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Prologue, a Boreal Adaptation to Climate Change?

In the Netherlands, the height of people in the south is 3 cm smaller than the height of
people in the north. The Netherlands measures about 250 kilometre from north to south.
The mean temperature in the north is a couple of °C lower than in the south.

Ryding et al: “The ecophysiological significance of heat exchange becomes more apparent
when looking at global trends of body size and shape, as formalised by two biogeographical
rules: Bergmann’s and Allen’s rules. These focus on gradients in body size and appendage
size, respectively. Bergmann’s rule states that higher latitudes correlates with larger body
sizes: In the cooler climates found at higher latitudes, the reduced body surface area/volume
ratio of larger bodies enables animals to retain heat more effectively.”

§ 1 Introduction

The isoperimetric inequality is analysed to some extend in, a.o., Noordzij(1). The idea to
analyse the isoperimetric inequality was stimulated by a paper of Luttwak describing the
history of building fortifications. It is about to find the maximum area for a given perimeter.
Is there a 3-D equivalent? There is. It is not about building fortifications, it is about
metabolism of vertebrates, Noordzij (2). The relation between surface and volume of a
vertebrate is investigated. The 3-D equivalent with the isoperimetric inequality is about to
find the maximum volume for a given surface. | denoted this the isoepifaeic inequality.

This inequality can also be used in the study of climate change and evolution. In The
Economist the subject matter is presented based on a study in Trends in Ecology &
Evolution, by Ryding, et all. It is about adapting to climate change. The paper concluded
climate change already to alter the bodies of animal species. To improve heat exchange with
the environment, this adaptation gives rise to an increasing surface for a given volume.
First, in §2, we investigate the maximum volume, mass, for a given surface. Next, in §3, we
study the possibilities to adjust a given surface to adapt to rising temperatures: climate
change. Adaptation, according to the research of Ryding, et all, is about altering the bodies
of animal species by increasing the dimensions of appendages. In this case a rising
temperature of the environment is assumed and the adaptation of the vertebrate by
increasing its surface for a given volume. Or, by decreasing the volume for a given surface in
order to improve heat exchange with the environment.

In §4, the primal body and the appendages are optimized.

The article in The Economist opened with the statement: “For humans, adapting to climate
change will mostly be a matter of technology.” For all human beings?



§ 2 The Block, the Cylinder, the Cone, the Pyramid and Heat Exchange

with the Environment

In this paragraph we examine various geometrical structures

Heat exchange optimization with the environment is investigated of the aforementioned
geometrical structures. This is done for a given volume of those structures.

§ 2.1 A Block with Surface S . Optimizing Heat Exchange
In Figure 2.1 below, the dimensions of the block are given.

s ‘j—?’h o

|
l

/

-

{
/

e

/

Figure 2.1 A Block wit Surface S

The surface

S =2c?+4ac.
Then
S—2c?
a =
4c
S-c—2¢3
V=a-c?=

4
Assume a given volume V' of the block. What do we find for the optimized surface Sy;ock ?

The volume:
v
V=a-c*=a=-.
(5
The surface

Spiock = 2€% + 4ac = 2¢* + %.

ds av .
%=0=4C—C—2=>V=C3 = acube. (noticeV=a-c>=a=rc).
Furthermore

_dl;lzoc" =4+ = > 0, a minimum area S for a cube.

To make a plot of Sp;pcx (= 2¢2 + 4ac) , | make the function Sy, dimensionless:

c Shlock
v1/3’ v2/3

After dropping the primes :
Sblock = 2C2 +%

In the Figure! below: y = Sp0ck, and x = c.

¢ = and Sy o0k =

1 With the WolframAlpha App



- -.-"-|_“_: —— P - .'|.'
:3 1|
5

Figure 2.2 The surface of the block S(=y) as a function of c¢(=x) for a given volume of the block

The minimum value of y is at x = 1, a cube.

This plot illustrates, for a given volume, the decrease of ¢, left of the minimum, is more
effective in exchanging heat with the environment than an crease of c, right of the
minimum.

With this result, it becomes clear that by changing the cube(the volume at the minimum
value of Sy;,cx) into a block with the same volume(V = a - ¢?), Figure 2.1, the area of the
body increases for the given mass(volume). Consequently, the heat transfer with the
environment increases.

As mentioned in the introduction, adaptation is about increasing the surface of the
appendages. In this way the heat exchanging area is enlarged relative to the volume(mass).
What will the geometry of the appendages be to make the heat exchange efficient? WE
investigate appendages in the next paragraphs.

§ 2.2 The Cone with Surface S, the Beak. Optimizing Heat Exchange
With this example we come close to one of the examples of Ryding et all: the beak of a
parrot considered to be an appendage.

Figure 2.3 The Cone

In Figure 2.3 above an example of the cone is presented.

We investigate the optimization of heat exchange with the environment.

The area for the surface, the conical surface and the surface of the ground circle:

S = nrR + nr?,

where the slant height of the cone R = Vr?2 + h2.

It is about heat exchange with the environment. For that reason, | investigate the surface



nrR and exclude 2. The area of the basis of the cone does not play a direct role in the
process of heat exchange with the environment. The basis does play a role in the transport
of blood to and from the beak.

So, we have

S = nrR,

and

Veone = EVRZ —r2-r?=R= ’(3]:%)2 + 72,
Then,

IWVE
S=mnrR = ’%+n2r4.
. . WV, . . .
For further analysis | make the function S = /% + m2r*, dimensionless with:

y T ;) S
r'=—m,and S’ = —5.
cone cone

After dropping the primes we have
S = /% + mir4 .
T

A plot, Figure 2.4, of this function of S, wherey = Sandx =r.
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Figure 2.4 The surface of the cone S(=y) as a function of r(=x) for a given volume of the cone

This plot illustrates, for a given volume, the decrease of r, at the left of the minimum, is
more effective in exchanging heat with the environment than an increase of r, at the right
of the minimum

- . . 3 . .
The minimum value for S is obtained at r3 = et dimensionless.
T

dzs . .

o > 0, a minimum indeed.

Hence, the most efficient heat exchange is obtained by decreasing r and consequently
increasing R. Is that observed in the real world? Mating and food gathering can play an
equal key role. Consequently, the evolutionary route can be different and an increase of r

can be more important in that case.



§ 2.3 The Cylinder with Surface S, the Limb. Optimizing Heat Exchange

Citing the paper of Ryding et all, : “...larger appendages may be advantageous in warmer
climates.” Let us investigate the subject matter. It is about the increase of appendages like
limbs relative to body size.

The surface, S, of a cylinder with length L and radius r:
S = 2nrL + 2nr?.
So
L== 7.
2nr
We investigate the optimization of heat exchange with the environment.
The area for the surface
S = 2nrL + nr2.
It is about heat exchange with the environment, for that reason one mr? connecting the
cylinder(limp) with the principal body is deleted in the above expression for the surface S.
This part of the surface of the cylinder does not play a direct role in the process of heat
exchange with the environment. This part does play a role in the transport of blood to and
from the limb.
The volume of the limb
Ve =mr?’L = L =%.
Plug this expression for L into the expression for the surface:
S=2nrL+nr?= @+nr2.

I make the preceding expression dimensionless:

s
r' =1L/3,and5’ ==7.
cyl cyl
After dropping the primes we have

S=24mr2
T

Two plots, Figure 2.5, of this function this function of S, wherey = Sand x = r.

Figure 2.5 The surface of the cylinder S(=y) as a function of r(=x)

In the lower plot the minimum is demonstrated.

The minimum:

s 1
—= 0=r= (;)1/3,



azs
dr?

Hence, the most efficient heat exchange is obtained by decreasing r, at the left of the

minimum and consequently increasing L for a given volume V,.,,;. Is that observed in the real

4 -
:r—3+2n>0,am|n|mum.

world?

§ 2.4 The Pyramid with a Rhombic shaped Base and Surface S. Another Beak,
Optimizing Heat Exchange
In Figure 2.6 below the rhombic pyramid is illustrated (see insert).

L

Rhombic pyramid

Figure 2.6 The Rhombic Pyramid

Top view:
c
= ™~
pict | | 4a | >R
7 4 | 4
A

Figure 2.7 Top view of Figure 2.6

ABCD is the rhombic base.

Denote DB —» w, AC —» h,0OF - x,EA - y,ET - zand 0T - t

In the above top view TE /OE represent the perpendicular of the ATAD and AOAD
respectively.

