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ST = LU TR 281

1 Motivation, Page 1

“Understanding the universe of quantum mechanics is much like an understanding of a new
culture where appropriate language is mathematics and the experiences we are tempting to
put in context are experiments”.

Feynman is cited. By the way, Feynman admired Dirac.

Furthermore. Boccio paid attention to the work of Dirac and denoted it the Dirac Language.
| denoted it the Dirac Algebra.

1.1 Basic Principles and Concepts of Quantum Theory, page 4
Two equivalent formulation of Quantum Mechanics are presented:
- Schrodinger wave mechanics

- Heisenberg matrix mechanics

Dirac developed a general formulation for quantum theory.

1.1.1 Mathematical Methods, page 4
Boccio presented in this section a list of techniques to be used.

1.1.2 Classical Concept, page 5
Boccio summarized the various classical theories which quantum theory relies on.

1.1.3 The Fundamental Principle of Quantum Mechanics, page 6
On page 9, Boccio presents the Basic Principle of Quantum Mechanics.

1.2 Simple Ideas about Probability, page 10
The principles of probability are presented.

1.2.1 Discrete Distribution, page 10

1.2.2 Continuous distribution

Remark: Bottom of page 13

The expression for Au should read:

(Aw)? = (u?) — 2((w(w)) + ((u)?) = (W?) — 2(u)u) + ((w)?) =
= (u?) = 2(u)(u) + (u)?* = (u?) — (u)?, a typo.

Bottom page 14:

“Another trick” to evaluate ffooo w2 e W dw , Eq.(1.18),is integration by parts.

So,

0 2 1 w2 1 p00  _,2 N
[ ow?e™dw=—-we™ |% +=[ e Wdw="—.
—co 2 2)-w 2
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1.2.3 Review of waves and diffraction of waves, page 15
In this section the equation of plane- and spherical waves are recapitulated.
At the bottom of page 16 Boccio presented the correct and proper definition of a wave.

, _ OF
Note: F i

1.2.4 Diffraction of Waves, page 24

This section is about diffraction at an opaque screen, Fig. 1.9, page 24.
On page 26 an application of diffraction is presented, Fig. 1.10.

The interference pattern is shown in Fig. 1.12.

1.3 Review of Particle Dynamics, page 28
In this chapter the analysis is relativistic

1.3.1 Relativistic Dynamics, page 28
The kinetic energy is dealt with.

| suppose in the analysis: m = m,,.
2

Deriving Eq.1.82, use has been made of the substitution: u = :_2

. du du

Furthermore, the integral [ ydu =, should be [ ——.
With Egs.(1.77) and (1.85)—Eq.(1.86).
Eq.(1.77):

1 20,2 2 2 2.,2( .2 2 2.2
Yy = - y%(c*—v*) =c* > mgiy-(c® —v*) = mjc?,

/1—(%)2

and

(g)2 — p? = mdy?c? — miy*v? = m3c?, Eq.(1.87).

1.4 Wave-Particle Duality of Light, page 30

- Wave nature—diffraction pattern.

- Particle nature—photoelectric effect.

On page 30, Fig. 1.13, an experiment representing the photoelectric effect is shown.
Photoelectrons are mentioned (as Fitzpatrick did). Well, | know of photons and electrons.
Photoelectrons?

1.4.1 Einstein’s Photon Hypothesis, page 32

In Eq. (1.91), the linear relation between the maximum kinetic energy and the frequency is
presented. This relation is shown in Fig. (1.15).

The double slit experiment is discussed and presented in the Figs. (1.16) and (1.17).

1.4.2 Wave-Particle Duality of Electrons, page 35

The particle-like properties are illustrated with the trajectory of an electron in a bubble
chamber.

The wave like properties are demonstrated with the diffraction of electrons by a crystal.
The Broglie wavelength Eq.(1.97) is introduced.

Then Boccio formulated the question: Why isn’t the diffraction of macroscopic objects
observed? The answer to this question is illustrated by the experiment shown in Fig. (1.19).
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2. Formulation of Wave Mechanics -Part |, page 39

2.1 Basic Theory, page 39

2.1.1 Postulate 1a, page 39

The wave function ¥ (¥, t) or probability amplitude is defined by the Eqgs (2.1) and (2.2). The
wave function is normalizable and continuous.

The plane wave function is not normalizable.

On page 42, the third integral in the proof is obtained by representing the complex numbers
and functions in a real and an imaginary part.

2.1.2 Postulate 1b, page 43

Just above the definition on page 43, use has been made of the results in the foregoing
section: |uju,| < %[Iu%l + |u3|.

On page 43 Boccio introduced the Properties of the Inner Product and the properties to be
obvious by inspection.

Well, Dirac: page 21 “We assume that these two numbers are always equal”.

Now by inspection the first property.

(P11d2)" = (P2l1)?

Proof

Assume (¢ |p,)" = (¢,|d1), to be correct. The complex conjugate of this expression is:

(¢1|¢2)** =(P21d1)" = (P11d2) = (D2lP1)" = (D1lP2)" = (P11 i
= (P11d2)" = (P2]1).
End of Proof

The second property:

(D1l(A202 + A393)) = (P11A202) + (P1]A3h3) -

| assume A, and A3 to be complex numbers.

Susskind mentioned this to be the axiom of linearity. Obvious by inspection? | do not know.
Furthermore for the second property, denoted by me property 2a:

(P11(A22 + A303)) = (P1|2202) + (P1|A3h3) = A2{1l2) + A3(p1¢p3).

In Eq. (2.8) it is shown by the integral representation of the inner product that the complex
numbers 1, and A3 can be written of (¢, |¢,) and (¢ |p3).

For the second property there is another one denoted 2b. Take the complex conjugate and
use property 1 and property 2a(linearity):

((A2¢2 + A303)|1)" = (P1[A202) + (P11A33) = A2(P1p2) + A3(h113).

Take the complex conjugate of the latter expression and use property 1:

(A2 + A303)|P1) = A5 (P2l 1) + A3 (P31).

The third property:

(| ) is real, with (p|¢p) = 0.

With the first property: (¢|¢d) = (p|¢) *. Suppose (p|¢p) is a complex number. (p|p) *is
the complex conjugate. When a complex number equals its complex conjugate, the
imaginary part of that complex number must be zero. So, (¢p|¢) is a real number.

Proof:

Represent (¢|¢) by a + ib, where {a, b € R}.

Then,
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a+ib=(a+ib)*=a—ib->b=0.

End of Proof.

Note: Dirac page 21.

On page 44 Boccio proved Schwarz In equality.

2.1.3 Fourier Series and Transforms and Dirac Delta Function, page 47

Fourier Series.

The theory of Fourier transforms is presented. An example of a Gaussian function is given on
page 50.

The Dirac delta function, a generalized function.

The properties of the Dirac delta function are presented. The integral representation of the
delta function is given.

In section 15 of his book, pages 58-61, Dirac presented the § function.

Chisholm and Morris analysed the Dirac §-function, Fourier Series, and Integrals in Chapter
18.

2.1.4 Postulate 2, page 59

Motivation.

Postulate 2.

In postulate 2, Boccio writes: “...the position and momentum distribution are related!!!”.
Eq.(2.96), the momentum operator is defined.

Then, the operator for the non-relativistic kinetic energy is derived.

Boccio: “Operators will play a fundamental role in our development of quantum theory.”

2.1.5 Operator Formalism, page 64

Keep in mind: an operator always operate on something. This is not trivial as illustrated in
the example Eq. (2.105). This is also illustrated with the commutator of the position and the
momentum operator, Eq.(2.107).

In this section, Boccio presented a couple of examples of commutators:

[xj,xl-] = 0,— position operators are independent. Consequently x; = x;.

Furthermore, the definition of linear operators to be Hermitian is given.

2.1.6 Heisenberg’s Uncertainty Principle, page 66

To derive Heisenberg’s Uncertainty Principal, Fourier transforms are used.

First Boccio started with an Heuristic argument.

On page 67, Boccio explained the difference between the classical and the quantum
mechanical case with the Heisenberg Uncertainty principal.

