced, and defined in
(10.4), P;, swaps the identities of particle 1 and 2. 1 assume, applying the definition:
Pyy [k"M)NK") = k")) . (C.10.1)
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Then,

PioPy k") k') = Pio|K'M)K") = [K")K'). (C.10.2)
Consequently,
PP = 1. (C.10.3)

Fp writes, at the bottom of page 161: “It is easily seen that

Py = P13, (10.5),

P% =1, (10.6).”

Well, with (C.10.3) and (10.5), (10.6) is obtained.

On the other hand, P;;P;; = 1and Py Py, =1 = Pi;Pyy = Py Py = Py = Pyy.
Is this the easy demonstration of (10.5)?

(10.5) in words: P;, swaps the identities of particle 1 and 2, so does P,;. What about
the definition (10.4) and (10.5)? When (10.5) is correct, then:

Polk")K) = [K)K"),

is correct?

That is the meaning of P, swaps the identities of particle 1 and 2? | suppose so.
What is precisely the meaning of swapping the identities of identical particles?
Nothing happens, | suppose?!

Remark: (10.5) is about operators. So,

(P21 — P1z) = |k M)NK") = 0 > Py [k k") — Pyo|k) k") =0 -

= Py |k K" = k") k).

Hence , the permutation operator P,; operates in the same way as P;,.

In (10.7) Fp introduced the Hamiltonian of the two identical particle system.
(10.12): and (10.6)

Pi;HPi; = H = Pi;HPy, — PHH = 0 = Pi(HPy, — PipH) = 0 - [H, Py,] =0,
(10.13) with P;, #+ 0.

The eigenvalues of P;, are +1 and —1:

PLIk)K") = Pio|k") k') = |k} K"). (C.10.4)
So, the eigenvalue of P2, is 1.

Hence, as mentioned by Fp, the eigenvalues of the permutation operator P;, are +1
and —1.

Then, Py, k") k") = £|k')|[k")? Or, Pio|k')k") = £|k")|k')?

Well, according to the definition of eigenvalue:

Pia|kDME")y = 2]k KE") .

However, according to the definition:

P |k K") = k") k")

So, a question is: What is the meaning of this?

With (10.3), a general state can be written as:

|k'k") = c |k')NK") + c,|[k")| k') . (C.10.5)
Normalization of (C.10.5):

(k'K KKy = (ci(k (K| + c3(k" [k D (e [RDK") + colk™)K')).  (C.10.6)
Then (C.10.6) with (k'k"|k'k") = 1 and (k'|k"") = §pr,r:

c1¢5, +cic, = 1. (C.10.7)
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Choose, on the basis of symmetry, ¢; = c,, then, ¢, = ¢; = +1//2.

Remark: due to the chosen convention, i.e., the sequence of |k') and |k"') in (C.10.6),
| obtained (C.10.7). Choose a different sequence for the complex conjugate of the
general state vector:

ci(ke |G| + (k! [k

| would have obtained:

lc1)? + |z = 1. (C.10.8)

| do prefer the latter sequence, not knowing which order Fp has chosen.

Next Fp considers a system of three identical particles. The overall state ket is presented in
(10.18). with three identical particles there are three two-particle permutation
operators as defined in (10.19)-(10.21). Again, Fp mentioned: “It is easily
demonstrated.....” and presented (10.22)-(10.24).

With the definitions of the permutation operators:

Py Pio|K'K"K"") = Py [k"k'k"") = |k'k" k") = Py1 P = 1.

In the same way: P;,P,; = 1,(10.22).

With (10.22): P,; = P,

Py P, =1- P, =1

There is still the question: What is precisely the meaning of swapping the identities of
identical particles? Nothing happens, | suppose?!

(10.28)-(10.33) represents the six eigenvalue equations of the system:

3 particles— 3! permutations.

(10.34) is found analogous to (10.13):

Pi;HPi; = H = Pi;HPy; — PHH = 0 = P, (HP, — PioH) = 0 - [H,Py,] = 0,
(10.13) with Py, # 0.

In (10.35), a new operator is introduced: the cyclic permutation operator.
(10.36):

Pios|k'k" k") = PypPsy [K'k"K"") = |k""k'k").

With (10.28), (10.30) and (10.35):

(HPyp3 — PiosH)|K'K"K"") = HPyp3]k"k" k") — P13 E|K'K"K"") =
=H|k'"'k'k")—E|k'""k'k")y=E(|k'""k'k")— |k'""k'k")) = 0 - (10.37).

With 3 particles there are 3! Permutations.

Consequently, the normalization factor is: \% .
The convention of the bra/ket for normalization, e.g.,:
(klllkllkllklk”klll) — |C1|2<klll|(kll|<kl|kl)|k”)|k”l) + e + e + o

With symmetry, |c,|? = %
10.2 Symmetrization Postulate

This postulate is about the totally symmetric ket and the totally anti-symmetric ket .
See also section 6.5 of The Undergraduate Course about bosons and fermions.
Replace in (10.44), on the left-hand side |k'k"' k""") by |k'k’ k'""), and on the right-
hand side |k'’) by |k'). The kets on the right-hand side add up to |0).
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10.3 Two-Electron System

See also section 6.4 of The Undergraduate Course.
The overall wave function is presented: (10.46), a product of the spatial wave
function and the spinor.
The spatial probability distributions are presented in (10.53).

10.4 Helium Atom.

An example of a two-electron system is the helium atom.
First, Fp analyzed the case without the mutual interaction between the two
electrons. The ground state energy is obtained. Apparently, a too rough estimate.
Next, Fp included the interaction and treated this interaction as a first order
perturbation. A much better approximation of the ground state energy is obtained.
Finally, Fp discussed the situation in which one electron is in the ground state and the
other is in indicated by the quantum numbers.

Exercises

Exercise 10.1 The particle interchange operator.

Demonstrate that the particle interchange operator, P;,, in a system of two identical
particles is Hermitian.
An operator is Hermitian, section 1.8:
- When the eigenvalues of the operator are real.
- The eigenkets corresponding to different eigen values are orthogonal.
- The eigenvalues associated with the eigenket are the same as the eigenvalues
associated with the eigenbra.
The eigenvalues of P;, are, (10.6): +1.
So, the eigenvalues are real.
Then, are |k'k""), , (10.14), the eigenstate with eigenvalue +1 and |k'k"")_, (10.15),
the eigenstates with eigenvalue —1 orthogonal?
(k"K'|_|k"k" )y = %((k"I(k'I — (k"I DCAKRDE") + [K7")E")) =
= %((k”l(k’llk’)lk") — (K"ICR TR Y + 7[R R k") = (kKR KT K')) =
=-(1-0+0-1)=0.
So, |k'k"); and |k'k"") are orthogonal.
Now,
(k" |{k'|P12 >the complex conjugate: (k" |(k’|P12)" = Pio|k')|k") = [k")K'),

(C.10.E.1)

The complex conjugate of
(k" [(k"[P12)" = [k [(k'[P12)"]" = (k" [{k'| P12, (C.10.E.2)
and with (C.10.E.2), (C.10.E.2)—
= [k |4k |P) T = (k" [k | Py = (KKK,
So, the eigenvalues associated with the eigenket are the same as the eigenvalues
associated with the eigenbra.
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Exercise 10.2 Two identical spin-1/2 particles in a box without interaction

Consider two identical spin-1/2 particles of mass m confined in a cubic box of dimension L.
Find the possible energies and wave functions of this system in the case of no interaction
between the particles.