1
x2=z-h2—y2,

and
x? = i-wz - (%\/h2 + w2 —y)2.
Then,
_1_n
Y = nzewe
and
X = l hw
= 2Vt
Furthermore z = Vx2 + t2.
. 1 hw
With X = Veevw



area ATAD - %Z' |DA| = %\/x2 + t2 -%\/h2 +w? = i\/tz(hz + w?) +%h2W2.
The area of the pyramid is

S==-hw+ Jtz(hz +w?) + = h2w?.

The volume of the pyramid is

vl hwet

Heat exchange is about the largest area for a given volume.

Similarly to the other appendages as presented in the preceding paragraphs, the area of the
basis of the pyramid does not contribute in the heat exchange.

Consequently S to be investigated is

S = \/tz(hZ +w?) + > h2w?

. . 1 1
In the expression for the surface plug, with V = 33 hw - t,
t= v into

hw

S = \/tz(hz +w?) +h2w? = S = J(%)Z(hz +w?) + w2,

We make the preceding expression dimensionless with h= h’Vpl/3, w = W’Vpl/B, and
"= S

S'= sz/:*’

dropping the primes:
_ — (22 (ph2 2y 4 1p2,,2

S=5SChw) —\/(hw) (h> +w )+4h w2,

To investigate stationary point(s) the equations Z—Z = 0and g—i = 0 are solved.

Leaving out the details, the resultis h = w.

Is the stationary point a maximum a maximum? To visualize this S(h, 1) and S(1,w). Are
plotted.

In Figure 2.8, S(h, 1) is plotted

|i||: I".
40|

20| -

0.2 0.4 0.6 0.8 1.0
Figure 2.8 S(h,w) is plotted with w=1
The above Figure represents also S(h, w) with h = 1.

Hence, we may conclude to have a minimumath =w = 1.
Consequently, to adapt to climate change and improve heat exchange, h and or w need to



decrease. The height of the pyramid t = % will increase.

§ 3 The Primal Body and Optimizing the Appendages

It is about warm-blooded animals.

The Economist: “ Climate change is already altering the bodies of many animal species,
giving them bigger beaks, limbs and ears.”

Knowing this, modelling of metabolism can be of helpful. The changes do help the animals
to increase the heat exchange with the environment. The key issue here is increasing the
surface area relative to its body volume.

In this paragraph we investigate heat exchange between a geometrical structure consisting
of a primal or main body and appendages and the environment. The dimensions of the
primal body are given, and the changes of the appendage are investigated.

In the following paragraphs, | assume the primal body to participate in the heat exchange. If
not, the analysis of § 2 can be used.

§ 3.1 The Sphere as a Primal Body and the Limbs

The Economist: “Another evolutionary rule-of-thumb, Bergmann’s rule holds that animals in
hotter places tend to have smaller bodies, another way to boost the ratio between surface
area and volume.”

In studying metabolism, the primal body as the bigger part of the overall body size of an
animal is usually approximated by a sphere.

The ratio of surface area and volume of a sphere:

, amr? 3
ratio =—=-.
5111'3 T

Next reduce the radius with a small quantity Ar, with A< 1.
Plug this into the preceding expression

3 _3_71' 2 . _3_71'
i [1+A+0(A%)] = ratio = - (1+A).

Obviously, the ratio increases by a factor (1 + A) and the ratio between surface area and
volume is boosted. In this way heat exchange with the environment is enhanced.

. 3
ratio = 7 ==

In the following we analyse the addition of limbs.
- First, let us introduce four appendages: the limbs with a cylindrical geometry. Can heat

exchange be enhanced by, e.g., increasing the length of the cylinders?

2 2
. ATy +8mr o L+4ATTry Sp

ratiog 2nr3 +amriL v
3 sh cl B

where the suffix B denotes the base , and the suffixes sh and cl denote the sphere and
cylinder respectively. Furthermore, | assume the cylindrical limbs to reduce the area of the
sphere with 4mr3.

Consequently,

2

. _ Amrgp+8nrgl _ Sp 5

ration = 38 i = s
3 sh cl B

7

2Forr, — 0,and L — 0, the surface to volume ratio of the sphere is found as it should be.

9



Then, we increase the length of the limbs by AL , with A« 1.3

Plug L = L + AL into the ratio ratiog giving the new ratio ratiogy

(1+811:rclAL) ,
. S 8mr AL 47rr AL S 8mr AL 4mr5AL
ratiopy, = 58S ) Sa (g oett) () amary _ () | oant_swdar)
Vp . 4mrZAL VB SB Ve Ve Sp Vg
A+—=)
VB
. 8mr AL 41t‘r2AL
= ratiog (1 +—< L ),
Sp Ve

up to 0(A?).
From the preceding expression we conclude
ratiog,;, > ratiog,

when

8mr AL 41rr AL
<L >,
Sp Ve

or

2
=S 0= 2V, > 1Ss.
Sp VB

Plug the expressions for Vg and Sg into the preceding expression

2 ( nry, + 4nrclL) > 1y (4nrd, + 8rryl) = = rsh > rard =
=25
3 Tsh

In the real world in most cases :ﬂ <0(10™h
sh

Consequently, by enlargement AL of the (four) appendages(limbs) heat exchange is

enhanced under the condition g > :—Cl
sh

Note : in Appendix Al | analysed the ratiog as a function of two variables. There, as a result

of the optimization process

2_Ta

3 - Tsh,

. . 2 ..
is obtained. Then, we are allowed to conclude for ? < 3 heat exchange is improved.
sh
Now, we assume L to be a constant and investigate a change Ar;.
With,
ratioB — 47Trsh+8m"clL- = S_B .
—nr h+4rrr L Ve
Then, we increase the radius of the limbs by Ar,; , with A< 1.
8mLAT -1
sp A<

S .
——————— = ratio (1 +
Vg (1+811:rclLArCl) B

8TLAT ¢ 81'trclLArCl)
’

ratio =
BAr ¢ Sg Vg

up to 0(A?).
From the preceding expression we conclude
ratiogay,, > ratiog,

when

8m(L+rc)Arg 8mr e LAT ¢
S > Ve ’

or

3 Increasing just the limbs by AL, 1, is treated to be a constant.

10



L+r TciL
s e L-Sp <L V3.
Sp VB

Plug the expressions for Vg and Sy into the preceding expression
Tl (T3 + 2r4L) < ( r3 +r3L)L.AFor L # 0: 1 (r2, + 1yl) < = rsh

- Next, let us introduce two appendages: the limbs with a cylindrical geometry. Can heat
exchange be enhanced by, e.g., increasing the length of the cylinders?®

| use the same approximation as used for the four appendages.

__ Anr, h+47‘[TclL S
T =,

ratiop = =
B = —nr h+2n lL Ve

where the suffix B denotes the base , and the suffixes sh and cl denote the sphere and

cylinder respectively. Furthermore, % K1
sh

Then, we increase the length of the limbs by AL, with A« 1.

Plug this increase into the ratio ratiosg giving the new ratio ratioggy
ATCT AL

ation. — 5B A+—5.) _ (1 + 47trclAL) (1 2mr? lAL) _ S (1 4 4mrabl anczlAL) _

BAL ™ yp amrZaL T Vs SB Ve Ve SB Vg

1+ )
Vp

. 4ntr AL 2mr3 AL

= ratiog (1 + —= ct )
SB Ve

up to 0(A?).

From the preceding expression we conclude
ratiog, > ratiog,

when
AmrgAL  2mr3AL

do _—d s,

Sp Vp
or

2 r
Z -85 0= 2V > 1S5
Sp VB

Plug the expressions for Vg and Sg into the preceding expression
2 ( ra, + ZﬂTClL) > 1 (4nrd + 4mry L) : r3 > rari =

:>—>—.
3 Tsh

So,

r 2 . r 2
—L < Z In the real world in most cases -+ < =,
Tsh 3 Tsh 3

Consequently, by enlargement of the (two) appendages(limbs) heat exchange is enhanced.
Note: a “biological” limit is the area of halve the sphere to be larger than the area cut out of

the sphere by the limbs. Hence, 277.' h > 47TT' = d < \E, in the case of four limbs. In the

. T
case of two limbs: ril <1.
sh

4 Make this expression dimensionless similarly to what we did in Appendix A1 and the same result is obtained:
gy = xy(1 + xy), at the saddle point (g ,— %). A meaningless stationary point.

5 Consequently, again | treated the radius of the cylinders to be a constant. In general, ratiog is a function of
two independent variables(See Appendix) The dimensions of the primal body are constant.