Deriving (2.125), with for example the operator D to be Hermitian:

(| DDy) = (D*yp|Dyp) = (Dp|Dyp).

Remark.

| do not understand Boccio did not introduce the dagger, .

The Hermitian conjugate of a matrix A = (A7)* = At.

A square matrix A is Hermitian if it is its own Hermitian conjugate (A7)*, (Chisholm and
Morris, page 456, and Susskind, page 61).

14



2.1.7 Postulate 3a, page 78

For every physical quantity there exist a linear operator.

The comments on the postulate are interesting insofar operators are used which do not
commute. So, e.g., position and momentum cannot be measured simultaneously.
Boccio explained how to construct a Hermitian operator out of two non-commuting
operators: Eq. (2.182).

2.1.8 Postulate 3b, page 80

Boccio presented a physical quantity to be a function of position and momentum. The
operator depends on the ordering of position and momentum. This ambiguity is partially
removed by requiring the operator to be Hermitian.

Boccio: “Only experiment can determine which ordering of non-commuting factors yield the
Hermitian operator that corresponds to a physical quantity, depending on position and
momentum, measured in a specific way.”

Two examples are presented:

- Energy of a particle in a conservative force field—no ambiguity in ordering of factors.

- Angular momentum of a particle—no ambiguity in ordering of factors.

Some general rules for commutators are given.

2.1.9 Important Questions, page 82

The first question is about the eigenvalue of an operator.

At the top of page 84 Boccio introduced the theorem: The eigenvalue of a Hermitian
operator is real.

Proving this theorem, Boccio used eigenvalues A and a. | do not see why.

Let’s look at the proof in a slightly different way, with operator A, wave function ¢, and
eigenvalue A:

Alo) = Alo). (C.2.1.9.1)
The Hermitian conjugate:

(PolAT = (Yo|2". (C.2.1.9.2)
Since A is Hermitian, (C.1.2.9.2) can be written as

(YolA = (holA". (C.1.2.9.3)

Multiply (C.2.1.9.1) with (], and (C.1.2.9.3) with |i,). The result is:
(WolAlo) = Aaholho),

and

(¢0|A|1/)0) = /1*<1/)0|1l’0)-

For both expression to be true: A* = A.

2.1.10 The Time-Independent Schrédinger Equation, page 84

As an operator we have the Hamiltonian.

Boccio postponed the solution of Eq. (2.204) and considered first the eigenvalue equations
for linear momentum, position, and angular momentum.

2.1.11 Some Operator Eigenvalue/Eigenfunction Equations, page 84

Linear Momentum

The eigenvalue equation, a first order differential equation and the solution are given, Egs.
(2.207) and (2.208).
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Conclusion: there are no physical solutions to the eigenvalue equations for p,.
Measurements of linear momentum performed on identical prepared particles will always
yield a spread result.

Position

The eigenvalue equation, Eq.(2.211) and the solution, a §-function are given (see also
Susskind, Lecture 8.2.1).

There are no physical solutions to the eigenvalue equations for position.

Measurements of position performed on identical prepared particles will always yield a
spread result.

Angular Momentum

The eigenvalue equation in Cartesian coordinates: Eq.(2.215).

Boccio switched to spherical polar coordinates.

The eigenvalue equation and solution are given in Egs.(2.219) and (2.220).

In Eq.(2.219): a is the complex eigenvalue.

Important Observations

From the singlevaluedness assumption follows the eigenvalue: a = lh, with[ = 0,11, £2,..
There are physical solutions for the wave function for a measurement of L,, the angular
momentum operator. The measurement results in the eigenvalue a = lh, with certainty.
Notes On angular momentum, page 89. (See also Fitzpatrick, Undergraduate Course,
Chapter 8).

Boccio made observations on the probability of finding a particle in a certain region of
space, using the eigenfunction of L,.

Given(L,) = lh,{Ly) = (Ly) = 0 is derived.

Next the case is analysed where the wavefunction is not an eigenfunction of the operator A
with eigenvalue a. The results of this analysis are a couple of difficulties which will be
ignored.

Notes On linear operators.

At the top of page 91, Boccio introduced the dagger t.

Boccio writes: “Thus: if A is a linear operator, their exists an operator Af called the adjoint
operator of A such that

(P114¢2) = (A" P1192), Eq. (2.231)."

The adjoint operator is presented by Dirac on page 26 and 27, Section 8 Conjugate relations.
On page 27 Dirac concludes: Thus the adjoint of the adjoint of a linear operator is the
original linear operator.

In the notes, Boccio explained the relation between ATand A*?

In note 1, A is treated to be Hermitian. The proof of note 4 can be found on page 27 of
Dirac.

May we also conclude AT = A*?

On page 96, degeneracy is defined.

2.2 Energy Measurements, page 102
The eigenvalue equation for energy is the time-independent Schrodinger equation.
Normalizable solution of the Schrodinger equation are called bound states.
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As an example, Boccio analysed a particle in a rigid box, with the potential —» oo, at the
boundaries of the box.

General discussion on boundary conditions.

Boccio analysed the examples of

- the potential V(x) to be continuous,

- V' (x) an infinite jump(square well and §-function potentials).

One-dimensional Infinite Square Well.

The one-dimensional Schrodinger equation is solved for the given boundary conditions.
The energy eigenvalues are derived, Eq.(2.308).

Each eigenvalue is non-degenerate. The energy levels are quantized. The ground state # 0 .
The energy levels for a macroscopic object, an electron confined to an atomic distance and a
proton confined to a nuclear distance are given: Egs. (2.313) -(2.315).

Then, the orthogonality of the eigenfunctions is checked.

On page 113, Eq.(2.328) for x € [0, ] should read x € [0, L], | suppose.

On page 115, another example is analysed: A positive potential barrier of height iL and

N7
width L. The wave function 1y (x) # 0 within the barrier.

Question: Is it a barrier?

On the next pages, Boccio discussed the spectra, discrete and continuous, of all eigenvalues
of an operator A.

At the bottom of page 120 a Basic Problem is introduced. It is about what values can be
obtained from the measurement and with what probability.

2.3 Collapse

The question: How to prepare a particle so that the wave function at t, is completely
determined?

Based on experimental result, Boccio explained how to make subsequent measurements to
replicate a measurement.

2.3.1 Postulate 4: Collapse of the Wave Function

The postulate is based upon a set of discrete and continues eigenfunctions.

The first part of the postulate: the measurement of the observable A yields the value
a,,then the wave function collapses to the discrete part of the wave function. The second
part of the postulate is about the continuous part of the wave function.

The collapse of the wave function has a simple geometric interpretation, Illustrated on page
126. Two cases are presented: 1) All non-degenerate eigenvalues and 2) Some degenerate
eigenvalues. The same geometrical approach cannot be used for the continuum
eigenfunctions.

Next, Boccio elaborate on measurements using a discrete spectrum and explained to be
careful in choosing which subsequent measurements to make, bottom of page 127.

Then, on page 128, Boccio explained that for subsequent measurements where the
observables to be compatible, operators-commute, there will be no problem.
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3 Formulation of Wave Mechanics — Part 2

3.1 Complete Orthonormal Sets

In this section, Boccio starts with the proof: [4, B] = 0, implies A and B are compatible.
At the bottom of page 139, summarizes the result about compatible observables:
compatibility is equivalent to commutativity.

This section is concluded with an example of a free particle in Three Dimensions. The
Hamiltonian is presented in Eq.(3.26), where to methods are used to find the eigenvalues
and eigenfunctions.

3.2 Time development
To find the probability distribution at a particular time, the time-development of the wave
function between measurements must be specified.

3.2.1 Mathematical Preliminaries

Some proofs about operators are discussed.

Next the time development of the wave function is considered.

In Eq. (3.83), the time dependent Schrodinger equation is presented and the Hamiltonian
operator, Eq. (3.88).

3.2.2 Postulate 5: Time Development of the Wave Function

Here, the time dependent Schrodinger equation is presented without the function c(t).
“From this equation, one can determine the wave function (X, t) at time t by knowing
Y (X, ty), the wave function at some initial time t,.”