Multiple-Particle Systems, The Undergraduate Course, page 87:

“..., for the case of non-interacting particles, the multi-particle Hamiltonian of the system
can be written as the sum of N independent single-particle Hamiltonians. ......., we expect
their instantaneous positions to be completely uncorrelated with one other. This immediately
implies that the multi-particle wavefunction, ¥(xy, X, ...., Xy, t) can be written as the
product of N independent single-particle wavefunctions......”.

In section 7.3 of The Undergraduate Course, Fp dealt with the problem of a Particle in a Box
without spin. The stationary wavefunction, the wave numbers, the energy and the quantum
numbers are presented in Egs. (7.32)-(7.39).

In this exercise, spin-1/2 particles are dealt with.

The spatial wave function for particle i in a box:

2 . . .

w(x;, v, z;) = (2)3/2 sin(ky,x;) sin(ky,y;) sin(k,,z;), (C.10.E.3)

where
ly.

Ky, =——, (C.10.E.4)
ly.m

ey, = 2, (C.10.E.5)
lziTL'

g = 2. (C.10.E.6)

Ly, 1y, and [, are positive integers.
With (5.9) of The Undergraduate Course, One-Dimensional Potentials, the energy is:

_ Um?p?
i~ omiL2 ! (C10E7)
and
F=L +0L7+1,7. (C.10.E.8)

The overall wavefunction of the two spin-1/2 particles is given in (10.46):

PY(xy, x5;5,m) = p(x7, x5)X(s,m) .

x(s,m) are given by (10.47)-(10.50).

In The Undergraduate Course, Fp gave two expressions for the overall wave function:

- Y poson (X1, X2), (6.41). This expression for the wavefunction automatically satisfies the
symmetry requirements on the wavefunction. Symmetric, e.g., a photon.

-Yg fermion (X1, X2), (6.42). This expression for the wavefunction automatically satisfies the
symmetry requirements on the wavefunction. Anti-symmetric, e.g., an electron.

Now, back to The Graduate Course:

(10.51) the overall spatial wavefunction needs to be antisymmetric for the triplet state and
symmetric for the singlet state. | do not know how to relate this result with the results of The
Undergraduate Course.

So, there are two overall spatial wavefunctions for the two identical electrons: (10.51) and
(10.52), with particle A and particle B:

the triplet T

! ! 1
dr(xy, x3) = = [wa(x1, ¥4, 21) 0B (X2, V2, Z2) — Wp(Xq, Y1, Z1)wa (X2, ¥2,22)], (C.10.E.9)
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where the wave functions w, and wg are given by (C.10.E.3),
the singlet S

ps(xy, x3) = % [wa (1, Y1, 2D WE (X2, V2, 22) + wp (X1, Y1, 21)wa (X2, Y2, 22)] . (C.10.E.10)
Note for the triplet, there are three overall wavefunction.

The possible energies with no interaction.

In this case we are dealing with the kinetic energy of the particles. The potential is one of the
boundary conditions of a particle in a box: IV — oo at the walls of the box. Elsewhere inside
the box V = 0.

So, the possible energies of the system are the sum of the kinetic energy of the particles A

and B:
2232 2232
E=E, +E, =4 BT (C.10.E.11)

2mL? 2miL? '’
with (C.10.E.8):

B=U,+1,° 2+, and 3 =1, 2 +1, 2 +1,°
Then,
2 2 232
g = {atlpm (C.10.E.12)

2mlL?
There are a couple of wave functions for this two particles in a box system: Three wave

functions with triplet states and one wave function with a singlet state.

The overall wave functions with triplets:

Y(xy, x5;5,m) = p(x1, x3)x(s,m) = p(xy, x3) xr =

= % [wa(x1, Y1, Z1) Wp (X2, Y2, Z2) — wp (X1, V1, Z1) WA (X2, V2, Z2) X7 (C.10.E.13)
where yr is represented by (10.47)-(10.49).

The overall wave function with singlet:

Y(xy, x3;5,m) = p(xy, x3)x(s, m) = p(xy, x3) x5 =

= \/% [wa(x1, Y1, 20 wp (X2, Y2, Z2) + W (X1, V1, 21) Wa (X2, V2, Z2) | Xs,) (C.10.E.14)
where y; is represented by (10.50).

The spatial wave function:

2.2 . . .
wa(x1,¥1,21) = WaA(Xa, V4, Za) = (Z)z Sln(kxAxA) Sln(kyAyA) Sln(szZA)'

2 . . .
wp(X2,Y2,22) = wp(xp, Y5, Zp) = (2)3/2 sin(ky,xg) sin(ky,Vg) Sm(szZB);

2 . . .
wy(X2,¥2,22) = wy(xp, ¥p,2p) = (2)3/2 sin(ky,xg) sin(ky,yg) Sln(szZB);
and

2.3 . .
wg(x1,vV1,21) = wg(X4,V4,24) = (Z)z sm(kxAxA) sm(kyAyA) sm(kZAzA). (C.10.E.15)
Plug (C.10.E.15) into (C.10.E.13) and (C.10.E.14). The result is a singlet wave function:
d)(lel_thZ)XS =

2.3 . . : . . .

= 2(2)3 sm(kxAxA) sm(kyAyA) sm(kZAzA) sin(k,,xg) sin(k,,yg) sm(szzB) x(0,0).

Exercise 10.3 Two spin-1 particles with no orbital angular momentum

Consider a system two spin-1 particles with no orbital angular momentum (i.e., both
particles in the s-states). What are the possible eigenvalues of the total spin angular
momentum of the system, as well as the projection along the z-direction, in the cases in
which the particles are no-identical and identical?

The total spin angular momentum.
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For the total spin angular momentum operator :

S=5+S5,. (C.10.E.16)
The subscript of the operators indicates the two particles.

| look first into the results of a single spin. See chapter 5.

The simultaneous eigenstates of S, and S? are |s, s,).

S|, 52) = Szhls, sz), (5.4),

S2%|s,s,) = s(s + 1)h?|s,s,), (5.5).

Or in the notation of the Undergraduate Course:

SzXsmg = msh)(s,ms , (10.16),

S%Xsm, = S(s + DA% xsm, ,(10.17).

Now for a spin-1 particle:

s=1ands,/m;=1,0—-1.

Next, let’s consider two spin-1 particles.