11



§ 3.2 The Cylinder as a Primal Body and the Limbs
In § 3.1 we approximated the primal body by a sphere. It is not unthinkable to approximate
the primal body by a cylinder.
The ratio of surface area and volume of a cylinder:
271'TL+271'T 2L+2r
nr2lL rL
Reduce the radius of the primal body with a small quantity Ar, or the length of the cylinder
representing the principal body is reduced with a small quantity AL, A< 1.
Plug r(1 — A) into the preceding expression
2L+2r 2L+2r(1-8) _ 2L+2r
rL r(1-A)L

ratio

L+2r

ratio = [1 += + 0(A?)| = ratio = (147 r).

Obviously, the ratio increases by a factor (1 + 1+£) and the ratio between surface area and
L

volume is boosted. In this way heat exchange with the environment is enhanced. However,
by decreasing the radius r.
The other way to reduce the volume of the primal body is by decreasing L.

Plug L(1 — A) intoratio = 2ler,
. _ 2L+2r 2L(1-A)+2r . 2L+2r A 2 2L+2r i
ratio = === — m— =~ = ll + I + o(A )l = ratio = ——(1+ §+1)'

Also in this case the ratio between surface area and volume is boosted. However, with a

. L
much smaller effect, since - > 1.

In the following we analyse the addition of limbs to the cylindrical primal body.

- First, let us introduce four appendages: the limbs with a cylindrical geometry.

Furthermore, | assume the cylindrical limbs to reduce the area of the cylindrical primal body

approximately with 47Trczl

Can heat exchange be enhanced by, e.g., increasing the length of the cylinders(limbs)?

The base configuration:

2nrL+2nr?+8nrgl _ Sp
nril+4mril T Vg

where the suffix B denotes the base , and the suffix cl denote the cylinder(limb) . [ is the

length of the limb. Then, we increase the length of the limbs by Al , with A< 1.

Plug this increase into the ratio ratiog giving the new ratio ratiogy

TatiOB =

7

(1 BHTClAl) 2 )
8mr 1Al 4mtr5Al S 8mr Al 4mtr5Al
ratiogy = 52 SH ) = Sn (1 | o) () sty _sn () | omant _amar) _
VB amZ Al = v Sp Vg Vp Sp Vp
A+—£—)
VB
. 87T Al amr Al
= ratiog (1 +—< L ),
Sp Ve
up to 0(A?).

From the preceding expression we conclude
ratiog > ratiog,

when
8urgAl  Amr3Al
cl _ cl > 0,
SB Ve
or

2
__m> O: ZVB >TclSB.
S VB

12



Plug the expressions for Vz and Sp into the preceding expression
2(nr2L + 4nr3l) > ry(2nrL + 2nr? + 8nrgl) = 2L > rgrl + ryr? =
Ta r
=1> " 1+ L) .
For various values of%S, we could evaluate the inequality . Here, as a best guess, % is chosen

to be of order unity. Then, set% = 1in the preceding expression

1 el
2 r
. r l . 1+2x . .
Furthermore, with x = Td, andy = - = F =r-ratiog = 1+—2y . The analysis of F(x,y) is
Iix2y

4
similar to the analysis of Appendix 1.

. T
In the real world in most cases Td < 0.5.

Consequently, by enlargement of the (four) appendages(limbs) heat exchange is enhanced.

- Next, let us introduce two appendages: the limbs with a cylindrical geometry. Can heat
exchange be enhanced by, e.g., increasing the length of the cylinders(limbs)?

The base configuration:

. 2mrl+2mri+anrgl _ Sp
ratiog = nr2L+2nrgl “ vy’
where the suffix B denotes the base , and the suffix cl denote the cylinder(limb). [ is the
length of the limb.
Then, we increase the length of the limbs by Al , with A« 1. Furthermore, | assume the
cylindrical limbs to reduce the area of the cylindrical primal body approximately with 47rrczl,
Tcl
- < 1.

Plug this increase into the ratio ratiog giving the new ratio ratiogy

4TL’TClAl

. s M5, ) s amr Al 2mrZAl\ S amrgAL  2mr3Al
ratiopy =S85 ) o S (1 it () awdaty _se () smrans _zmiaty
Vg ., 2mrgAl Vp Sp Vg Vp Sp Vg
(1+—=)
Vp
. 4mr AL 2mr3 Al

= ratiog (1 +—d= ),
Sp Ve

up to 0(A?).

From the preceding expression we conclude
ratiogp; > ratiog,

when
4mtr 1Al 2mr4Al
cl — cl > 0,
Sp Ve
or
2 r
= -l 5 0= 2V > 1S5
Sp Vs

With the expressions for Vg = 2L + 2nr3l, and S = 2nrL + 2nr? + 4mryl

2Vg > 1,Sp = 2(nr?L + 2nr3l) > 1o (2nrl + 2nr? + 4nryl) =
=SrL>ryrL+rgr? =1> %(1 +£) :

For various values of%, we can evaluate the threshold % . Here, | again | choose% = 1.

Set% = 1in the expression 1 > % 1+ %)

6 The ratio of the dimensions of the primal body.

13



1> 25
T
So,
Tcl 1
T <2
In the real world in most cases % < %

The analysis of r - ratiog is similar to the analysis of Appendix 1:

_ 1+xy
F(X;Y) = %+%x2y'
Consequently, by enlargement of the (two) appendages(limbs) heat exchange is enhanced.

Note: a “biological” limit is the area of halve the cylinder representing the primal body to
be larger than the area cut out of the sphere by the limbs. Hence, mrL > 4nr?. To be more
precise, this constraint consists of two components:

-r > 4r,,

-L > 4r,,

in the case of four limbs.

In the case of two limbs one constraint changes: L > 2r;.

Caveat, the constraints are approximations.

§ 3.3 The Sphere as a Primal Body and the Beak(Cone)

In § 3.1 we already showed by decreasing the radius of the sphere the ratio between surface
area and volume is boosted. In this way heat exchange with the environment is enhanced.

In the foregoing paragraphs, | made an approximation of the effect of the combination of
primal body and appendages on the geometry and consequently on heat exchange.

In this paragraph | do not make an approximation of the combination the sphere and the
cone(beak). The effect, Vg, is illustrated in Figure 3.1 below.

iSpderd
g
/Tsp T
9 P N
N ,/ﬁ N
.z./ \/9 * / By g« |
fe A‘ ’—l{tz ‘L‘:;e

Figure 3.1 The Sphere as a primal body and the Cone(beak)

Neglecting the effect, we would have counted the shade area representing the volume Vg,
twice. The cap area A would also be included in the area of the sphere.

In this paragraph we take the effect into account and compare the result obtained when
neglecting the effect.

To find out about the area of the spherical cap A4, | use the solid angle (,
www.en.wikipedia.org .
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For a sphere with radius unity
Q= 2n(1—cosB).
Then,
A= Qr2 =2n(1 - cos O)rd = 2n(r3 — rp 15 — 12).
The segment of the sphere with solid angle Q has a volume of
16,3
EQrSp'
For the volume of the cone with solid angle () and base radius 7,
1
Vo = gnrcz,/rs% — 12
Finally, for the volume Vg, the spherical cap

2 .2
5 2T Tsp~Tc
== 1 -

10,3 _1__2 /73
Vi = 3Qrsp ST sp — 1 3 -

= Z?H (TSP;) - T'szpm) - —T[Tc \/Tsp T2 = erp (erzp + TCZ)V TS% - TCZ]'

3 _1 2 [ 7 -7 _
Tsp =3y Tsp — 16 =

v
Note: the ratio =2 = 2|1 —
Vep 2

Then, with - « 1 — Vsh _ l(i) )
Tsp Vsp 4 \rsp

For the sphere and the beak, the base(B) configuration for the ratio of the surface and the

volume is
47tr52p+7trCR—27t(rszp—rsp /rszp—rcz) 218y +1R+21sp [12,—1¢
ratiog = " =3
3 ,T .2 , 2_7|,..3 2 4.2 f 2 _.2 ’ /
3MTsp+37e RZ—TC—E[ZrSp—(ZTSpH”C) rsp—rc] 2rsp+rc Rz—rc+(2rsp+rc) rsp

We make ratioB dimensionless with

e R
——x——y, B =g, and
Tsp Tsp Tép TSp

2+Xy+2\/m
242 [y2—x2+(2+x2)1-x2
To find out about the (local) stationary points, we need to calculate the derivatives, the
zeros, and the Hessian matrix. Some calculus and a lot of algebra. Since F(x, y) is a smooth
function, | will use some plots of F(x,y) to find out about the effect of the geometry on
heat exchange with the environment.
In the Figure below a plot of F(x,y) is presented:

3| »n

F(x,y) =1y ratiog = 3

3.20| |

|
)
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.2 F(x,y) as a function of x with y=1
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In Figure 3.2 the maximum value of heat exchange is found for x — 1 the radius of the cone
equal to the radius of the sphere and F(1,1) = 4.5. Another is found at

(x = 0.23,F(,x,y) = 3.10). A minimum is found at (x = 0.76, F (x,y) = 3.01). So, in this
case increasing x makes sense for a configuration with x < 0.23, and for x > 0.76. What
about a configuration with 0.23 < x < 0.76? What will the adaptation look like? Well, with
other things equal, adaptation means reducing the dimensionless radius of the cone.
However, in the real-world other things are not equal..