3.3 Structure of Quantum Theory

3.3.1 Initial preparation of the Wave Function at ¢,

Here, Boccio presented the steps to be taken to measure a complete set of compatible
observables at t, to determine (%, t,).

The conceptual difference between the time-dependent Schrodinger equation,

.
HY = ih 5
and the time-independent Schrédinger equation,
HY = EY,

is presented.

3.3.2 Basic Problem of Quantum Mechanics

By plugging a general expression of the wave function into the time dependent Schrédinger
equation, a solution is presented for the wave function: it represents the general result for
expansion of an arbitrary wave function in terms of energy eigenfunctions.

The general solution is presented in Eq.(3.106).

Important conclusion: The particle therefore remains in the same eigenfunction of energy

This section is concluded with an example of a Non-Stationary State.
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3.4 Free Particle in One Dimension (motion along the x-axis).

The Hamiltonian is presented in Eq. (3.123). Momentum is used to denote the eigenvalues.
The wave function is presented in Eq. (3.135) and is denoted a wave packet.

The difference between group velocity and phase velocity is explained.

3.4.1 The Method of Stationary Phase.

The wave function is presented in Eq. (3.143).

The maximum value of the wave function is found where the integrand’s phase is stationary.
The next estimate of time and position where the wave function is appreciable is estimated.

3.4.2 Application to a Free-Particle Wave Packet
The velocity of the peak of the wave packet is determined: Eq. (3.152).

3.5 Constants of the Motion

Boccio started with the time dependent Schrédinger equation: Eq. (3.154).

The Hermitian operator A is assumed to be time independent. This is defined in Eq. (3.158):
L4y=0

dt o

Boccio showed a couple of examples.

3.6 Harmonic Oscillator in One Dimension
The Hamiltonian is given by Eq. (3.168).

The classical result is presented.

Boccio showed the quantum mechanical of (x) follows the classical trajectory.
Then Boccio looked for the eigenfunctions and eigenvalues.

Two methods are used:

- Differential equation method

- Operator algebra method.

3.6.1 Differential Equation Method

The time independent Schrédinger equation: Eq. (3.176).

The result of this analyses is presented by the Egs. (3.206) - (3.210).
A similar analyses is given by Fitzpatrick and Mahan.

3.6.2 Algebraic Method

The Hamiltonian is given in Eq. (3.221).

The concept of raising and lowering operators are presented by Egs. (3.225) and (3.226),
bottom of page 177. See also Dirac and Susskind.

3.6.3 Use of Raising and Lowering Operators
The position operator and the momentum operator are expressed in the raising and
lowering operator: Eq. (3.272).
Expectation values can be obtained by using the operators without evaluating integrals. See,
e.g., Eq.(3.276), the harmonic oscillator:

h 1
(x?) == (N +2).

Furthermore,
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Ey = ho(N + %), Eq.(3.277).
With this expression for E the time-dependent part of the wave function in Eq.(3.2.82) is
obtained.

3.7 General Potential Functions

The Hamiltonian is presented in Eq. (3.300).

The time dependent wave function is presented in Eq. (3.302).
A general potential function is presented in Fig.3.11.

3.7.1 Methods for Solving this Eigenvalue Equation

Boccio discussed the solution for this general potential and referred to Chapter 2.
Furthermore, several general potential functions are analysed.

The step function potential Fig.3.18, is used to illustrate a piecewise constant potential
energy.

3.7.2 Symmetrical Potential Well Finite depth)

The case is illustrated in Fig. (3.21). with the Hamiltonian the parity operator II is used:
[1f (x) = f(—x). This parity operator commutes with the Hamiltonian. Boccio proved the
commutation on page 203.

3.8 General One-Dimensional Motion
The potential is given in Fig. (3.24).
Incident, reflected, and transmitted waves, eigenfunctions, are analysed.

3.8.1 Physical Significance of form of ¥ (x, t)
It is about wave packet evolution: incident, reflected and transmitted.
On page 218, the results for incident, reflected and transmitted waves are summarized.

3.8.2 General Comments
As the title indicates, comments are summarized comparing the classical case and the
guantum mechanical case.

3.9 The Symmetrical Finite Potential Well

The potential energy function is presented in Fig.3.33.

The various coefficients of the reflected and transmitted wave functions are expressed in
the amplitude of the incoming wave A.

In Fig.3.34, the transmission coefficient is shown.

3.10 The Complex Energy Plane.
The potential energy is presented in Eq. (3.453).

3.11. Problems Boccio(1)

3.11.1 Free Particle in One-Dimension-Wave Functions
Consider a free particle in one-dimension. Let

(x=x0)%  .pox

Y(x,0) = Ne 402 e'n ,
where x, py and o are real constants and N is a normalisation constant.
a) Find ¢¥(p, 0).
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Looking at the solutions, it appears to me Boccio used:

a-x)? _ .pox

Y(x,0) =Ne 402 e ‘n .
Does it matter?
So, the Fourier Transform from the position into the momentum representation is:

7 1 o PX
P(®,0) = = e P(x,0)dx.

Plug Y¥(x, 0) in this expression=> ) (p, 0) =

(P Po)x (x—x0)2
e 42 dx.

AR
| do not present the evaluation of the integral in detail. Basically, it is about using:
(P Pg)X (x—xo)2

f_oo e’ dy.So, theintegrand e’ = e 407 has to be rewritten:
_ (x=xg)* . (-Poyx _ [x*  (x . (P-Po) xo®
402 ' h - [402 (202 ' h )x + 402 ] )

This finally results into
- 2 (p-Poy*o
¥(p,0) = Nm/_ o~ (F%) g,

h
b) Find ¥ (p, t).
So, it is about the time dependent Schrédinger equation in momentum representation.

oP(p,t) p? ~
in 2220 = Hif(p, 0) = B (. 0) = 2 9(p,0).
Then, this differential equation can be solved with the initial condition at t = 0:
- ~ _Ept _in?t -
Y@, t) =@, 0e » =1(p, 0)e 2zmh, withp(p,0) derived in a).
c) Find ¥ (x, t).

Again, Fourier Transformation is used.

Now, look under a). There Boccio used Fourier Transformation with e |n the integrand. Again, in
this part of the exercise, Boccio used e i in the integrand instead of e~ i here or in a). Looking into
_iP*
the details of the answers produced by Boccio, it appears to me thate "% is used.
| do not present the evaluation of the integral in detail. Basically, it is again about using:
© 2
o e dy.
Then, Y¥(x, t) is obtained:

2ipoa? z
<x-x0-”—0)

oo B 1 )
Y(x,t) = Noe e

Keep in mind:

1 —ia/2 . .
=7 7 , where a = tan represents a phase shift being of no
O'2+li A
\ [+ () T

importance for the probability density.
(x—x9=2ipoa?/h)?

1211 , can be rewritten as a real and imaginary part. Only the
2m

Similarly, the exponent,

real part contributes to the probability density.

d) Show that the spread in the spatial probability distribution increases with time.

We need to analyse [1(x, t)|2. | will present the time dependent components of the probability
distribution.

In the factor in front of the exponential, time dependency is found in:
1

— = the amplitude decreases with time.
[o4+(5m) 1/
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2ipoa?\
(x_xo _ %>

U
In the exponent of the wave function, e 40 +ig) , for the time dependent factor in the

probability distribution, | left out constant real factors in the exponent, the factor
Poo? (x=xo)t/m

2
oh (L)
2m.

, shows the spreading of the probability.

3.11.2 Free Particle in One-Dimension - Expectation Values and Commutators
2
For a free particle in one-dimension with Hamiltonian: H = L ,

2m
a) Show (py) = (Px)t=o-
Well, suppose the assumption to be correct (p,.) = (Py)t=0 , then:

%(px) = 0, a free particle.

With Eqgs.(3.74) and (3.88):

d .

L p) = l[pe HII) = 0 > (p,); is a constant= (p,) = (py)ico.