Then, see chapter 6 on Addition of Angular Momentum:

J2Xsys5mam, = (Szl + Szz))(sl,sz;ml,mz = (m; + mz)h)(sl,sz;ml,mzr (C.10.E.17)
see also (11.23) The Undergraduate Course.

Two spin-1 particles.

In Exercise 6.2 | dealt with the Clebsch-Gordon coefficients for adding spin one to spin one.
| present here the table of that exercise:

m my m, 1 2 3 4 5 6 7 8 9
2 1 1 1 0 0 0 0 0 0 0 0
1 1 0 0|12 0 0 0 | —1/V2 0 0 0
0 1 -1 0 0 146 0 0 0 132 0 1/V3
1 0 1 0| 1/4/2 0 0 0 1/V2 0 0 0
0 0 0 0 0 2/V6 0 0 0 0 0 —1/43
-1 0 -1 0 0 0 1N2| 0 0 0 —1/\2 0
0 -1 1 0 0 146 0 0 0 —1/72 0 1/V3
-1 -1 0 0 0 1N2 | 0 0 0 12 0
—2 —1 -1 0 0 0 0 1 0 0 0 0
s1=1|Snax=21]2 2 2 2 2 1 1 1 0
S=1| Spin=20
m 2 1 0 -1 | -2 1 0 -1 0

Now, which row represents identical particles? What are identical particles anyhow? When
are spin one particles non-identical?

Identical particles are m; = m,? Or as defined on page 161: interchange of m;and m, does
not alter the system?

Let us look into the various states.

The first column(1)°:

X22 = X1,1,

the second

1 1
X21 = 7z X1,0 T+ 7z Xo,1/

the third

1 2 1
X2,0 = ¢ X1,-1 + 7z X00 + T X-1v
the fourth

1 1
X2,-1 = 75 Xo-1 + 7 X-10

® The numbers of columns are indicated in the first row of the table.
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the fifth

X2,-2 = X-1,-1
the sixth

1 1
X11 = 7 X10 T 7z Xo,1,
the seventh

1 1
X1,0 = 7z X1,-1— 7z X-1,1/

the eight

1 1
X1,-1= ~ 5 Xo-1 + 7 X100
and
the nineth

1 1 1
Xoo = 7 X1,-1— 7 Xoo T 7 X-11-

So, there are nine states:

four symmetric,

three antisymmetric,

and

two no-symmetric.

Am | allowed to indicate 7 to be identical and 2 to be non-identical?
Now, the eigenvalues.

S? =s(s+ 1)h%? - 6h%,2h% and 0, and s = 2,1,0,

S, =(my + my)h - 2h,h,0,—h, —2h.

For the non-identical particles as defined above (with ‘?’):
S2=0andS,=0.

11 Relativistic Electron Theory

11.1 Introduction

It is about electron dynamics and special relativity. The notation is presented.

The space-time 4-vector is introduced.

Reading the pages 171 and 172, | read also chapter 66 of Dirac: Relativistic treatment of a
particle.

Where Fp denoted a* the contravariant components of the vector a, Dirac denoted these
the covariant components of the vector a. Fp denoted a,, the covariant components, and, as
to be expected, Dirac denoted these the contravariant components. The Lorentz invariant
scalar product is presented in (11.5) together with the Einstein summation convention.
The important fundamental tensor, g, (Dirac g*") is defined in (11.6)-(11.9).

With the metric tensor, the connection between covariant components is given in (11.10).
This follows from (11.1)-(11.4).

11.2 Dirac Equation
The motion of an electron in the absence of an electromagnetic field is considered.

Dirac: “I have an equation”.

It is a coincidence, chapter 11 in Dirac’s book is titled: “Relativistic theory of the electron”.

| cite from section 66 on Relativistic Treatment of a Particle:

“Let us see how the basic ideas of quantum theory can be adapted to the relativistic point of
view that the four dimensions of space-times should be treated on the same footing. The
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general principle of superposition of states, as given in Chapter | ,is a relativistic principle,
since it applies to ‘states’ with the relativistic space-time meaning. However, the general
concept of an observable does not fit in since an observable may involve physical things as
widely separated points at one instant of time. In consequence, if one works with a general
representation referring to any complete set of commuting observables, the theory cannot
display the symmetry between space and time required by relativity. In relativistic quantum
mechanics one must be content with having one representation which displays this
symmetry. One then has the freedom to transform to another representation referring to a
special Lorentz frame of reference if it is useful for a particular calculation.

For the problem of a single particle, in order to display the symmetry between space and
time we must use the Schrédinger representation....”.

First Fp introduced the quantum mechanical equivalent of the relation between energy and
momentum, (11.16).

After presenting this equation Fp explained the insufficiency of (11.16) and “We must
therefore look for a new(wave, Dirac) equation”.

Then, (11.17) is proposed. For completeness, | write (11.17) as:

(ptpy + mic?)y = 0. (C.11.1)

| expected the m2c? with a minus sign as Dirac showed in Eq.(6) page 255.

The next step is to linearize (11.17) on the basis of the general laws or principles of quantum
mechanics. This suggests a wave equation like the one given in (11.18). Dirac included m,c
in the factor S [Dirac, (7)].

It is instructive to execute the multiplication of (11.18) by the operator as given just above
(11.19).

This multiplication results into (11.19). Use is made of the anti-commutator. May be it is a bit
trivial, but expressions like:

a,(p'p° — p°p1) - 0, since the order of differentiation is irrelevant.

Fp writes: “Equations (11.20) -11.22) can then be shown to reduce to, (11.25):

{r*,v"} =2g*" ,(11.29),

where g*V is the metric tensor.

The metric tensor:

1.0 0 0
0 -1 0 0
9 00 -1 0

0 0 0o -1
Now, with (11.25), let’s find out about (11.20).

{a;, a;} = 265, (11.20).

Use (11,24):

a; = y°yh.

Then, (11.20):

a;a; + aja; = 26;;.

With (11.22), (11.23) and (11.24):

aa; + aja; = yOyyOy +yOy iy Oyt = By'By) + By Byt = By +vivY) =
{yi,yj} = 26;;.

Am | allowed to write, with (11.25):
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iy} =2g"7

On page 174, Fp writes: “One way of satisfying the above anti-commutation relations is to
represent the operators y* as matrices. However, it turns out that the smallest dimension in
which y* can be realized is four.”

Dirac, page 256: “We can easily obtain a representation of the four a’s. They have similar
algebraic properties to the a’s introduced in § 37. ...”.

And Dirac explained why 4 X 4 matrices are needed.

Then, y?, (11.26):

1.0 00
o_(0 1 0 O o .
Y =lo o =1 o | (11.26). Note: y" represents also the tensor product: o, & I
0 0 0 -1
y!, (11.27) and (5.70):
0 0 01
i_| 00 10
-1 0 0 0
v?,(11.27) and (5.71):
0 0 0 —i
2_(0 0 @i O
-t 0 0 0
¥?,(11.27) and (5.72):
0 0 1 0
3_[ 0 0 0 -1
Y’=1-1 0 0 o0 (11.27)
0 1 00

Now, Fp mentioned: “It is easily verified that these 4 X 4 matrices, satisfy the appropriate
anti-commutation relations.”
So, with (11.25):

i ri=29"-y%°=g
We know g% = 1, the first diagonal element of the metric tensor.