Note: Ti =y, the dimensionless slant height, is treated as a parameter. With the cone:
sp

x <y.

So, let us make a plot of F(x,y) withy = %:

-
2.9957
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3 F(x,y) as a function of x with y=0.5

In Figure 3.3, the same pattern is observed as in Figure 3.2. Note the difference in the
vertical scale. The maximum heat exchange is obtained at (x = 0.19, F(x,y) = 3.032) and
at (x = 0.5,F(0.5,0.5) = 3.025). So, in this case increasing x makes sense for a
configuration with x < 0.19, and for x > 0.76. What about a configuration with

0.19 < x < 0.46? What will the adaptation look like? Again, adaptation means reducing the
radius of the cone

Another plot of F(x,y) withy = 2:

/ N
/ \
' R |
/

A |
.

3.00F

=

||_I|| 0.2 0.4 0.6 0.8 1.0
Figure 3.4 F(x,y) as a function of x with y=2
Again, the same pattern is observed in Figure 3.4. Amaximum atx = 0.35andatx = 1. A
minimum is found at x = 0.9.

Next, | will plot F(x, y) as a function of y with x as a parameter.
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Let us plot F(x,y) with x = 0.25. | start with a detail for 0.25 < y < 0.3.

3.008 | /
. P
. S
| /
3.006 | o
| 7 i
3.004 | e
. P
3.002 | e
| 7
3.000 | ——"
=
0.26 0.28 0.30 0.32 0.34

Figure 3.5 F(x,y) as a function of y with x=0.25

Comparing Figure 3.5 and Figure 3.6 it is clear why we illustrate the detail.
Now, | extend the range of y :

5 /
3.3 | P

| —
1o ~

| P

I -
3.1 -

| -

I o~

|
30"

T

05 L0 L5 20 25 30 35 40

Figure 3.6 F(x,y) as a function of y with x=0.25

Figure 3.6 illustrates, after a small dip - Figure 3,5 - an increase of F(x,y) from x = 0.255.
The following plot is with x = 0.5

-

L 7
13| e
I 7
12| 7
[ -
{ P
11| e
f .
| -
30—
£
L
05 L0 L5 20 25 30 35 40

Figure 3.7 F(x,y) as a function of y with x=0.5

In Figure 3.7 the same pattern is illustrated as in Figure 3.5. The dip is clearly shown.
A plot of F(x,y) withx = 0.75:

3.20] e
’/
3.15 //
e
a'/
3.10 -
| e
| -
3.05 [ e
P
~
Y -
[ /
300} “~—
¥
10 L5 2.0 2.5 3.0 35 40

Figure 3.8 F(x,y) as a function of y with x=0.75
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Here, for x = 0.75 the dip is emphasized.
So, what will happen with x = 1?

3.6/

Figure 3.9 F(x,y) as a function of y with x=1

When x = :—C = 1, increasing the slant height of the beak y decreases heat exchange with
sp

the environment. However, to have a functioning beak y > x.
With x = 0.95, F(x,y) is decreasing and for y > 2.5, slightly increasing. Not shown here.

An interesting case left is optimising the volume of primal body and appendages for a given
surface of the primal body and the appendages. Then, we have three independent variables
in the case of the sphere and the cone. However, for a given surface one of the three
independent variables can be expressed in the other two variables.

In the foregoing paragraphs | made an approximation of the effect on the geometry of the
combination of primal body and the appendages. | assumed the effect to be small.
In the above analysis | included the effect on geometry of the combination of sphere and

2
cone. In the note on page 18 the effect is small for with Tew1o50=2 (i) .
Tsp Vsp 4 \rsp

For the area cut out of the sphere by the cone the base area of the cone can be used. For
the cylinder as primal body with the cylindrical limbs we can use a similar approximation.
There is a possibility the sphere not to contribute to the heat exchange. In that case one
could think the analysis of § 2.3 should be used. However, the sphere still plays a role in the
metabolism and consequently in process of heat exchange. By excluding the surface of the
sphere in the ratio of surface to volume, the effect can be analysed.

§ 3.4 The Sphere as the Primal Body and Pyramid(Beak)
In the Figure below the geometry to be analysed is illustrated.

i) Sphare
vd
/'EP » ///‘\ B
£j v /) = ///
+ \L I° 4 | >,.> P . ‘_d./zw>
| |
‘ \ t{;: N ” ‘ //,/

Figure 3.10 The Sphere as a primal body and the Rhombic Pyramid(Beak)
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In Figure 3.10, the configuration is illustrated.

Investigating this configuration, the analysis is almost lost in detail.

The major issue here is to optimize heat exchange for the combination of primal body and
appendages. So, when applying approximations | prefer the use of a cube as primal body for
the analysis.

The surface of the pyramid, § 2.4 see Figures 2.6 and 2.7, without the area of the base of
the pyramid

S, = Jtz(hz +w2) + ihzw2

With c the edge of the cube , the area of the cube 6¢?reduced with the area of the base of
the pyramid

S, = 6c?— %hw.

Reminder, in the analysis of this paragraph the cube is treated to be a constant— cis a

constant number.
The volume of the cube and the pyramids is:

— 3411 .
Verp =¢ t33 hw - t.
To investigate the configuration cube + pyramid, | set c = w, a constant.
The ratio surface to volume is:

6c2—%hw+\/t2(h2+w2)+%h2w2 602—%hc+ ftz(h2+cz)+%h252

11 - 11
3,12 . 3,22 e
c+32hwt c+32hct

ratiocy, =

We have: ratio.,, = ratioc,,(h,t).

dratiocp dratiocip

To obtain a stationary point determine —n = 0and — - 0.

For a point with both derivatives zero, we like to know whether we are dealing with a
maximum, a minimum or a saddle point. To this end we need the Hessian matrix, the
determinant of this matrix and its trace. To construct the matrix, we derive the second
derivatives of ratiog . There are four and the Hessian matrix is a 2 X 2 symmetric matrix.
See Appendix.

We make ratio.,, dimensionless with c. The new variables are primed. In the following |

6-+ [t2h2+t2+3h2

1
1+g'h't

drop the primes:

F(h,t) = c -ratiog =

As mentioned above, to investigate the possibility of stationary point(s), we can calculate
the derivatives with respect to h and t. | will not do that.
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Here, we present F(h, t) as a function of 0 < h < 1 with t = 0.5, 1, and 2.

6.5 p,
[N

0.0 0.2 0.4 0.6 0.8 L0

Figure 3.11 F(h,t) as a function of h with t=0.5
70y,
6.8

6.6 | .

6.0 -
=z
580

00 0.2 0.4 0.6 0.8 1.0

Figure 3.12 F(h,t)as a function of h with t=1

B.D

=
6.0 |
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.13 F(h,t) as a function of h with t=2

The above three Figures illustrate the effect of morphological change on heat exchange.
Considering the scale of the above Figures, it appears a decrease of h and increase of t
improves heat exchange with the environment.

§ 3.5 The Sphere as the Primal Body and the Cylinder as Beak.
For the analysis of the sphere and the cylinder | use some of the results of the sphere and
the cone, see Figure 3.1 page 14:

— 2 _ 2 _ 12
-A= 27r(r5p Tsp/ Tsp — T¢ ),

where 7, is the radius of the cylinder.

-Ven = E[eri, — (eré, + rcz),/rsi, — rcz].

The ratio surface to volume is:

4nr52p+27trCL—2n(rszp—rsp ’rszp—rcz)+nrcz
m"sp+m"cL— [erp (2rd,+78) ,rsp rc

ratiog =
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where L is the length of the cylinder.