This is also denominated Ehrenfest’s Theorem (actually Heisenberg), in general (the proof is
textbook material):

d _1 94

Loy =L+ &

So,

d 1 . Oy
E(px) = E(l[per“): since (a_pt> =0.
Furthermore, [p2, H] = 0 = [p,, H] = 0.

b) Show (x) = [2=2] . x + (x), .

d 1 1 1
—(x) = —(|[x, H]I) = o= (I[x, pZ]1) = o= (|xP7 — pxXDx + PrxPx — P3X|) =

1 1

= m(l[x'px]px + px[x: px]l) = ;(Ipxl)
Then with a):

d 1

a<x> = ;(Px>t=0 .

Integrating this expression:

1

(x)e = ;(px)t=o t+ (X)e=o -
c) Show (Apx)z = (Apx)§=0'

Using Ehrenfest’s theorem:

%(pf) = %(|[p,%,H]|) = 0. H commutes with itself.
Then, by definition:

(Apx)% = <(px - (px»%) = (pxz)t - 2<px<px))t + (px)% = (pxz)t - (px)%-

We know already: (px2>t - <px)% = (sz)o - <px)% .
So,

(Apy)* = (Apx)%zo :
d) Find (Ax)? as a function of time and initial conditions.

. . ., d . . .
Here Boccio gave some hints: Find = (x?). Furthermore, to solve the resulting differential

equation, one needs to know the time dependence of (xp, + p,x). Why? To get rid of
Quadratic expressions? This operator is shows us something: [xp, + (xp,)T] =
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[xp, + ()T (x)T] = [xp, + p,x] =the operator is Hermitian. x and p, are Hermitian.
Definition:
(Ax)? = (x?) — (x)? (Note: in the answers you will find a+ sign a typo).

To find out about the time dependency, we start with — (xz) (x)2 = % (Ax)2.
W|th Ehrenfest s theorem:

L (x2) = L(x2, H]) = 2 (a2, p2]).
Now, use [x, Dy] = ih, in ([x?,p2]). Furthermore, b), [x, p2] = [x, D, ]Px + Dx[X, Dx] =
2ihp,.
Then,

[x2, 0] = x[x, py] + [x, Px]x = 2iRx.
In this way, | obtain for [x2, pZ]:

[x%, 03] = [x%, Dxlpx + X% Dx] = X[, Px]Dx + [%, D2]XPx + DrX[X, D] + Px[¥, Pi]x =
= 2ih(xpy + pyx).
So, Ehrenfest’s Theorem,

= (x2) = ——([x%, p2]) = — (xpy + pr).

2imh
A bit shorter than presented by Boccio. More elegant?

Now we have to consider
—<xpx + pxx) = —([(epy + pxx), H]) = = ([pxx, p2] + [xpy, p2]) =
— (xp — pxxpx+pxxpx — PxX + PxXPY — PXPx) =
= 2 ((xpx = PxX)PE D2 (xP% — P2X) + P (xPx — PxX)Ps) =
—— (ihp2+Dx2ihp, + +pxihpy) = = (b2

where use has been made of [x, p2] = [x, p, ]y + Px[x, Dx], see above.
Hence,

d 2
a(xPx + pxx> = ;(pf) .
Then,

(xpx + pxx)t - _(p ) t+ <xpx + pxx)t 0
In c) we obtained:

(px)t (Px)o
The ingredients are available.

L) = L2y~ L2 = Z o2yt L (e, 4+ paxdo — £ (2 pedo 4 (1)) =
= Z P20 t+ = (P + Paxdo — 2 (23 (Pud” - £+ = (Dol ) =

= = (AP} +— <xpx + Pxxdo = = (Pado(xo.

Note: Boccio left out (Apx)o | do not see why.

Zlmh

Remark: — (xpx + pxx) can be dealt with in a slightly different way using the commutator.
Then, — <xpx +pxx) = ([x px]) + 2—<pxx) = 2—(px ) = —([pxx,p2]) =

=— ([pxx Px1Px + Px [pxx Px]) = — (pxxp% — pix) = %@x(xpx —pix)) =
= 2ihp}) = = (p3),

imh
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where use has been made of the result derived above: [x, p2] = [x, px]Px + Px[%, Dx] =
2ihp,. This approach is a bit more efficient.

3.11.3 Time Dependence
Given
_ip0Y
Hy = ih Pl
with
_ PP >

H="—+ V(x).

a) Show that =(W(t)| b(t))= 0.

Using the continuous representation:

d d . dy(t)* o d
LWO®) == [p®)" POdx = [ Ly dx + [ () L2 dx.
Use the time dependent Schrodinger equation and the Hamiltonian to be Hermitian:

dy(t)” L d(t) 1 " X
[ p(t)dx + [p(t) e dx = —— [[(HY) pdx — [ Hipdx] =
1 % *
= —— [/’ Hdx — [ " Hipdx] = 0.
Note: when |) is normalizable %(Llj(t) | b(t)) is always zero?!
d = (B
b) Showa(x) = (m).
This problem has already be dealt with in 3.11.2:
With Ehrenfest’s theorem and [x, p2] = [x, px]px + Px[X, Dx] = 2iAp, = %(x) = (%).
d av

c) Show a(px> = (- a)
With Ehrenfest’s Theorem:

d 1 1

a(px> = E([px'HD = a([px'v(x)]) ,

since [py, pz] = 0.
Furthermore, we may suppose V(x) can be written as a polynomial:

V(x) =Y, Vx™
50, 7 ([P, V ()]} = 5 Zn Va[P X"1)
Now use [py, x"] = pxx™ — x"'p, = —ih:—xx" —x" (—ih;_x) = —jhx"1 — x7 (ih%) +
+x™ (ih :—x) = —jhx"" 1.
Then,
1 - ov d )4
2 V[P X)) = —(Zp Vana™ 1) = (=20 = 2 {py) = (=30,
d) Find %(H).
With the theorem: %(H) = %([H, H]) =0,

The Hamiltonian commute with itself.
., d
e) Find E<LZ> .
The time derivative of the z-componet of the orbital angular momentum operator L,:

L, = xpy — yDx-
With the Ehrenfest’s Theorem:
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&Ly = {[xpy — yPu H]) = = ([xpy = P &+ VE)]) =
{<[ 1Py 2]y = (7o ) + ([xpy, VD] — (ypa V@D,

With p? = p + py + p7, we find for ([xpy,ﬁb - ([ypx,g]) = <[xpy,—]> - ([ypx, ]
Then,

([xpy, VX)) = (xpy,V(X) = V(D)xpy) = {xp, V(%) — xV (X)py) = (x[py, V(D)]) .
Simarlily,

(oo, VEOI) = (ypxV (%) = V(XD)ypy) = (yp:V () — YV (D)px) = (y[px, V(X))
Putting the ingredients together:

2 Ly) = ——{([xpy, 2] = {[yp2, D} + {2 [y, V@] — 3l V@D
Next,

([xpy, Z]) = (xpypZ — PExP,) = ([, DZ])Dy = (2ihpyDy),

where use has been made of [x, p2] = [x, . ]Px + Px[X, Dxl.

Simarlily,

([ypx P2]) = (2ihpypy).
Hence,

d 2ih
E(Lz)_ l <pxpy)

ih, ov. ih, oV
Yo (Pxpy) —EOC@) +—{y o)

2ihm
Finally,

d
(L) = (YF) — (xFy).
This expression corresponds with the classical equivalent.

3.11.4 Continuous Probability

If p(x) = xe /% is the probability density function over the interval 0 < x < oo, find the
mean, standard deviation and most probable value ( where the probability density is
maximum) of x .
The mean value is defined as:

x = (x).

We could work on this problem in various ways. Boccio used straightforward approach.
Let’s look into it in a slightly different way.

Given the probability for the interval 0 < x < oo, to be 1, we have:

Jy xe ™t dx =1.
After integration by parts we obtain A2 =1 = 1 = 1.

In quantum mechanical terms, normalized wave function becomes:

l,[) — \/}e—x/Z.

Obviously | could have included in the wave function a factor e!*. However, this factor does
not contribute in solving this problem.
Then, using integration by parts,

X ={(x) = fom\/}e_x/zx\/}e_x/zdx =2,
or without the quantum mechanical approach and integration by parts,

_ [ xp(dx 243

Ppdx A2 = 24
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Next the standard deviation o, with integration by parts and (x) = 2
= [y (x = )2[pIPdx = [ x% e dx — (x)? [ [p|Pdx =6 — 4 = 2,
and
o=12.
The most probably value of x . This value of x is obtained for the maximum value of the
probability density p.

d _ _

Lo X ye*=0=x=1.
dx

d?*p

— =2 "+ xe™”*.

dx?