¥°y % is a product of 4 X 4 matrices. This results into 4 X 4 unity matrix. The unit matrix
equals the number 17?

Another one:

00 >

ooy =29" >y +yly® =292
2901 =0 ,
and
0 0 0 1 0 0 0 -1 0 - 0
S VR A R
1000 \-1 0 00 0 0
{y°,v1}is a product of 4 X 4 matrices. This results into a 4 X 4 zero matrix. The zero matrix

equals the number 0?
With {]/1,]/1} — Zgll N ylyl + ylyl — 2g11?
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291t =-2,

-2 0 0 0
1,1 .1_| 0 =2 0 0
YYEYY=lo o -2 o

0 0 0 -2

In this way 4 X 4 matrices satisfy the appropriate anti-commutation relations.
With (11.29), (11.20) is obtained?
| choose as an example g, and o, , respectively.

Then,
04,0, + 0,0, = 26,,?
_ (0x0; + 0,0 0 )
Ox0z + 070x = ( 0 0,0y + 0,0,/
With (5.70) and (5.72)
0,0, + 0,0, 0 )_ 0 0\ _
( 0 0,0, + 0,0,) (0 0) = 20z,

Next, FP, “it is easily demonstrated y*T = y°yH#y° for y = 0,3."
As an example | choose p =1:

yi = y0y1y0 7
00 0 -1
y1+=00—10
01 0 0 [
1.0 0 0
and
00 0 1
0.1_/0 0 1 O
VY =10 1 0 o
1.0 0 0
Then
00017, 10 00 00 0 -1
oo1.0_[0 0 1 0y {0 1 o0 o0 \_[0 0 -1 0)\_ 1
v =10 10 0]loo -1 0]7lo1 0o [TV
100 0 N0 0 0 -1 10 0 0

Next (11.18) is written as (11.31).

Then, (11.32):

Dirac writes: “As Hamiltonian we must take the expression as equal to cp, when we put the
operator on y in (10) equal to zero, i.e. ....”.

Dirac’s (10) is Fp’s (11.18). In this way the time dependent wave equation is obtained and
the expression between brackets on the right-hand side in (11.32) represents the
Hamiltonian operator.

On page 256, as mentioned before, Dirac explained the 4 X 4 matrices. Dirac related the
dimension of the matrices to the dimensions of the anti-commutating quantities.

Fp related the dimension to the negative energy states. Well, Dirac mentioned the negative
energy state on page 256. “For the present we shall consider only the positive-energy
solutions and shall leave the negative-energy ones to §73”, Dirac. Still, Dirac needed the

4 X 4 matrices.

In (11.33) and (11.34), ®, = Ay (¢) the scalar potential.

Then, (11.35) is obtained.
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With (11.39)

Py Oyrindp — Pty Oyr = — Pty mecp = 0. (C.11.2)
The Hermitian conjugate of (C.11.2):
YH(=ihd )y v y — Y1 =Dy Oy — Yimecy O = 0. (C.11.3)

Reminder: in (C.11.3), (—ihd,) operates on .
Fp took the difference between (C.11.2) and (C.11.3):
YiyOy#ina,p + T (ind,)y°y*y = 0 - YTy 9,y + 9,9 tyOy#*yYp = 0.  (C.11.4)
Then, Fp introduced the relativistic probability current j(x,t) into (C.11.4):
9" =0, (11.41),
where, (11.42),
j* = cptyOyiyp .
This results finally into (11.44), while Fp also introduced the relativistic probability density,
(11.43).
Fp mentioned on page 176, 0“j“ =0, (11.41), to be Lorentz invariant. When this is so, the
wave function is properly normalized in all inertial frames.

11.3 Lorentz Invariance of Dirac Equation

Two inertial frames are considered with their space-time coordinates. The relation between
these coordinates are presented in (11.48).

(11.50):

xtx,r = xtxy,.

With (11.49):

xtox,r = xt apx,.

Using (11.48):

xFalx, = ahxVahx,, (C.11.15)
Remark: Fp:”...where the aff are real numerical coefficients ..."”.

So, aff are no vectors and /or tensors. Then, what is the meaning of the suffixes? Since, in
(C.11.15), the suffix v appears 4 times, | supposed something to be wrong.

Just below (11.11), shows g3 to be real numerical coefficients. There is no relation with
(11.10), (11.11) and (11.51)?

(11.48) and (C.11.15):

xtx, = abxValx, - abal = g}, (11.51).

(11.52) and (11.53):

| suppose, with (11.48),

xV = ayxt.

Then,

affx"' = affa)jx“ = x#, (11.52). (Three equal indices is wrong in this case?

(11.53) is obtained similarly.
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In (11.56), Fp presented the Dirac equation in the S frame:

[ e

* (pu = £ @u) = mec|w =0,

whereas Fp presented the Dirac equation in (11.34) as:

[ e

* (pu = £ @u) = mec|w = 0.

To transform the wave function, Fp used a 4 X 4 matrix A independent of x*.
Multiply (11.56) with A :

_Ay” (p# — Scbu) — Amec] Y = AyH (p# — %CIJM) Y—mycy' =0. (C.11.16)
Now,

Ayt (pu — 2@, ) A7 4 — mocyy’ > [Ay# (p, = 2®,) A —mec|y’ = 0. (C.11.17)
What about p,A~" and ®,A7"?

We have A to commute with p, and ®,. Furthermore AA™ =T,

Then,

Ap, = p,A - Ap, A"t = p,AA™ = p, » A" Ap, At = A7 p, > p, AT = AT,
Hence A~! commutes with py and consequently with @,

So, (C.11.17) becomes:

[Ay“A‘l (pﬂ - gcbu) - mec] W' =0, (11.58).

Reminder: 4 a 4 X 4 transformation matrix. Then, AA™ 1 = A"14=1.

With covariant representation of (11.55):

p/.t = a/zpvli
and
&, = a;®d,, (11.59) is obtained.

Now, use (11.60):

AytA ) = yV.

Reminder A to be a 4 X 4 transformation matrix and y* to be matrices presented in (11.26)
and (11.27).

Furthermore, | assume A to be Hermitian. Then, with (11.60):

AyFA  ay = yY > yHAA ) = yY - yHa) = y¥ - (11.61).

Remark: just below (11.61) Fp writes “( since they are just numbers)”. They?

With (11.61), (11.62) is obtained and Fp proved the Dirac equation to be Lorentz invariant.
Next is about the transformation matrix A.

Since A™'A = 1, (11.66) follows by inspection.

(11.67), with (11.64):

Plug Aw"* = —Aw" into (11.65).