212,421 L4271y |12, —12+TT2
sp c sp.Tsp~Tc c S_B

2.3 ,.2;,1 ) 2 _2| Vg’
5r5p+rCL+§[(2rsp+rc) rsp—rc] B

We make the preceding expression dimensionless with 7y, (kept constant)

ratiog =

T L s 14
< =x,—=y,Z2=Sand==V.
Tsp Tsp Tsp Tsp
Then,
2+2xy+x%+2/1—x2

F(x,y) =1y, ' ratiog =
% y) =T B §+x2y+%(1+x2)\/1—x2'

withx < 1.

We illustrate the effect of x and y on F(x, y) by plotting F(x,y), where | treat x and y as a
parameter as done in the foregoing sections.

- A plot of F(x, y) as a function of x withy = 0.5 :

16/ ~

Figure 3.14 F(x,y) as a function of x with y=0.5

For 0 < x < 2.2, with at x = 0.2 the maximum value of F, heat exchange can be enhanced
by some 5%.

. 3 I . . .
Withy = " and y = 1, similar plots are obtained as above leading to the same conclusion

with respect to heat exchange.
With y = 2, heat exchange can be increased by 15% for 0 < x < 2.2.
- Next we investigate a plot of F(x,y) as a function of y with x = 0.25:

-

Fa

Figure 3.15 F(x,y) as a function of y with x=0.25
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A plot with x = 0.5

3493
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3491
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s

Figure 3.16 F(x,y) as a function of y with x=0.5

Aplotwithx =1

4.5

4.0
R
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20
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Figure 3.17 F(x,y) as a function of y with x=1

x = 0.75:

EXi]
36
34
3.2

30

=

0 1 2 3 4
Figure 3.18 F(x,y) as a function of y with x=0.75

x = 0.6:
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342

340

-

\

=

1 2 3 4

Figure 3.19 F(x,y) as a function of y with x=0.6
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With x = 0.55, we have a similar plot as for x = 0.6 except for F(0.55,0) = 3.86.
x = 0.52:

0 1 2 3 4
Figure 3.20 F(x,y) as a function of y with x=0.52

With x = 0.52, we have a similar plot as for x = 0.6 except for F(0.52,0) = 3.867.

. 0 . .
Calculating %, and x to be a parameter, we find with

2 — 2 oF

F(x,y) = gi:j;‘gg;% nd > =0=>x=0517.

We assume the maximum radius of the beak to be equal to the radius of the sphere.

So together with x = 0.5, and in the range 0 < y < 4 maximum heat exchange is obtained
at (0.5,4). However, in the range of 0 < y < 4, together with x = 0.5, the increase of heat
exchange is of the order of 1%.

A plot of F(x, y) together with y = 4, and in the range 0 < x < 1 shows a growth in heat

exchange of about 20% for x from 0 to 0.22. This is illustrated by Figure 3.21:

0.4 0.6 0.8 1.0

Figure 3.21 F(x,y) as a function of x with y=4

§ 4 Optimizing Primal Body and the Appendages

In the preceding paragraphs the geometry of the primal body is constant, and the
appendages are optimized.

In the real world the total geometry of the vertebrate will adapt. In this section we will
investigate this adaptation.

There are two approaches:

- Optimizing the surface for a given volume,

- Optimizing the volume for a given surface.
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§ 4.1 Optimize the Sphere and the Four Limbs.

| will use the same notation as used in the preceding paragraphs.
The surface:

S = 4nrd, + 8nr, L.

The volume:

V= gnr;’h + 4mrAL.

We use two approaches

- Optimize the surface for a given volume,

- Optimize the volume for a given surface.

§ 4.1.1 Optimize the Surface for a given Volume V.
We have three variables: r5p,, 7, and L.
For a given volume V we express L in 15, 7, and V:

V nr Sh
- 471'rc
Then,
V——n:r3 8 rs3h
S = 4mrd, + 87trcl— = 4nrd, +———7T—.
41trcl 3 ra
Next, we make the preceding expression dimensionless with 1V2/3:
1
S anr3 2V 8 13 r viz g +3v3
== T“ﬂ%=4ﬂ(sf) +2——cmt—.
V3 |4 Velera 3 Vgrcl V3 Tel 3 V rq
Substitute
T
St = =vy,and > =S.
V3 V3 V3
The result
2 8 «x3
S=4nx*+=-—-n—.
y 3y
In addition a dimensionless L:
471'7‘3 4
L 1-3 VSh 1—§n'x3
L = -1 = - 2 7
V3 471'1‘Cl 41Ty

2

V3
with L > 0 = Sma® < 1.
In § 3.1, another, biological, limit is presented % >4/2.

Consequently,
1

W2 <x < (=) (=0.62).

So,y < 0.44.
Stationary points:
% = 8mx — 87t—2
6x y
and

as 2 ,8_«x3
= Tt

As explained in the Appendix 1, we need the second derivatives in order to construct the
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Hessian matrix:

2%s x
_ﬁ = 8w — 167'[;,
92s 4 16 x.3
Ty y? 3 7T(y) ’
a%s _ 9%s X\2
Toxdy  ayox 87T(y) )
We have all the ingredients to decide about the stationary points:
as 2
——=8nx—8nx—=O=x(1—£)=>x=0,x=y.
ox y y
as 2 8 x* 1 (4 o ) _ (31/3
3= T 3ny2—0—y2(3nx 1)=y—-oox=()".

1 1
Stationary point: ([%]3 ) [%]3)'
Notice: x < (1)1/3'
41T

The elements of the determinant of the Hessian matrix:

92s x

-— =8 — 16m== —8m,
d0x2 y
925 4 16 (x)3 _lem _16m _ 4
ay2  y3 3 y)] T 3 3
a%s a%s x

- = =8n(=)? =8r.
oxdy dydx (y)

Hence, the determinant of the matrix is negative and the stationary point is a saddle point.

Figure 4.1 S(x,y) 3-D representation for a given volume with GeoGebra

The red arrow pointing downwards represent the positive x-axis, the green arrow, pointing
to the right downwards the positive y-axis. For further analysis we investigate cross sections
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Figure 4.2 S(x,y) as a function of x with y=0.4

With y = 0.4, the maximum value of S(x,y) = 5.66, is obtained at x = 0.4.

For the combination (x,y) = (0.4,0.4), we find L = 0.092.

Well, here we take note of not including the biological limit x > V2. Consequently, the
possible maximum value of S(x, y) at x = 0.4 - /2 = 0.56: 5(0.56,0.4) = 5.26.

This results into L = 0.13.

Hence, the diameter of the limbs, 0.4, is larger than the length of the limbs, 0.13.
Another cross section with y = 0.2:

5| .

7
0.30 0.35 0.40 0.45 0.50 0.55 0.60

Figure 4.3 S(x,y) as a function of x with y=0.2

In Figure 4.3 it is illustrated S = 10.1 to be a maximum for the smallest possible value of
x=2.8.
In the Figure below the length L is plotted as a function of x and y = 0.2.

[
{

0.30 0.35 0.40 0.45 0.50 0.55 0.60 )

Figure 4.4 L(x,y) as a function of x with y=0.2

26



The maximum value of L = 1.8 is obtained at the lowest possible value of x = 0.28 .

It appears the heat exchange to be increased for decreasing the dimensionless radii x and
y, and increasing the dimensionless length of the four limbs. Obviously, up to a point. Think
about the function of the limbs and its strength.

§ 4.1.2 Optimize the Volume for a given surface S.
We have three variables: rg, 1, and L.
For a given volume S we express L in 15y, 7, and S:

S—4mr?
S =4nri + 8nryl = L =——&
8TT
The volume:
_4 3 27 _ 4 3 2S—4mrd _ 4 3 TS 2

V= ET[TSh + 47TTC1L = ;T[TSh + 4‘7TTC18”—rd = ETL'T'Sh + — anclrsh-
The preceding expression is made dimensionless with S3/2:

Vo4 T el T
§3/2 §n53/2 + 251/2 2m 3/2 °
With

_ Tsh _ Tra _ v
x = Ss1/2 Y= s1/2” andV = §3/2

V= %nx3 + %y — 2myx?.
The dimensionless L:

L 1-4mx?
L=—F=——
s1/2 8my
From the preceding expression we learn:
1—4nx? > 0.

With the biological constraint x > yx/f, we find the range for x :
W2 <x< %(z 0.28).
What about the stationary points?

v 2

P 4tx“ — 4mxy .

v _ 2

P 0 =4nx° —4nxy .
Then,
x(x—y)=0=>x=0,x=1y.
9

X =2 2mx?

ay

9

X =0=2-2mx?

ady 2
Then

1
==

The elements of the determinant of the Hessian matrix:

o0%v
- ﬁ = 8mx — 47Ty ,

02%v
"5 = 0,
_0%v _ 9%s _ _4

axdy  9ydx nx.
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The trace of the matrix is irrelevant, since the determinant is negative: a saddle point.