Then, forx =1,

dZ

— < 0 = a maximum.

dx?

3.11.5 Square Wave Packet.
Consider a free particle, initially with a well-defined momentum p,, whose wave equation is
well approximated by a plane wave. At t = 0, the particle is localized in a region
—a/2 < x < a/2, sothat its wave function is :
P(x) = {AePo*/h  —a/2 < x < a/2,
and
Y(x) = 0, otherwise.
a) Find the normalization constant A, a complex number.
We are dealing with a wave packet of a width a, at time t = 0.
Normalisation:

a/2 ipox/h A ,—ipox/h a/2
f , Ae'Pox/M Ag~tPo dx—f_a/2
Smce A can be a complex number:

2 — i ip i =
alAl*=1= A= =€ . Boccio set ¢ = 0.
Then,

W(x) = { elPox/h g2 < x <a/2,
and
Y(x) = 0, otherwise.

|A|2 dx = a|A|? = 1.

The real part of the wave function is a cosine function on the interval —a/2 < x < a/2, the
imaginary part a sine function on the interval —a/2 < x < a/2 . The probability density

| (x)|?, is a hat function of width a and of height % :

b) Find the momentum space function zp~(p) and show it too is normalized.

The momentum wave function is obtained by the Fourier transform of y(x) :
a/2

bp) = Ff Y(x)e P/ dx = mf 02 € e~ i=POX/h s —

(p—pola
__1 h__ -ip- po)x/hla/Z I I e isinc[(p_p")a]
\V2rha —i(p—p) 2mh _(P—ZI;lo)a 2mh 2h )

A sketch of the sinc function shows a concentration around pya/h .
The normalization of the wave function in momentum representation.

© |~ © (p—p0) 1 poo
[ 1B @)I2dp = [ sinc? [2229] dp = 1 1% sinc?ydy = 1,
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since, with WolframAlpha or a textbook, ffooo sinc?ydy = m.

c) Find the uncertainties Ax and Ap at t = 0 . How close is this to the minimum uncertainty
wave function?

Att = 0, the probability density in the coordinate representation is a hat function of width

a. So, it is reasonable to assume uncertainty in position Ax to be approximately equal to a.

For the probability density in momentum representation we can estimate the uncertainty in

momentum Ap with the width of the spike in [ (p)|? = %sinez[%] to be 4mh/a.
It is always helpful to look into the dimensions.

Hence, with these estimates:

AxAp = 4mh .

An estimate, since the relation is: AxAp > h/2. A difference of 8m. Not close.

Then, Boccio calculated Ax and Ap with help of the wave function in position and

momentum representation. Boccio showed the problem: Ap = oo .

3.11.6 Uncertainty Dart

A dart of mass 1 kg is dropped from a height of 1 m, with the intention to hit a certain point
on the ground. Estimate the limitation set by the uncertainty principle of the accuracy that
can be achieved.

| suppose a 2-dimensional approach will suffice. For the we choose the x — y plane (y
vertical). Furthermore, y(t = 0) = h = 1 mand v, (¢t = 0) = 0, and neglect the uncertainty
in the vertical direction.

We need to deal with AxAp > h/2 .

Boccio assumed x(t = 0) = Ax, and v, (t = 0) = @ = p,(t =0) = Ap.
Note: Initially, Ax # 0. If not. There is no Ax at all. Boccio mentioned: “Uncertainty principle
effects will be negligible in the vertical direction”. | suppose in comparison with the free fall.

Otherwise, Ay is of the order Ax.
Attimeist # 0, there are two equations:

y(t) = y(t = 0) + v, (t = 0)t = gt? = h =~ gt?,

And

x(®) =xt=0)+ v, (t =0t =Ax+Ap-t-t= x;sx

Then,

y=h=39C50%

This equation gives an expression for x at y = 0, with AxAp = h:

0.45h
x=Ax+—.
Ax

This expression leads to the minimum value of Ax, obtained from

d
ﬁ =0 = Xy = 2V/0.450.
.. . 0%x
A minimum, since > 0.
dAx?2
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3.11.7 Find the Potential and the Energy for a given wave function
Suppose the wave function of a(spinless particle) of mass m to be:

—ar_e—Br

Y(r,0,¢) = Aef,

where 4, @, and (8 are constants with 0 < a < 3.

Find the potential V(r, 8, ¢) and the energy E of the particle.

The wave function depends only on r . There is no angular dependency. Consequently, the
quantum numbers [, m are zero. So, Y(r,6,¢) = Y(r)and V(r,0,¢) = V(r).

In spherical coordinates, the Schrédinger equation is separable. We only consider the radial
part. The Schrédinger equation is:

() -2 ) - BNy =0.

r2dr dr h2
Now,
1d [ 5dyp 1d?(ry)
_2_(r —) = a2z
redr dar r dr
This suggest to define the radial function
u(r) =ry(r).
Then,

u(r) = A(e™ —eF7).
The Schrodinger equation becomes:

h? d?u h? d?u
%F—(V—E)u— 0= (V—E) __Zmuﬁ'
With the expression for u(r):
_ h2 a,ze—ar_ﬂze—ﬁr

V—-E)=——a
Forr — oo = V(r) - 0.
Using 0 < a < B:

_ h2 . aZ_HZe—(ﬁ—a)‘r‘ _ K2 2
B =i = ar = "
Hence,

2m e~ @r—e—Br 2m e~ ar—_e=Br

In the answers, Boccio presented the potential for small r and indicated, by adding
h? 1(1+1)

P the angular dependency is included. The same procedure can be followed for

obtaining V and E.

3.11.8 Harmonic Oscillator Wave Function

In a harmonic oscillator a particle of mass m and frequency w is subject to a parabolic

X2

potential V(x) = mw?x?/2. One of the energy eigenstates is u, (x) = Axe(_g), as
sketched by Boccio in the answers.

a) Is this the ground state, the first exited state, second exited state, or third?

The plot shows one node. Well, http://en.wikipedia.org/ , quantum harmonic oscillator, a
movie and wave function representations are shown. There you see, Fig. 3.5, Boccio, the

first exited state is shown.
2

) : : : . - :
So, u,(x) = Axe *6 = u,(x) is a solution of the one-dimensional Schrédinger equation.
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Plug this solution into the Schrédinger equation. For x — oo, the wave equation vanishes.

. . . 4h? 2 2h
This creates an additional expression for xg = —— = e . Xt =—.
2mxg 2 mw
h? 6 3 . .
Consequently, E = — Py (— x—z) =3 hw , the energy of the first exited state.
0

In addition we find out about the ground state. To this end | will use the lowering operator,

(—ihaa—x — imw). Apply this operator on the first exited state: (—ih;—x - ima)) u (x) =
mwxz m(uxz
= (—ihaa—x — imw) Axe(_T) = —ihAe(_T).
mwxz
Hence, the ground state u,(x) « e(_T). The usual suspect of the harmonic oscillator.
b) Is u; (x) an eigenstate of parity?

x2

=)
Well, u;(x) = Axe *6 is an odd function. So, u; (x) is suspected to be an eigenfunction of
the parity operator.

x2
~ ~ =)
Puy(x) = P Axe *% .
With x = —x : Puy (x) = —u, (x).= u, (%) is an eigenstate of parity with eigenvalue —1.

c) Find the constant A.
With normalization of u, (x):
fjooo |u; (x)|? dx and using fjoooyze_yzdy, A= 2[\/%%3]1/2.