Then,

A=1- ia,wAw‘“’ =1+ iUWAwV” .

So, with the summation convention:

i
A=1+ ZUvuA‘UW .

Consequently: 0, = —0,,, ,(11.67).
To obtain (11.68), the following expression,(11.61), needs to be evaluated:
(1 + iawAw‘“’) yY (1 - iaWAw”") = (g}j + Aw,’j)y” . (C.11.18)
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Now, (C.11.18) up to order (Aw*")?:

yY + iAw”"(a‘wy" — y”am,) =gy + Ddw y* =yV + AwyvH, (C.11.19)
sinceg, =1,foru=vandg, =0,foru+v.

To make the summation convention more explicit, (C.11.19):

Awgyﬁ =— iAw“ﬁ(y"aaﬁ - aaﬁyv), (11.68).

Having obtained (11.70), Fp writes it can be shown (11.71) is a suitable solution of (11.70).
Let’s find out.

| will make use of the inverse y's: y” = —y, forv =1,2,3 and g, = 1, foru = v and
gp=0,foru+v.

In addition, (11.25),

p#FEv-oyhyY +yYyH =0,

and

u=v - yYyY = =21, contraction, i.e, the summation convention.

The inverse of yV:

Y =9""v

Then,

Y’ =70, (C.11.20)
andv =1,2,3

Y =—7. (C.11.21)
So, YV = 2I.

Multiply (11.70) to the left with y,,:

2i(VvguYp — WwIpYa) = WY’ Oag — VwOupY" = 2045 — V1 0apY" . (C.11.22)
Now, evaluate y, gy :

a=0-Y09g0 +v195 +v295 + V395 = Yo,

a=1-Yy,97 +v191 + V291 + ¥39i =11,

a=2-Yy093 +v197 + Y295 + v395 = v2,

and

a=3-Y93 +v195 + 7295 + V393 = V.

So,fora =0,3 > y,9% = Va,

where use have been made of the values of gy given just below (11.11).

Similarly:

forp =03 ->y,95 =73

Next, in (C.11.22), evaluate y,,y", with (C.11.20) and (C.11.21):

forv=03- yyY=2I

So, | found for (C.11.22):

2i(Ya¥p — YpYa) = 2005 — VvOopV”,

or

Zi[ya,yﬁ] = 2048 — YvOapY" - (C.11.23)
What about y,,045y" in (C.11.23)?

Well, contraction produces:

YvOapY’ = —204p . (C.11.24)

(11.74) is about evaluating AT in (11.72), with (11.26) and (11.30):
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Ve velt = Galv = vivh = GOy v ® = vr %y ny®) -
> ' %1° = vr007°) 2 YO (v — v )Y’ = =Y v iy - (11.74),
where Aw*Y is a number.

(11.74):

At = 904710

Multiply this expression to the right by y%y#A :

AtyOyrA = yO4 1y OptA - ATy Oy HA = yP ATy A (C.11.25)

With (11.61) rewritten as:

A lyrA = alyV,

(C.11.25) becomes

ATyOytA = ally®yV (11.75).

Keep in mind: a/ to be a real numerical coefficient.

Multiply (11.75) to the right and to the left with ¥’ and ¥ giving (11.76).

Then, use (11.57), (11.770 is obtained.

With the definition of the relativistic probability current j# ,(11.42), (11.78) shows the
transformation of the current as the contravariant components of a 4-vector.

11.4 Free Electron Motion

In (11.79) the Hamiltonian of a free electron is presented. See (11.32), the right-hand side.
Then, Fp used the Heisenberg picture to investigate the motion of the relativistic free
electron. The formalism presented in (11.80) is given by (3.25) in section (3.2) on The
Heisenberg equation of motion.

The commutator in (11.80) and using p; = —ihaa—x :

[x,H] = xH — Hx = x(ca - p) + xBm,c? — (ca-p)x — fm,c*x =

=x(ca-p) — (ca-p)x = ihca,,

where a does not operate on x and Fp writes: “...where use has been made of the standard
commutation relations between position and momentum operators”.

So, x(ca p) — (ca-p)x = caxp; — ca;p1x = ca,xp;, + ihcay, — cayxp; = ihca,.

Eqg. (11.80) is Eqg. 24 in Dirac’s section 69 on The motion of a free electron.

Then, Fp follows the text of Dirac.

The connection with the probability current, as presented in (11.44) is mentioned:

ji = YTcay, (11.44).

. . . o
The operator X has eigenvalues +c, since a; = y°y! = ( !

g 0
See Dirac top page 262. The same result is obtained when a field is present. According to
Dirac and Fp, this is easily demonstrated.

Well, | think to this end the Hamiltonian in (11.37) is needed:
H=—ep+ca-(p+el)+Lmyc?. (C.11.26)
Then,

[x,H] = —xe¢ + cxa - (p + eA) + xfm,c? + epx — ca - (p + eA)x — fm.c*x =
=x(ca-p) — (ca-p)x = ca;xp, — ca;p1Xx = ca,;xp, + ihca; — ca;xp, = ihca,.
Furthermore Fp explained the eigenvalue ¢ of the electron. This velocity is considered to be
the velocity at one instance in time. The Heisenberg uncertainty relations and measurement

) has eigenvalues +1.
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plays decisive role. To this end Fp examine how the electron velocity varies in time.
The formalism of chapter 3 ,(3.25), is applied to a4, giving (11.81).
Just above (11.82): a; anti- commutes with all terms in H except ca;p?:

aH+Haq =

= —ea P +caja- (p +ed) + afm.c? —epa, +ca- (p+ eA)a; + fm.c?ay,
(C.11.27)

In (C.11.27), first,

meqc?(a,f + Bay) = 0, (11.21) and Dirac page 257.

Then,

ea,(p,ca-A) +e(p,ca-A)a, =0? (C.11.28)

Or, is still the case considered, as mentioned just below (11.18):”..., because we are
considering the case of no electromagnetic field,...”? Then, we have the Hamiltonian as
presented in (11.79).

| suppose so. Consequently, | can leave (C.11.28). With (11.27):

a,H + Hay; = 2cpt, (11.82), > Ha; = —a;H + 2cp?. Plug the expression for Ha; into
(11.81)—(11.83).

With (11.83):

@, =S aH™' + cptH (C.11.29)
Plug d,(11.85) into (C.11.29)—(11.86) using p! = p,.

Finally integrate (11.86)—(11.87).

11.5 Electron Spin.

Now Fp returns to the Hamiltonian of an electron in an electromagnetic field.

Now, the Hamiltonian presented in the foregoing section, (C.11.26) and (11.88), is applied.
With (11.21) the cross product in (11.89) is zero and with (11.22) % = 1.

For convenience | present (5.92):

(6-a)(6-b)=a-b+io-(axb)— (11.95).

Then, (11.98) is obtained.

(11.05):

[L,, 7] = 0.

With (11.03) and keeping in mind the commutator [L,, r] operates on a wavefunction,
say,

. or ar
lh(Za — ya—z) has to be evaluated.