Figure 4.5 V(x,y) a 3-D representation for a given surface

Next, | will present some cross sections.

It is about optimizing to improve heat exchange.

Hence, for a given surface we look for the lowest possible volume.
Fory = 0.15:

0.18
0.16
0.14
0.12
0.10

0.08

006
T

.20 0.25 0.30 .35 0.40

Figure 4.6 V/(x,y) as a function of x with y=0.15

With the biological constraint x > y\/f, we obtained the range for x :
1
yW2 <x < 5= (=028).

The lowest possible value of V(x,y) is at x = 0.21. Then, V = 0.072.
Fory = 0.1:
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Figure 4.7 V/(x,y) as function of x with y=0.1

The lowest possible value of V(x,y) is at x = 0.14. Then, V = 0.049.
Fory = 0.05:

0.10/
0.08 |
0.06 | -
0.04 | P

0.02}
=
L

0.05 0.10 0.15 0.20 0.25 0.30
Figure 4.8 V/(x,y) as a function of x with y=0.05
The lowest possible value of V(x,y) is at x = 0.075. Then, V = 0.03.

§ 4.2 Optimize the Cylinder and the four Limbs

§ 4.2.1 Optimize the Surface for a given Volume V

Now we have to deal with four variables, see § 3.2

- r the radius of the cylinder as Primal Body,

- L the length of the cylinder as Primal Body,

- 1. the radius of the cylinder as Limb,

- [ the length of the cylinder as Limb.

The surface S

S = 2nrL + 2mr? + 8mryl,

the volume V

V = nr?L + 4nrdl.

We can reduce the four independent variables by expressing one in V and the other three
variables.

Then, to use the analytical approach, we need to make cross section for three independent
variables instead of two. In addition, to present realistic plots use needs to be made of the
so-called biological constraints as mentioned in § 3.2.

§ 4.2.2 Optimize the Volume for a given Surface.
The same remarks as made in § 4.2.1 apply to this case.
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§ 4.3 Optimise the Sphere and the Cone
§ 4.3.1 Optimize the Surface S for a given Volume V
In this case we have three independent variables, see § 3.3.
The surface S
S = 4nrd + R — 2n(rd — 15p\ 15 — 12) = 2nrd + wrR + 21,15 — 12,
the volume V
4 s s
V=cnrg + 18y RE—12 =3 [213 — (213 + r2)rd — 2] =
2 s T
= 5771‘53;, + ;‘rcz,/R2 —12 + 3 (212 +12)Jrs —12.
Three independent variables:
- Typ the radius of the sphere,
- 1. the radius of the cone,
- R the slant height of the cone.
We can reduce the three independent variables by expressing one in VV and the other two
variables.
To illustrate the effect of optimizing, set 1y, =1; .
So,
S = 2mrg, + mrg,R,
and
2 b4
V= Emﬁ, + Ers%w/Rz - 13 .
Next we express R into 7y, and V:
2
3V 12V
R= ( ) — — +512]V2.
[ nrd, Trsp sp]

For the surface to be optimized, we have:

2 2
_ 2 3V 1zv 211/2 _ 2 3V 2..471/2
S =2nrg + nrsp[<n752p) " + 515142 = 2nrd, + [<a> — 12nVry, + Smirg] Y2,
The next step is to make the preceding expression of S dimensionless and denote
S _ Tsp _
m v, and m X,
y = 2mx? + [x% — 12mx + 5m2x*)Y/2,
. . . R
The dimensionless slant height o =2

9

2x%

z= —%+5x2]1/2.

1500 | h
\
1000 |

500}

Figure 4.9 S(=y) as a function of x
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Decreasing x, Figure 4.9, left of the minimum value of y at x = 0.692, creates efficient heat
exchange .

0.5 0.6 0.7 0.8 0.9

Figure 4.10 R(=z) as a function of x

The slant height R(= z), Figure 4.10, increases as a function of x left of the minimum value
of zatx = 0.765.

§ 4.3.2 Optimize the Volume V for a given Surface S
The surface S
S = 2nrg + nr R + 2nrgp\[13, — 12,
the volume V
2 s s

V= Enrs“’;, + ;rcz,/R2 -2+ ;(Zré, + rcz),/rszp - 12,
Three independent variables:
- Tsp the radius of the sphere,
- 1. the radius of the cone,
- R the slant height of the cone.
We can reduce the three independent variables by expressing one in S and the other two
variables.
To illustrate the effect of optimizing, set 1y, =17 .
So,
S =21, + mr,R,
and

_2_.3 ;T 2
V=zsmrg + ErspW/RZ —15.
Next we express R into 7, and S:
R=_S

TTsp

Plug the preceding expression into

— 21gp.

— 2.3, T 2 [p2 2 2 3,7 2 $ 2 2
V—3m"sp+3rsp R rssz—3m‘Sp+3rsp (nrsp 21p)% — 1.

The next step is to make the preceding expression of IV dimensionless and denote
Tsp
si/2

14
L and

y = gnx3 +§x2\/($— 2x)2 —x2 = %nxg' +§xz\/(n—1x)2 —%+ 3x2.

:x,

, , . R
The dimensionless slant height — = z:
s1/2
1

z=——2X.
X
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Aplot of y = gnx3 + gxz\/(i)z — % + 3x2 is shown in Figure 4.11

Figure 4.11 V(=y) as a function of x

1 and x = !
! T Vm

N since of the following

The above figure shows a gap between x =

expression

ng\/(n—lx)z — % + 3x2 = gx/l — 4mx? + 3m2x* = 1 — 4mx? + 3mw?x* < 0 for this range
of x.

Furthermore, the above Figure 4.11, illustrates with x > iﬂ , decreasing x creates efficient

heat exchange. However, the slant height is negative for x > \/i; .

Z—1 2x=>z—0—1 2)(ﬁx—1
T omx T T x T V2

From the above analysis we conclude to improve heat exchange with the environment is
increasing S for a given volume.

§ 4.4 Optimize the Sphere and the Pyramid

§ 4.4.1 Optimize the Surface S for a given Volume V

The major issue is to optimize heat exchange for the combination of primal body and
appendages. So, when applying approximations, | prefer the use of a cube as primal body
for the analysis. The pyramid is investigated in § 3.4. There, instead of a sphere a cube is
used.

The surface of the cube and pyramid:

S = 6¢? —%hw + \/tz(hz + w?2) +ihzw2
the volume of the cube and sphere
1 1
Verp = c3 +§E hw - t.
where c is the edge of the cube, and | reduced the surface of the cube with the area cut out
of the cube by the basis of the pyramid. | set the width of the beak(pyramid) w = ¢, se

Figures 2.6 and 2.7.
So,

S = 6¢2 —%hc + \/tz(hz + c2) +%h202,

S =S5(ct, h),and Vesp = V(c, t, h), both functions of three variables.

Since, we analyse for a given I/, we express tinV,cand h :
_ 6(V—=c®)
- h-c

t
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Plug the latter expression into S:

1 6(V—c3 1
S=6-c? —Eh-c+\/[%]2+z(h-c)2.
Now S = S(c, h) is dependent on two independent variables.
In Appendix 1, we presented the procedure to find the stationary points of a function
dependent on two independent variables.
We can do a bit more to simplify the function S = S(c, h), since the assumption h increases
with increasing ¢ and consequently w, the width of the beak, is realistic. Here | assume a
linear relation
h=a-c,
with0<a < 1.
We make the expression for S dimensionless

I — _ S r € r _ h
S=F——Z,c—m,andh——l.
V3 V3

Plug the preceding expressions in S, after dropping the primes:
S = (6—%a)c2+\/ [

. . as
To find out about the maximum value of S, we could calculate 3 and

1

1 6(1—c3)
c

12 + 1a2. 4
a 4
a%s
ﬁ .
However, | use the graphical approach. By making the variables dimensionless using V/,
makes the graphical approach feasible sinceh = a-c = 0(1),and c = 0(1). A few graphs

are plotted.
1

A graph of S witha = "

140 |

BO| y

B0 | /
40| N

20t R

Figure 4.12 S(c) as a function of ¢ with a=1/4

The above graph shows for ¢ < 1, decreasing the size of the cube leads to an increasing
surface and consequently improvement of the heat exchange. For ¢ > 1, increasing the size
of the cube leads to an increasing surface and consequently improvement of the heat
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exchange.