0
3.11.9 Spreading of a Wave Packet
A localized wave packet in free space will spread due to its initial distribution of momenta.
This wave phenomenon is known as dispersion, arising because the relation between
frequency w and wavenumber k is not linear.
Let us look at this in detail.
The wave function of a particle which is somewhere localized in x can be constructed by
linear combinations of plane waves of different wave numbers.
So, we start at t = 0 and wave function Y (x, 0).
This is extensively analysed by Boccio(1) on pages 13- 15. | will not repeat the analyses here.
Fitzpatrick the subject matter in The Undergraduate Course, Chapter 3. The process of
spreading is illustrated with a Gaussian wave function as Fitzpatrick did. Boccio used the
propagator to show the wave packet probability density remains Gaussian. The same result
is obtained with Fitzpatrick.

3.11.10 The Uncertainty Principle says ...
Show that, for the one- dimensional wave function:

Y(x,) = \/%_afor x| <a,
and

Y(x,) =0for|x| >a,

the rms uncertainty in momentum is infinite( HINT: you need to Fourier transform ).
Comment on the relation of this result to the uncertainty principle.

See also problem 3.11.5: The Square Wave Packet.
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The Fourier transform:

5(p) = —— [ e=x/hgy = [%sinc(®E
é(p) mf_ae dx \/;smc( h).
Then, calculate (p):

(p) = %ffooop sinc? (%) dp = 0 =The integration of an odd function.
Or,
)= [° a\/_( h—)—dx = 0, for obvious reason.

The root mean square uncertainty, exercise 3.11.5:

Ax = {/(p?) — (p)*.

So, we need (pz)'

07 = 27 p?sine? (%) dp = oo,
Consequently,

Ax = J{p?) — (p)? = .

3.11.11 Free Particle Schrodinger Equation
The time-independent Schrédinger Equation for a free particle is:
1 Y A I .

With the energy for the free particle, E, expressed in a wave number k, we have:
h2K?

E = .
2m

The equation in terms of k becomes:

(V2 + k2)yY((X) = 0.

Show that a plane wave and a spherical wave satisfy (V2 + k?)y(¥) = 0.

ikz

a) The plane wave Y (%) = e
2
So, the operator V2= d—z ,
dz
and

a® ik 2 ik
dzzelzz—k el?,

Hence, the plane wave satisfies the time-independent Schréodinger Equation
(V2 + k)Y (%) = 0.
b) The spherical wave Y (X) =

andr = /x2 + y2 + z2.
i

d d ikr . . . . . ikr
The operator V2= — (rz —) £ = Tiz (—ike™™ + ke — k2ret) = —g2—.

r2dr ar/) r T
Hence, the spherical wave satisfies the time-independent Schrédinger Equation

(V2 + k2)p(2) = 0.

Lkr

3.11.12 Double Pinhole Experiment as a variant of the double slit experiment.

The double pinhole is used for reasons of simplicity.

There are two spherical waves leaving the pinholes separated by the distance d. A second
screen is positioned at a distance z = L of the first screen. L > d and also much larger than
the wave length A of the two spherical waves.

For the two distances, 4, from the pinholes to the second screen we have the expression:

30



Ty = \/xz + (y?%)z + 2.

The setup is shown in Fig.3.7, Boccio (1). In this figure the z-axis is not indicated.

The spherical wave at the second screen is the sum of the spherical wave functions from

each pinhole:
Lkr+ ikr_

Yx,y) = ,

r—

where k = 211//1.
a) Considering the exponential factors, show that constructive interference appears

approximately at: % = n%, with {n € Z} .

To find out, | approximate, ;. = sz +(y+ %)2 + 12,t0 0(d?).

=Jx2+(y$§)2+L2=Jx2+y2+L2$yd+(§)2=

— [»2 2 2 [1F_Y4 2
= [+ Y+ 2 15 22— +0(d).
Neglect O(d?). Then,

_ [x2 2123 Yyd
T =4x*+y“+1L +2m.

Plug this result into the wave equation:

—ikyd ikyd
lk x24y2412
Lkr+ elkr— Jx2+y2+L2 \/x2+y2+L2

Y(x,y) = =

eik x24+y2412

=2 fcos[k L]

2Jx2+y2+12
yd yd
N . S + S
cos[k ZW] 1, fork N = nm,
with {n € Z}.
Hence,

yd 2mn y A
e ak o ta
Then, the next part of the problem, b) and c) is to plot the intensity |1(0,y)|? and a
contour plot of the intensity |(x, y)|? with help of the Mathematica Plot function and
Mathematica ContourPlot function. Boccio(1) presented nice plots on pages 21 and 22.
d) place a counter at both of the pinholes to find out about the existence of an electron.
From the double slit experiment it is well known the wave function collapses.

eikT+

The electron passes through the upper pinhole =the wave function is: Y, (x,y) = -
+
eikr_

When through the lower pinhole=the wave function is: Y_(x,y) = -

Repeat this experiment many times and the expected probabilities for each pinhole to be :

[Y,(x,¥)|? and |Y_(x,v)|?, respectively. From the double slit experiment we know the
interference pattern on the screen to disappear.

The total probability is: [, (x, ¥)|% + [¥_(x, y)|>.
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With the Plot function and the ContourPlot the disappearance of interference on the screen
is nicely illustrated. See the plots Boccio(1) page 23.

3.11.13 A Falling Pencil

Using the uncertainty principle estimate how long a time a pencil can be balanced on its
point. In the diagram, given by Boccio, a pencil making an 8 with the vertical axis is shown.

The centre of mass CM, is at a distance r from the point of the pencil.
Then the equation of motion for the CM is:
160 = mgrsin,
where I is the moment of inertia.

s +~db  »dbdt
Use 0 = QE= GEE'
then

0 _ mgr

I§=mgrsin9=>92—9— sin@.

Boccio integrated the preceding equation, with respect to 6:

0 » .- 0 . 62-63 .

fg 0do = m}gr fe sinfdf = TO = — 19 (cos 6 — cos 6,) =the energy conservation
0 0

equation.

Then, Q J@Z ngr (cos O — cos ) = J

2mgr

2 _ —
Tmar 62 — (cos — cos 6y) .

This results into an expression for the time:
f do
szgreo (cos8—cos 90)

with subscript f = pencil down.
Now, Boccio presented the best estimate of the initial conditions based on the uncertainties

2mgr

of By =~ (AB), and B, ~ (AB),. An additional assumption is, trying to balance the pencil as
Iong as possible, then 6, and 8, must be as small as possible.

102 +2mgr cos 6 102+2mgr cos 6
62 _(Cosg_cosgo)_w ZoTemgr €os Yo

be

— cos @, and

2mgr 2mgr 2mgr

approximated by:
1+e,withe<1.

As explained by Boccio, the pencil spends most of its time at small 8. Leading to the
. 62
estimate cosf = 1 — PR

The integral for the time can be written as:

s

o) = el 4
2mgr \/ 90 (cos 6—cos 90) 2mgr Y6y Vi+e—cosB 2mgr
2mgr

32



Then, Boccio evaluated the preceding integral, leading to an expression for the time:
I 1 secpr+tan oy

t= mgr  secdo+tangy
; — tan-190 — tan-10L
with ¢, = tan Nk and ¢y = tan N

Next, Boccio comes back to the uncertainty principle, initially,
(Ax)o(Apy)o = h = (rAH)O(mrAé)O =h.

So, using the expressions above for AG(= 6,), and A8 (= 6,) for initial conditions:

. . A
2 — —

r = —1 =
mr<6,60, = h= 0, —r
In this way an estimate for 6, is obtained.
Then,
1603 +2mgr cos 6, 163 02 I h?
——————=cos by + =1+ —+ ——=1+e€.

2mgr 2mgr 2 2mgr m2r46,

Now Boccio estimated 6, = V2e = tan¢, = 1 = sec ¢,

0
With 6y =~ = —L > 1:

6 6
= -12f =—f = T ~
and, ¢y = tan Noriand tan ¢ e = av ~ sec o

Now, we have for the time t:

1 T
mgr n 2v/2€
We were looking for the maximum time in upright position:

dt I 2V2e d T de
dby mgr w dfy \2V2e dfgy

In this way, with some numerical estimates, Boccio obtained an estimate for t.

t =

4 The mathematics of quantum Physics: Dirac Language.

It is about linear vector spaces. The algebra of linear operators on Hilbert space are used.

4.1 Mappings

In this section Boccio presented 4 classes of mappings.
- T is a mapping of A into B.