Well, with r = \/x2 + y2 + z2,

or or . .
Z@ —Y5, = 0, and (11.05) is obtained.
Next, (11.106),
[Ly,px] = 0.
. . )
The evaluation is about expressions like: azalp

After applying the chain rule we have:
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92 92 92 92
25yox  Zoxay Y 9zox tY 5%z
Then, (11.107),
[Lx, py] = ihp,.
By using the chain rule, the result is:
d .
[Lxrpy] = h? 9z - ihp,.
In the same way (11.108) is obtained.
—ihcvs (22 _v2\y.p_¥x. 9 _,9
[L,, H] = ihcy {(z % yaz)Z p—X-p (z % az)}' (C.11.30)
With
Lp=2px+Zypy+ 20,
the terms contributing to (C.11.30) are:
2D, ,and —Z,p, = Z;p, — X3Py, (C.11.31)
this expression results from
d d
Zzpzza , and Zypyya—z
Plug (C.11.31) into (C.11.30):
[Ly, H] == ihcy®(Z2p, — E3py) , (11.109) .
Then, with the Heisenberg formalism, (3.25), and, (11.104), (11.110) is found.
Next the Heisenberg formalism is applied to £; —(11.111).

-0.

(11.112):
01 0)0 1\ (0 1(01 0)_
(0 01 (1 0) (1 0) 0 o =0.
(11.113):
Y1 commute with itself.
(11.114):
_ (010, — 0,07 0 . (0 0)_ )
[21'22]_( 0 0102—020'1)_21<0 i = 21k

Simarlily, (11.115) is obtained.
Then, using (11.112)-(11.115) and (11.102):
[, H] = [Z1,cy°2 pl » cy*{Z 2 p—2 pI} =
= cy>{Z122p2 — Z2P2%1 — Z1Z3p3 + Z3p3Zs} —(11.116).
With (11.111), (11.117) is obtained.
Then, (11.110) and (11.117)- (11.118).
In (11.119), Fp presented the relation between the gyromagnetic moment and the spin
operator. There the gyromagnetic ratio g appears. Now , we know with
X = 25/h, just below (11.118), and (11.101),
g =2,(11.120).

11.6 Motion in Central Field

In this section the motion of an electron in a central field is studied. The Hamiltonian is given
in (11.121).

In my notes on The Undergraduate Course section 9.2, (11.125) has been derived.

It is about p,., with (8.20)-(8.25), Undergraduate Course,

0 _09x 00y 009z _x0 ,y9d 20

ar 9xor  dyodr 98zdr rox rdy rdz’
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Multiplyaa—rwith —ih:
. 0 1 .. 0 .. O . 0 1 _pT _
—ih — = —(—xlha - ylha - ZLhE) = ;(xpx +ypy +2p,) = —=pr. (C1132)

T
Fine, howeverin (11.123):
br=x'p.
How does (11.123) relate with ? ? I think: x = ; .
Then, (11.124), with (11.124)
[r, pr] =r£-p—£-pr =r-p—r-p+%(x§—;+ys—;+zg—2) =ih.
The total angular momentum is presented in (11.126).
For convenience | present here (11.95):
Z-a)(Z-b)=a-b+iX-(axb),
then (11.127) is found.
Furthermore, (4.11)— (11.128).
Plug (11.126) and (11.128)— (11.129).
So, with 22 = 3 and (11,129)— (11.130).
See also Dirac page 268.
To obtain (11.131) and (11.132) with (11.95) make use of:
L-p=0-Y—13LkDxk-
Then with (4.1)-(4.3) and p;, = _ihaaTk - Yk=13Lx Dk = 0.

The next step is to derive (11.133). To this end, the right-hand side of (11.131) and (11.132)
is analysed. It is about:

LXp andp XL

Let’s take as one of the terms in (11.131), similar to L; = x,p3 — X3P, resulting from
L=xXp,

L [(Lxp)y+ (p X L)1] =21 [Lops — Lapy + p2Llz — psly]

=21 - [(x3pr — x1P3)p3 — (x1P2 — X2D1)P2 + P2 (X1P2 — X2p1) — P3(X3p1 — x1p3)] =
=X, * (ihp, + ihp,) = 2iAZ p;.

So the terms contributing to 2ihX,p, are:

—P2X2P1 and —p3x3p;.

Similarly for X, - [(L X p), + (p X L),] and Z5 - [(L X p)3 + (p X L)5] , we find:
2ih¥,p, and 2ihZ;p5.

Hence,

1 [(L X p)y + (p X L)1] = 2iR(Z1py + Z,p, + E3p3) = 2iRZ - p.

With this result, (11.134) and (11.135) are obtained?°.

With (11.90), y°Z = a, (11.136) is found.

B is presented in (11.28) and ¢ is defined by (11.138).

Use the above result, then (11.139), using (4.1)-(4.3), is obtained:

(Lxx); + (xXL); =Lyxg — L3xy + x,L3 — x3Ly = 2ihx.

The terms contributing to 2ihx; are:

—X1P3X3 and —x; P X;.

To obtain (11.142) and (11.142):

10 This result took me some time to obtain. | mistook L X p + p X L for a vector product. Then
Lxp+pXxL=0.Weare dealing with operators operating on a wave function.
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[8,Z:] = 0.
This is demonstrated with (11.28) and (11.92):
1 0\(a O g 0\ o
(0 —1) (01 Gi) - (OL ai) (0 —1) =0.
For the eigenvalues of {2, see Chapter 6 on Addition of Angular Momentum.
To obtain (11.145), use is made of (C.11.32) and section 4.1:
x-p = (xpy + yp, + zp,) = rp, (not equal to (11.123),
L=xXp.
With (11.138) and (11.22), we have:
L{=p*E - L+h)=X L+ h.
Finally, with these results (11.145) is obtained.
In (11.146) a new operator € is defined.
Since 7€ is a (complex) number € and r commute, (11.147).
With (11.20), (11.146) and {a;, a;} = 26;;, (11.148) is found.
(11.151):
—(x'p)E-x)> -2 x)(xp) +ihZ -x - (11.151).
To find (11.152), some expressions are needed:
-y5% = a,top page 185,
-re = a-X,(11.146),

-X'P =TDr,
and
L-x=7y%r€.

¥°Z X = a- x = re . Multiply this expression to the left and to the right with ¥> and with
(11.91), £ - x = ¥° ¢, is obtained.
With these results and (11.152):
vYoZ - [x(x-p) — (x-p)x] = rerp, — rp,re = ihy>L - X = ihre -
- rZep, — rp,re = ihre, (11.152).