1 .

A graph of S witha = >

80|
60 |

40 k /
M

an | - -
20 — -

Figure 4.13 S(c) as a function of ¢ with a=1/2

This graph shows the same pattern as presented in Figure 4.12.

A graph of § witha = 1:

50|

40 /

:sué /

Figure 4.14 S(c) as a function of c up to 2, with a=1
This graph shows the same pattern as presented in Figure 4.12.

§ 4.4.2 Optimize the Volume V for a given Surface S
The surface

S = 6¢? —%hw + \/tz(hz + w?2) +ihzw2 .

The volume of the cube and sphere

Verp = €3 +§% hw - t.

where c is the edge of the cube, and | reduced the surface of the cube with the area cut out
of the cube by the basis of the pyramid. Set the width of the beak(pyramid) w = ¢, see

Figures 2.6 and 2.7.
So,

S = 6¢2 —%hc+\/t2(h2 + c2) +%h202.

Since, we analyse for a given S, we expresstinS,cand h :

—6c241h0)2
[ Jw_zhzcz
h2+c2 4 )
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The volume of the cube and sphere

1.1 he - \/(S—6cz+%hc)2—%hzcz
3 2 h2+c2 )
Plug into the expression for V.., :h=a-c

Verp =3 +

1 1
(S—6c?+7a-c?)?—2a%c*

_ 341
Vc+p =ct ga C\/ a?+1
As usual, make the expression for V., with S, after dropping the primes

[1—(6—1a)62]2—1a204
2 4

a?+1

1
Verp = c3+ga-c\/

[1-(6-2a)c2]2-tazc* .
( 2 ) 2 leads to the constraint:

The square root \/

a?+1

[1—(6—%a)cz]2—%a2c4>0,
or

2 1 212 1 2 4 2 4
1-(12-a)c +[(6—5a)c] —gac >0->1—(12—a)c*+ (36 —6a)c* +
%t it > 0t -2tz L5,
4 4 36—6a 36—6a
Then,

6—2a 6—2a 1 6—2a
CZ > 2 i ( 2 )2 _ N C2 > 2 i 2 .
36—-6a 36—-6a 36—-6a 36—6a ~ 36-6a

Since 0 < a < 1, the constraint is

c> /i
6—a

| use the graphical approach to find out about the heat exchange. By making the variables
dimensionless using S, makes the graphical approach feasible since h = a-c = 0(1), and

¢ = 0(1). Afew graphs are plotted.
1

Agraph of Veyp witha = "

10}
Bt

Ii: S

e —

0.5 1.0 1.5 2.0
Figure 4.15 Vc+p as a function of ¢ with a=1/4

With increasing c , heat exchange decreases since the volume increases for a given surface
S. Consequently, to improve heat exchange ¢ decreases.

Next, a graph of V¢, witha = %;
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0.5 1.0 1.5 20
Figure 4.16 Vc+p as a function of ¢ with a=1/2

The same pattern as in Figure 4.15.

A graph of V.., witha = 1:

Figure 4.17 Vc+p as a function of ¢ with a=1

The same pattern as in Figure 4.15.

The constraint ¢ > s illustrated in the above Figure.
When \E <c< /ﬁ » Vep is @ complex number. Hence a meaningful value of ¢ for

. . . . . 1
improving heat exchange with the environment is ¢ > ’a .Then, for these values of ¢ heat

exchange increases with decreasing c.

§ 4.5 Optimize the Sphere and the Pyramid

§ 4.5.1 Optimize the Surface S for a given Volume V
For the analysis of the sphere and the cylinder | use some of the results of the sphere and
the cone, see Figure 3.1 page 14:

A =2n(1d — 113 — 12),
where 7; is the radius of the cylinder.
V3
Vo, = 3 [21‘53;, — (eré, + rcz),/rsi, — rcz].
Then, the surface of primal body and the cylinder
S = 4nrd + 2nr L — 2n(rd — 1y J1 —12) + nr2 =
= 2nrd + 2mr L + 21112, — 12 4+ wrd
The volume

V= gnrs?;, + r?L — g [2r3 — (2rd +r2) 13 —17] =
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= gnrj‘p + nr2L + % [(2r2 +72) 13 —72].

where L is the length of the cylinder.

The surface S is dependent on three independent variables: 7, 7, and L.
Since we analyse the case for a given volume, L can be expressed in I/:

V—grgp—g[(2r§p+r§) /rszp—rcz]
L= > .
Tc
The above expression for L is plugged into the expression for S:
S = 2wy 4 2nr L + 211, 15, — 12 + rd =

23 _1 2 4.2 2 2
5 V—Ersp—g[(2r5p+rc) /rsp—rc] 5 5 5
= § =2nrg, + 21 " + 2Mry [Ty — 1E TS
c

Again, we make the preceding expression dimensionless with :

I _ r _ Tc
S ——V2/3,rsp——vl/3,andrc =i

Then after dropping the primes the expression for the surface reads

S =2mrd, +2n . + 211y 15 — 12 + rd =
c
1-2¢3, 2| (212, -3rg,rc+18) [1r2)—12
37sp 3 Sp spTctTc sp~T¢
+ 27 -
c

For a given V', L becomes negative by increasing 7y, for a given value of 7.
The dimensionless function of L

2.3 _1 2 4.2 2 .2
1-37sp —5[(21‘5,, +78) ,rsp —12 ]
L= — .
c

In the plot below this is illustrated

S 7 Tsp

2.3 _1 2 1 22) (2 _p2
1-378p —;[(erp +12) |rd,—1 ]

= 211, + 2.

1 o F—

3]
5

T 0.4 0.5 0.6 0.7 0.8 ||_‘_-\ 1.0

Figure 4.18 L as a function of the radius of the sphere with T, =0.25

L becomes negative for ry;, > 0.89.
Next, a plot of S with r, = 0.25:

100 |
l
Y
[N
BO | \\

.,
",

60 \

40 ~—

Figure 4.19 S as a function of the radius of the sphere with T, =0.25
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Improving heat exchange with the environment is obtained by reducing the radius of the
sphere 1y,. The length of the cylinder increases simultaneously. See Figure 4.18.
As a special case | analyse the 1, = 7y, . It looks a bit like the toucan.

g, Allimages

Figure 4.20 The Toucan

With 7, = 75
2.3
1—=1¢
S =3mr? + 2n——,
Tc
and
2
L _ 1—;7‘"-3
TZ
c

In the figure below S is presented as a function of the radius of the beak.

25\
: /

0.5 10 1.5 2.0
Figure 4.21 S as a function of the radius of the beak

Left of the minimum improvement of heat exchange is obtained in a more efficient way
than at the right of the minimum(r, = 0.84).
The length of the beak becomes 0 at 7, = 1.14.

§ 4.5.2 Optimize the Volume V for a given Surface S

We use the Toucan case: the radius of the sphere equal to the radius of the cylinder(beak).
The surface, with ry,, = 7.
S = 2mr2 + 2nr.L + 2mrgy 15 — 17 + nr? = 3nr? + 2nrL.
The volume
V= gnrs?;, + nr?L + % [(2r3 +72){r3 —1?] = %ﬂrf + L.
With a given surface
_ S-3mr2

27T,
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Then we have for the volume

S—3mré 5 3

T
==S—-nur’.
2 6

V= gnrcg’ + 7,
Make the expressions for
L and V dimensionless with §

r L y __V 1 _ Tc
L _51/2'V _53/2_)rC T os1/2
After dropping the primes:

T, 5
V==—-nrd,
2 6
and
_1-3mré
- 2Tre
A plot of V:
0.05 :,-"/. ‘\‘\

0.05

Figure 4.22 V as a function of the radius of the beak

By decreasing the volume left of the maximum(7, = 0.25), the ratio surface to volume is
increased and the heat exchange with the environment is improved.
A plot of L:

1.5}
i

0.2 0.3 H'“"----.___il_.l

Figure 4.23 The length of the beak as a function of its radius

As expected, the length of the beak increases with decreasing radius of the beak.
L =0forr, =0.33.

§ 5 Conclusions

As mentioned in the introduction, adaptation to climate change, according to the research
of Ryding, et all, is about altering the bodies of animal species by increasing the dimensions
of appendages. Furthermore, Ryding, et all, page 4: “While studies on morphological effects
of climate change in mammals relate to overall body size, changes in appendage size are
evident, too.”

39



In this paper the effect of increase of the surface of the primal body on heat exchange with
the environment is analysed in § 2. The effect is clear.