- T is a mapping of A onto B.

- A one-to-one mapping.

- A one-to-one mapping from A onto B.

4.2 Linear Vector Spaces

Boccio explained how to deal with finite spaces and infinite spaces.

“The results pertaining to finite-dimensional spaces, necessary for the understanding of the
structure of quantum mechanics, are presented with thoroughness. The generalisation to
infinite-dimensional spaces, which is a difficult task, is discussed in less detail”.
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4.3 Linear Spaces and Linear Functionals

The field C of complex numbers is considered.

Ket Vectors

Ket vectors, | ...), are used to describe physical states. All of the important features of
guantum mechanics are represented by these kets. Different vector states will be labelled
and this will be inserted in the ket like: |a, b, ...) .

Next, Boccio stated a couple of basic properties of the ket vector:

- kets can be multiplied by complex numbers and can be added to get another ket vector,
EqQ.(4.2).

- each state of a physical system can be described by a ket vector.

- superposition is defined, an example is given of the double slit experiment, Eq.(4.3).
Definition:

A linear vector space is spanned by a set of ket vectors.

On page 243, 7 properties have been summarized, such as the multiplication is: distributive
and associative. Furthermore, addition is commutative and associative.

The null vector presented and additive inverse vector.

In Eq.(4.5), a ket vector is represented as a column vector in finite dimensional space: 3-D,

a;
|i) = <bi) :
Ci

Then addition is defined as the sum of two column vectors. Also multiplication by a scalar
and the null vector in column representation are given, Eqs.(4.6)-(4.8).

Isomorphism

Isomorphism is defined.

Definition

In Eq.(4.9), linear independence is defined and examples are presented.

The maximum number of linearly independent vectors in a space V is called the dimension
of the space: dim(V).

On pages 246-248 definitions and examples are presented.

4.4 |nner Products

Boccio first discussed the inner product using standard mathematical notation.

The inner product for a set of vectors f, g = (f, g), a complex number.

The two definitions:

(f.9) =9,/

and

(f, 191 + 292) = ci(f, 91) + c2(f, 92),

imply:

(fic191 + €292) = (€191 + €292, f) =17 (g, [)" + 27 (g2, )™ = 1" (f, g1) + 2" (f, g2)-
Furthermore , the norm of a vector, the orthogonality of two vectors, the orthonormality,
the Schwarz’s Inequality and the Triangle Inequality are presented.
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4.5 Linear Functionals

Linear complex-valued functions of vectors are called linear functionals on the vector space
V.

In Eq.(4.35), the Riesz Theorem is presented.

With the definitions(1-4) of the inner product on page 248, the definitions of addition and
scalar multiplication, Egs. (4.33) and (4.34), Egs. (4.36)-(4.39) can be demonstrated.

4.6 The Dirac Language of Kets and Bras

In this section Boccio rewrite functionals, inner product, orthonormality, expansion of an
arbitrary state and the expansion coefficients in Dirac language.

For example, the relation is presented between linear functionals and bras, (b| .
Correspondence between kets and bras is written as:

|a) < (a|, Eq.(4.46), etc, up to Eq. (4.54).

4.7 Gram-Schmidt Orthogonalization Process

The key issue here is: An orthonormal basis can always be constructed given any set of n
linearly independent vectors.

The Gram-Schmidt Orthogonalization Process is explained. An example illustrates the
process, page 254.

4.8 Linear Operators

“”

In general: “an operator on a vector space maps vectors into vectors.”

An operator satisfies the linearity relation, Eq. (4.58).

Quantum mechanics works exclusively with linear operators.

The sum and product of operators are defined, Eqs (4.59)-(4.62).

with Egs. (4.63)-(4.64), the non-commutativity of two operators is defined and the
commutator is presented by Eq. (4.65).

4.9 An Aside: The Connection to Matrices

With Egs. (4.71) and (4.72) it is demonstrated the operator to be represented by a matrix. In
Eqg. (4.71), the matrix elements are given.
The construction of matrix elements are presented, Eqgs. (4.73) and (4.72).

4.10 More about Vectors, Linear Functionals, Operators

Here Boccio starts with the operator acting on the bra vector.

The adjoint operator is defined in Eq. (4.78).

The goal here is to have the operator on bra vectors to create new bra vectors similar to ket
vectors. With the Eqgs. (4.82)-(4.85) this is clearly demonstrated.

In addition to the inner product of a bra and ket vector, the outer product is presented in
Dirac(See page 25) notation, Eq. (4.92).
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Note:

Dirac, page 27, proofs the conjugate complex of the outer product, |A){B|, to be:
|AXB| = |AXB| = |B}XA].

| do not see how this relates with Eq.(4.96).

Then, Boccio presented an example the matrix representation of two projection operators
given in Eq.(4.99).
| will look into this example in a slightly different way.

Two kets spanning a 2-dimensional vector space, in column representation:

1) = ((1)) and |2) = ((1’) Eq.(4.98).

Two projections operators:
P, = |1X1], and P, = |2)(2], Eq.(4.99).
| obtain the matrix representation of these projection operators by representing the bras as

row vectors, then:

P=11x11 = () 10 = (5 o), Ea. (4.100)

and

B, = |2)(2| = (2) 0,1) = (8 (1)) ,Eq. (4.101).

Next, with the arbitrary vector |a) given in Eq.(4.102), Boccio operates first the projection
operator in Dirac notation on |a), using normalization and orthogonality, resulting into
Eq.(4.103).

In addition, Boccio used the matrix representation for the projection operator, operating on
|a), leading to the same result as shown in Eq.(4.104).

To me, Eq. (4.106) is not completely clear. It should read:

(P + B,)la) = [1)(1]a) + [2)2]a) = X3, )| a).

We further know:

ﬁl + ﬁz = ((1) 8) + (8 2) = ((1) (1)) =1, the identity operator, Eq. (4.105).

Hence,

(p1 + 132)|a) = ?:1 )l a) = Ila).
In this way, we obtained the elegant expression: 2]2'=1 il =1.
Return to Gram-Schmidt
With the projection operator an orthogonal set of vectors can be constructed.
Suppose two non-orthogonal vectors:

ly) = 11), and |az) = [3) .

Assume non-orthogonality for these two vectors: (@, |as) # 0.
With the projection operator |a4){a,]|, construct a new vector:

laz) = [3) — |ag){aq|3) = |2).
Then,

(a1laz) = (aq13) — (Jaq||ag){|a;13) = (a;13) — {a;[3) = 0.
Important Point
Here Boccio mentioned, something | already used, “kets can always be treated as column
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vectors and bras as row vectors.”
Furthermore, the trace operator is introduced, Eq. (4.116).

4.11 Self-Adjoint Operators

The Hermitian or self-adjoint operator is introduced.
In Eq. (4.123) the properties of Hermitian operators are summarized.
The antihermitian operator is introduced.

4.12 Eigenvalues and eigenvectors.

With Eq. (4.127) the eigenvector and eigenvalue are defined.

An important property of Hermitian operators: the eigenvalues of a Hermitian operator are
real.

Another one is: the eigenvectors corresponding to distinct eigenvalues are orthogonal.

4.13 Completeness

The completeness of an orthonormal set vectors |a;) is expressed by Eq. (4.145).
Boccio: ”"The most important result to be derived is, for a complete set of vectors
{lqx) , k € P}, the sum over all of the projection operators |q; ){qx| is the identity operator.”

4.14 Expand Our Knowledge — Selected Topics
4.14.1 Hilbert Space

In infinite dimensional space, we must determine whether the sums involved in many of our
definitions converge.

What is a Hilbert space? “If a linear space with an inner product defined is complete, then it
is called a Hilbert space.”

Some examples are presented.

4.14.2 Bounded Operators

Here continuous and bounded operators are defined.

4.14.3 Inverses

The inverse is defined by Eq. (4.161).
A necessary and sufficient condition for the existence of an inverse is presented.

4.14.4 Unitary Operators

The unitary operator is defined.
Important: The evolution of quantum systems in time will be given by a unitary operator.

4.14.5 More on Matrix Representations

If for a given representation of the matrix 4, 4 is Hermitian then, Ajj = A}‘i .