Note: r2ep, — rp,T€ an operator operating on a wave function 1, with (11.125):
(r2ep, — rp,re)Y = r’ep,p — riep, P — reyp,r = ihre.

rerp, — rp,r€ = ihre - erp, — p,re€ = ihe. (C.11.33)
Now (11.124):

[r,p.] = ih - ihe = rp,.€ — p,re.
Then with (C.11.33):

D€ — P,TE = €rP, — P,TE€ = I'P,€ — €P, = p€ — €p, = [, p,] =0, (11.153).
(11.145)

E-x)(2-p)=1p, +i(B{ —h) >y E-0)y°(Z-p) = (V°)[rpr +i(B{ — 1)] -
- (a-x)(a-p) =rp. +i(B{ —h),(11.154).
Using a-Xx =reand €2 = 1in (11.154):

re(a-p) =rp, —ih +if{, then,

o p=c(p —=)+=, (11.155)
The Hamiltonian(11.121), with (11.155):
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H=—ep(r)+ca-p+m,fc?>—->H=—ep(r)+ce (pr - %) + iciﬁz + m,fc?, (11.156).

(11.143), H commutes with ¢, so an eigenstate of the Hamiltonian is an eigenstate of {. The
eigenvalues of { are presented just below (11.144): kh.

Then, (11.156) and (11.157) result in (11.158).

Just above (11.159), Fp writes: “It is easily demonstrated that € anti-commutes with 8.”

We have:

(11.150): [{,€] = O,

and

(11.142): [, B] = 0.

Multiply [{, B] = 0, to the left with e — e{f — €ef{ = 0. (C.11.34)
Multiply [{, €] = 0, to the left with § — (e — fe{ = 0. (C.11.35)
Add (C.11.34) and (C.11.35)— €{B + Ble — (e + Be){ = 0. (C.11.36)

In (C.11.36), with (11.142) and (11.150) for the first two terms in (C.11.36):
(eB+Pe)—(ef+PBe){ =0—-€B + Pe=0-{€,} =0.1am not sure!

Or, (C.11.34):

€(f—€efl{=0->€Bl—€F{=0. (C.11.37)
That looks trivial.

Now assume €8 = —fe — {¢€, f} = 0. Plug this assumption into (C.11.37):

—pel — e =0 - (Be +€f){ = 0.

Since( #0->PBe+ef =0-{¢B}=0.

The assumption of € anti-commutes with 3 is not contradicted.

| continue with (11.159). € cannot be a number — 2 X 2 matrix.
In general, with {¢, 3} = 0 and (11.28)

0 a
€= (b o)'
Then with the Hamiltonian:a = —iand b = i.
(0 =i
=0 7
In (11.158), €f is needed, with (11.28):
B = (? _ol) ((1) _01) - ((l) (l)) (C.11.38)

An electron in a central field is investigated, so the wavefunction is presented in the spinor
form, (11.160).
With (11.158), the eigenvalue equation reads:

[ D)+ G ) -+ (g D)mee] () =5 ().
(C.11.39)
4 expressions in (C.11.39) have to be evaluated.

<G e ()= (),
'f(_()i S?%(ﬁ) =)
G o) =0
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and

(5 D)mee () = meet (% )

Plug these expressions into (C.11.39), equate the spinor elements:

—cippy, = Py — S5y — ep(rIq + Moty = Eth, (C.11.40)
and,

CiprPa + S Pa — 5 — ey — Mec?Py, = Ey . (c.11.41)
(C.11.40):

c (ipr + hlJrr—k) Yp + (edp(r) —mec® + E)p, = 0.

(C.11.41):

. -k
c (lpr + th) Yo — (ep(r) + myc? + E)y, = 0.
With p, = —ih%, (11.161) and (11.162) are obtained.

| leave this section with the question: is it (11.12) or (11.13), since we are working
relativistic?

11.7 Fine Structure of Hydrogen Energy Levels

The Equations (11.161) and (11.162) are applied the Hydrogen atom.

For the hydrogen atom, Fp derived the coupled differential equations (11.164) and (11.165).
Substituting the expressions (11.168) and (11.169), the differential (11.171) and (11.172) are
derived. Plugging into these equations power law solutions and equating powers of y, two
recursion relations are obtained: (11.175) and (11.176).

The series in (11.173) and (11.74) are terminated for s < s.

In this way a relation between the fine structure constant and the Bohr radius is obtained,
(11.181).

In (11.181) and (11.182), ac:, aa and a,«a are neglected since a < 1.

With (11.183), plug

AzCs-1 = ACs_q,

into (11.182)—(11.184).

Using (11.164), (11.165) and (11.170) in (11.188)—(11.189).

(11.191)—>(11.192):i —» n.

See also Section 12.8 of The Undergraduate Course Fine Structure of Hydrogen.

11.8 Positron Theory
It is about the negative energy solutions.

Exercises

Exercise 11.1 About the @ and § matrices

Noting that @; = —fBa;[3, prove that @; and § matrices all have zero trace. Hence, deduce
that each matrices has n eigenvalues +1, and n eigenvalues —1, where 2n is the dimension
of the matrices.

(11.28) and (11.29):

b= ((1) —01)'

the diagonal elements add up to 0.
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And

_(0 O'l')
@ = g; 0)

the diagonal elements add up to 0.
So,
Trf = 0,and Tra; = 0.

i-pas=-( 0 D6 (5 T)-w

A bit more elegantly:

with (11.21) and (11.22)—> ;8 + Ba; = 0.

Multiply this expression to the left with f - Ba;f + B%a; = 0 > a; = —Ba;f.
The eigenvalues.

B:

1-2 0 0 0
0 1-2 0 0 0
0 0 -1-4 0 '
0 0 0 -1-2

Then,

(1-2D21+21)?=0.
Consequently, 2 eigenvalues +1, and 2 eigenvalues —1.

With
1 0 1-1 0
B=(y _y)~] R B BV S
Is a; = —fa; P of some help? | do not know.
a;:
o,,
-1 0 1 0
0 -4 0 —-1]|_ 0
1 0 -1 0 )
0 -1 0o -2
With pivotal condensation:
-1 0 1 0
0o -1 0 -1 _ 0
1-2 0 0 O 7’
0 -1 0 =1
expand by the third column:
0 -1 -1
1-22 0 0|=0-Q-2HAR?*-1)=0.
0 -1 -2
Consequently, 2 eigenvalues +1, and 2 eigenvalues —1.
Oy,
-1 0 0 1
0o -1 1 0 |_ 0
0 1 -1 0 ’

1 0 0 -1
With pivotal condensation:
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-2 0 0 1
0 -4 1 0 0
0 1-22 0 o ™~

1 0 0 -4
expand by the third column:

-1 0 1
0 1-22 0|(=0-(1-2HA*-1)=0.
1 0 -1
Consequently, 2 eigenvalues +1, and 2 eigenvalues —1.
Oy
-1 0 0 —i -1 0 0 -—i
0 -4 @ 0 |_ 0= 0 i1 1 0
0O —-i -1 0 0 —-i -1 0F
i 0 0 -1 i 0 0 -1
Pivotal condensation:
-1 0 0 —i
0 iA 1 0]_ 0
0 —-i+il? 0 O ’
i 0 0 -4
expand by the third column:
-1 0 —i
0 —i+ir? 0|=0->F*-1DA*-1)=0.
i 0 -1

Consequently, 2 eigenvalues +1, and 2 eigenvalues —1.