The modelling in this paper describes the adaptation of animal bodies to climate change. By
increasing the surface of the appendages, as analysed in § 3, the surface of the animal
increases relative to the total volume. So does the heat exchange with the environment. Use
has been made of analytical geometry.

In § 4, we analysed the changes of the geometry of the primal body and the appendages.
The heat exchange with the environment is improved by changing the morphology.
Obviously, up to a point. The point is the relation between the temperature of the body and
the wet bulb temperature of the environment. Wet bulb conditions occur when heat and
humidity are too high for sweat to evaporate, www.insider.com .

The drama that follows is described by Brannen(2017).

In the table 1 below, | summarize the effect of increasing the surface of the appendages.
The primal body is treated to be constant.

Table 1: Summary of the Results

Primal Body Appendages | Increasing Heat Exchange
Sphere § 3.1 Limbs +
Cylinder § 3.2 Limbs +
Sphere §§ 3.3,3.4 and 3.5 | Beak +

In table 2 the morphological adaptation of the combination of primal body and appendages
are summarized.

Table 2 : Summary of the Results.

§ 4.1 Sphere and four limbs Adaptation is possible
§ 4.2 Cylinder and four limbs idem
§ 4.3 Sphere and beak(cone) idem

§ 4.4 Sphere and beak(pyramid) | idem
§ 4.5 Sphere and beak(cylinder) | idem
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Appendix A function of Two Independent Variables

Al The Sphere as a Primal Body and the Limbs Section 3.1

The ratio of the body surface and the volume with four limbs

2
. Antrgy+8mreL
ratiog nrd +amr?L
3'*'sh cl

Hence,
ratiog = ratiog(r, L).
First, | make ratiog dimensionless with 7y, the given radius of the sphere, i.e., the primal
body:
_Ta _ L
Y T
Then the new function ratiog is F(x,y) = 15, * ratiog:
1+2xy

F(x,y) =1

1,2y
3Tx%y

Figure 1A F as a function of y with x=0.1

In Figure 1A, a plot of F(x,y) for x = 0.1 . The ratio increases with y , illustrating the
increase of heat exchange. Over the range of y : an increase of about 15%.

The derivatives:

F 22 1+2xy22xy=0=>2y(§+x2y)—(1+2xy)2xy=O=>

Tox %+xzy G_szy)

=2y +2x2y? -2y —4x?y? =0 =2y —xy —x%y? =0 =y(;—x —2?),
withy =0, and

%—x—x2y=0.

_a_F 2 _ 1+2xy 2 _ 1 2 _ 2 _
oy Lixty (§+x2y)2 x°=0=2x (3 +x y) 1+ 2xy)x*=0=

2 30 w2 93— — w2
=3x+2xy X 2xy—0—x(3 x),
with x = 0, and

Z_x=0.

3

Then,

()=
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withy =0,andx =0
1
5 .

. . . 1 2 2 3
So, we obtain four stationary points: (0,0), (O, g) , (5' 0) and (g ’_Z)'
The latter stationary point has no physical meaning.
Furthermore,

F at (0,0), (0, %) , (g, 0): F = 3 = no appendages: the sphere.

2y = __3 _
;X xy=0=>y= 4,andy—

In section § 3.1, we found:

2 T
Z> e
3 Tsh

. el 2
So the maximum value for — = -

Tsh 3
- . r 2
Now, | will illustrate the importance ofr—” =3
sh

For this F(x,y) = ry, - ratiog = 1:2:3/ is plotted below for two cases: x = 0.65, and
37Xy

x = 0.7.

3.04 | _—

3.03|

Figure 2A F as a function of y with x=0.65

In the figure above we have 3.01 < F < 3.04.

2.5];;\
[

296 | ey

s
-,

2094 |

Figure 3A F as a function of y with x=0.7

In the figure above we have 2.92< F < 2.98.
The two plots above 2A and 3A illustrates the change of an increasing F(ratio) into a
decreasing F(ratio)= a change from increasing heat exchange into a decreasing heat

42



T 2 .
exchange. So, x = —<L = Z js athreshold.”
Tsh 3
Here, | assumed this to be a maximum.
A proof.
We need:
0°F 0 2y 0| 1+2xy
"o a_< )‘5 o) 2| =
i (5+x27)
2 2y+8xy? 1+2x
:—1—32]2236' - 1)/ 2y2 2 1 2y34X2y2=
(5+22v) (5+x2v) (5+22)
_ 2y+12xy? x2y2+2x3y3
! 2 1 3
(5+x2) (5+22v)

d%F 9%F i} ( 2x ) | 1+2xy

B = “ax\I 2 T ax 2
oxdy dydx dx S+x%y dx (§+x2y)
2 4x? 2x+4x? 1+2x
= L -+ 2 oy =
Y (Grry) (Gey) ()
2 2x+8x2%y x3y+2xty?
-1 - 2 3
+x? 1 1
gtV (3+x2y) (3+x2y)
9’F @ 2x 0| 1+2xy | _ 2x3 2x3 1+2xy 4
_ayz_a l+x2y _51 zzx T,V 22+21 23x_
3 (5+x27) Gre2v) (Gr2) (5+x2)
4x3 x*+2x5y
= — 1 5 2 + 2 1 5 3 .
(+x2v) (+x2v)
With these ingredients we can construct the Hessian matrix:
9°F 9°F
dx2  0xdy
M= 92F  0%F
dydx  dy?
The determinant of the matrix:
9°F 9°F

0x?  9xdy| _ 9°F9*F _ 93*F O9°F
9°F  9%*F | o0x20y? 0xdy dyox’
dydx  dy?

and the trace of the matrix:

Plug these values into the determinant and the trace. The result is:

0%F 0°F  9°F 9°F
- mi i ive: — — — =_-12
the determinant is negative: —— 377 923y 3yox )

. 0%F | 9°F
- the trace is zero: —— + 377 0.

7 The plots do not change much when we choose x = 0.666 and x = 0.667. However, 3.001 < F < 3.002
and 2.999< F < 3.000, respectively. Near the stationary point F = 3.
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The determinant is negative, so irrespective of the trace, the stationary point is a saddle
point at (x,y) = (0,0).

Now, | plot F(x,y) withy = 1:

32F S
\
3.0 1 \
| i
25
I].II] 0.1 0.z 0.3 0.4 0.3 0.6 0.7

Figure 4A F(x,y) as a function of x with y=1

In Figure 4A E,,4, = 3.75 at x = 0.28.

Withy = 0.5

34| ~ ~

29]
Az

00 o1 02 03 04 05 06 07
Figure 5A F(x,y) as a function of x with y=0.5

In Figure 5A E,,q, = 3.42 at x = 0.29.

With y = 1.5:

L
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 6A F(x,y) as a function of x with y=1.5
In Figure 6A F,,,,, = 4.1 at x = 0.24.

Withy = 2:
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T _\__'

0.0 0.1 02 .3 0.4 LR 0.6 07

Figure 7A F(x,y) as a function of x with y=2
In Figure 7A F,, 0 = 4.8 at x = 0.22.

In Figure 8A, | pictured F(x,y) with0 < x < 0.7and 0 <y < 1.5.
Th five maxima of F are indicated.

Figure 8A F(x,y) pictured as a function of 0<x<0.7, and 0<y<1.5

| calculated F, gy :

Y = 3: Fpax =4.9atx = 0.22,

y=4:Fu. =53atx =0.2.

With increasing y, F,,4x increases and the x- coordinate decreases.

Let us plot F(x,y) as a function of x with y = 20, a not very realistic geometry.

45



6
4
2
—
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Figure 9A F(x,y) as a function of x with y=20

In Figure 9A:
y = 20: Epgr =9.5atx = 0.12.
1
_ 14+2xy §+2x
F(x,:)’) - §+x2y - %_'_xz .

Hence, fory >» 1: F(x,y) = i . What does a 3-D picture of F(x, y) look like?

Figure 10 A F(x,y) in 3-D with GeoGebra

In Figure 10A | showed F(x,y) in 3-D. In the analysis the relevant part is the left corner
below with x > 0, the red arrow, and y > 0, the green arrow. F is represented by the
vertical, blue, arrow.
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Figure 11A A detail of Figure 10A

To put the analysis in perspective, | showed in Figure 11A the range for 0 < x < 1, and
0<y<15.

_/ 1 2 3 4

Figure 12A F(x,y) as a function of x with y=1.

Furthermore, in Figure 12A a cross section of F is shown for y = 1.
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