Exercise 11.2 About the a and § matrices continued
Verify that the matrices (11.28) and (11.29) satisfy Equations (11.20)-(11.22).
(11.28):

b= ((1) —01)'

and
(11.29):

_(0 O'l')
a; = o; 0/

Use (11.20)-(11.22):

{ai 0} = 25y,
{a;, B} =0,

p? = 1.

First,

a;a; + aja; = 26;;.
With (11.29):

— 0 O; 0 O} O Oj] O g; N
al-aj+ajal- —<O_i O)(O'J O)+(O'J 0>(Ui 0)—2611,

or
go; 0 gio; 0 0,0; + 0;0; 0
(0" o)+ o) = ) =25
0 o0 0 oo 0 0,0; + 0;0;
Plug into this expression the Pauli matrices and {ai, aj} = 26;; is satisfied.
Next,
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ai,B + ﬁ(li =0.
With (11.28):

sa= (L DG 26 D D (S Do

So,
{a;, B} = 0, is satisfied.

Exercise 11.3 About the y matrices
Verify that the matrices (11.26) and (11.27) satisfy the anti-commutation relation (11.25).
(11.26):

v’ = ((1) —01) =b
(11.27):

. 0 :
v = (—Ui O(;)
(11.25):

{rt,v"} =2g"".
See my notes on pages 171 and 172. Use Exercise 11.2.

With (11.24):
vy’ =—a;.
Then

yiVO + VOVi =0 giO =0.

o - 0 o\/0 o 0 ag\/0 o
iN,J Jyi — i J ] i) —
e =L 9y o)ty o) G

(o'iaj + gj0; 0

= — L.o= ij
0 0;0; + ajai) 268;; = 2gY,(11.11).

Exercise 11.4 The Lorenz invariance of the integral of a 4-vectorfield

Verify that if aﬂj“ =0,

where j* is 4-vectorfield, then

[ d3xj°,

is Lorentz invariant, where the integral is over all space, and it is assumed that j#* — 0 as
| x| = oo

See also pages 175 and 176: Eqs (11.41)-(11.47).

So, j° can considered to be the relativistic probability density and j* (u = 1,2,3) the
relativistic probability current.

(11.46), integration over all space and with (11.42):

%f d3xj° = 0.

Fp writes: “This ensures that the wave function is properly normalized at time t = 0, such
that

[ d3xj° =1,

............. This is the case provided d,,j* = 0 is Lorentz invariant ........which is true as the j*
transform as ...... under Lorentz transformation”.

Suppose two inertial frames, S and S’. Then we have to prove fd3xj° takes the same form
in the two frames, S and S’.

May | assume, j# transform as the contravariant components of a 4-vector under Lorentz
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transformation? If so, j° transforms as the contravariant component of a 4-vector under
Lorentz transformation. In addition, f d3xjO = 1is a number. So, it is Lorentz invariant.
On the other hand, with the Eqgs. (11.48)-(11.55) it follows f d3xj° is Lorentz invariant.

Exercise 11.5 About the transformation matrix A

Verify that (11.71) is a solution of (11.70).

Having obtained (11.70), Fp writes it can be shown (11.71) is a suitable solution of (11.70).
Let’s find out. Here are summarize my notes about page section 11.3.

| will make use of the inverse y's: y” = —y, forv =1,2,3 and g;; = 1, foru = v and
gp=0,forp+v.

In addition, (11.25),

pFEvoYRYY +yTyE =0,

and

u=v - yVy¥ =—2I, contraction, i.e, the summation convention.

The inverse of yV:

YY = 9"vu

Then,

Y’ =1y, (C.11.20)
andv =1,2,3

v =-v. (C.11.21)
So, vV = 2I.

Multiply (11.70) to the left with y,,:

2i(1ga¥p — VWIpYa) = V¥ 0ap — VvOapY" = 20ap — V1OapY " (C.11.22)
Now, evaluate y,, gy :

a=0-Yy090 + V195 + Y295 + Y395 = Yo,

a=1-Yy,97 +v191 + 7291 + ¥39i =11,

a=2-Y093 +v197 + V295 + v395 = v2,

and

a=3-Yy093 + 195 +v295 + v395 = ¥a.

So,fora = 0,3 >y, 90 = Va »

where use have been made of the values of gy, given just below (11.11).

Similarly:

for =03 ->y,g5 = vp-

Next, in (C.11.22), evaluate ¥, ¥", with (C.11.20) and (C.11.21):

forv=03- yyY=2I

So, | found for (C.11.22):

2i(Ya¥p — VgVa) = 20ap — VvOap¥”,

or

2i[Ya v8] = 2045 — Vv0a5Y" - (C.11.23)
What about y,,0,5y" in (C.11.23)?

Well, contraction produces:

YvOapY' = —204p . (C.11.24)

Plug (C.11.24) into (C.11.23)= 0,4 = Ei[ya,yﬁ], (11.71).
So, (11.710 is a suitable solution of (11.70).
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Exercise 11.6. Xj and the Pauli matrices

Verify that the 4 X 4 matrices X; defined in (11.92), satisfy the standard anti-commutation
relations for Pauli matrices: i.e.,:

{zi,%;} = 26,;.

(11.92):

. 0 g;
5=, o)

Similar to Exercise 11.2.

-2 Do D26 D D= )5 -
2 \g; 0/\g; O g 0/\g; O 0 o0 0 gjo;

(crl-aj + gj0; 0 )
0 0,0; + 0;0;)’

Plug into this expression the Pauli matrices, and

{Z,,%;} = 26

is satisfied.

jr

End of Graduate Course
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Appendix 1: Details on the CGC’s in Intermezzo 7.7.1

|l+l,l——>_ A1y, > 2 - 1—3>.
2 21+1 21+1 2

Then
I, l——> VeI =31+, z—-> (CA11)

Ul—+]2_)< Z+1|l_ _>+ 21+1|l_ L __>>
So,
U+ 28 = EAVIGE D@ Da- D I-32)+
+\/s(s +1) -2 (-DIl-2, —§>] . (C.A.1.2)
U5+ - 1-3) = WG+ D= - DA-Dlt-2-1)+
\/s(s D) - (HEE-ni- 1,—%}] . (CA.13)
The sum of (C.A.1.2) and (C.A.1.3):

21-1 21-1 2 1

26— 6l- 3,2 +[ /me 2 VaT— 2|1 - 2,—5>. (CA1.4)

Then with (C.A.1.1) and (C.A1.1):

1 — 21 g _ /E ’L,/ — _o _1
|1+ E'l - 5) \/T{ 20+1 6l—6|l 3 +[ STECILIN Priw, HA-2]1-2, 2>}’
(CA.1.5)

2l+1

== E2uos )y -2 a0
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