Change of Representation
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Eq. (4.174) is obtained with:

(bil = X {by|b:){by] -

Eq. (4.175) can be written as:

S SikSje = Zielbel Bi) (bielBy)” = Sielbuc|Bi) (By|bic) = ;-

4.14.6 Projection Operators

Given a vector |a) . The associated projection operator B, = |a){a/| . Then, with an arbitrary
vector |B) , we obtain with the projection operator:

P|B) = |a)a|B) = ala), (Eq.(4.178),

where a = (a|f) . (See also Egs. (4.185 and (4.186).

Boccio writes: “...by definition, B, |a) = |a), ...”.

Well, B, |a) = |a){a|a) = |a).

Furthermore, Boccio introduced orthogonality of projection operators, e.g., Pal and Paz,
In) = Ppi|B) = aq]a),

and

|0) = Paz|B) = az|).

Then, (n|o) = a;a,{ala) = a;a, .

Orthogonality means a;a, = 0.

With Eqgs. (4.181)-(4.182), Boccio proved the eigenvalues of any projection operator to be
0,1.

On page 273 Boccio presented some examples of the usefulness of projection operators.

4.14.7 Unbounded operators

Unbounded operators are Hermitian provided the integrals involved do converge.

4.15 Eigenvalues and Eigenvectors of Unitary Operators

The properties of eigenvectors and eigenvalues of unitary operators are presented.

4.16 Eigenvalue Decomposition.

The decomposition is given by Eq. (4.197)

4.17 Extension to Infinite-Dimensional Spaces

The properties discussed in the foregoing sections is extended to infinite-dimensional
spaces.

The definition of a projection operator is extended onto larger subspaces. Larger than the
one-dimensional subspace.

“The more general projection operators Ey,, satisfy all the same properties listed earlier for
the single-state projection operators B,.”

An example is given for a 2-dimensional space C, page 275.

Then, the properties of projections are discussed in more detail.

Functions of a Hermitian Operator
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With the spectral resolution of a Hermitian operator, the definition of a function of a
Hermitian operator is presented, Eq. (4.212).

Next, the discrete infinite sample space is discussed.

Then, page 283, Unitary operators can be dealt with in the same manner as projection
operators.

4.18 Spectral Decomposition — More Details

..... for infinite-dimensional vector spaces there exist Hermitian and unitary operators that
have no eigenvectors and eigenvalues.”

With Eq. (4.260), for the continuous case and the operator D = —i;—x ,there is the possibility

D not to be Hermitian. This is illustrated by four cases.

“So, a Hermitian operator on an infinite space may or may not possess a complete set of
eigenfunctions, depending on the precise nature of the operator and the vector space.”
The Eigenvalue Problem and the Spectrum

Then Boccio presented an example of projection operators and continuous spectra. It is
about position measurement and a calibrated ruler. This can be tested in an experimental
set up for a quantum test.

4.19 Functions of Operators (general case); Stone’s Theorem

“The ability to deal with functions of operators will be very important in quantum
mechanics,....”.
In Eqg. (4.318), the function of an operator is defined.
Then, Boccio investigated the reasonability of the definition by looking at some properties
and some examples.
In my copy of Boccio, Eq. (4.320) was not quite clear. However on the left hand side of this
equation | read:

(a|I|B) , where [ is the identity operator.
Furthermore, in the Eqgs. (4.321)-(4.324) Boccio shows that sums and multiples of functions
of operators are defined in a standard way.
In Eqg. (4.330) the “-“ should be read as “=", | suppose?
Eq. (4.348) leads to the Schrodinger equation (See also Susskind, the time dependent
Schrédinger equation page 102).
Examples — Functions of Operators
On page 302 Boccio presented a numerical example with the operator

A 4 3

A= (3 4) .
The eigenvalues A of this matrix follows from the determinant:

#5342 o= -s1+7=0.
So the eigenvalues are 1 an 7.

a
The eigen vectors (b) are obtained, with eigenvalue 1, from

(;L i) (Z) = (Z) = a = —b, and with a® + b? = 1, the eigen vector denoted by |1) , is
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_a1q1
0 =3()
For the eigenvalue 7:

(;} ABL) (Z) =7 (Z) = a = b, and with a® + b* = 1, the eigen vector denoted by |7), is

_1(1
7 =%(1)
Then, Boccio presented the projection operator matrices:

P=m=3() @ v=3(; 1)

Simarlily,

P=mar=;(5)a.-v=3(1 1)

With this example it is illustrated, the A operator is the sum of the product of the
eigenvalues times the respective projection operators.

With (4.358) the logarithmic function of an operator is given:

f(A) = Z¥-1 f (@) P = log A = T, (log ay) Py

Consequently,

A R ~ ~ 1/1 1
logA = (log7) P; + (log 1) P;=(log 7) P, = (log7) 5(1 1)'

Other examples of functions of the operator are presented like the square and the square
root of the operator A.

Then, Boccio showed the straight forward result of

log A|7) and log A|1).

4.20 Commuting operators

To summarize it briefly: “If two operators commute and are self-adjoint, these operators
possess a common set of eigenvectors”.

Then Boccio discussed operators with pure point spectra and operators possessing point
and continuous spectra.

Study of continuous spectra.

To obtain Eq. (4.380), use is made of Eq. (4.378).

Eq. (4.392) demonstrates the usefulness of the Dirac §-function(See also Susskind pages
252-253 about the position operator).

4.21 Another Continuous Spectrum Operator

In Eq. (4.411) the integral representation of the Dirac §-function is presented. An integration
over the momentum p. See, a.0., Chisholm and Morris, page 604 and 605 for the derivation
of this standard representation. There the wave k is used in the integration = p = #hk.
(See also Eq. 4.446).

More about Fourier Transforms ( in general).

Some of the mathematical concepts connected with Fourier transforms are reviewed by
Boccio.
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4.22 Problems Boccio-1
4.22.1. Simple Basis Vectors.

There are two vectors

-

A= 7é1+6é2,§= _2é1+16é2,
written in the {é;, é,} basis set and given another basis set

1 V3 R V3 .

A A A 14 A
€q =381 +7e2,ep=—7e1+5e2,:>|eq|=1,and =1.

é
P
a) Show that &, and é, are orthonormal.
{é,,é,} the basis set, meaning:
|é1| = 1, |é2| = 1,and él 'éz = 0.
Then the inner product &, - &,, can be evaluated.
As demonstrated by Boccio: &, €, = 0.
As mentioned above {&,, &,}, is another basis set.
b) Determine the new components of 4, B in the basis set {é4. 6}
We write A:
A= Aqéq + Apép = 7é1 + 6@2 .
Take the inner product of A,é, + A,é, = 7é; + 6&,, with &,:
Agéq-éq+ A e, -6, =28, (7 + 6¢,).
So,
Aq = éq ) (7@1 + 6@2)
v3
2

ﬂ

With & =&, +
7
Aq = E+ 3\/§,

as given by Boccio.
Similarly, Ap, Bq and Bp are obtained.

é,, and the preceding expression:

4.22.2 Eigenvalues and Eigenvectors.

Find the eigenvalues and normalized eigenvectors of the matrix

1 2 4
A=<2 3 0>-
5 0 3

The determinant to be analysed is:
1-1 2 4

2 3—4 0

5 0 3—-1

=0.

In general:
bi1 bz b3
by1 by bys|=0=
b1 by b33

= b11b22b33 + b12b23b31 + b13b21b32 - b11b23b32 - b12b21b32 - b13b22b31'
The resulting polynomial in Ais: (3 —21)(A2 — 44 —21) = 0.
The solutions, 4; , given by Boccio are: 4, = 3,1, = =3,and 43 = 7.
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a
The general eigenvector is: <b>

c
The equations to be solved are:

)

Using normalisation, the three vectors |4;), are obtained.
By calculating the three inner products of these vectors, these vectors appears not to be
orthogonal. That comes with no surprise, since A is not Hermitian.

4.22.3 Orthogonal Basis Vectors

Determine the eigenvalues and eigenstates of the following matrix

2 2 0
A=11 2 1)
1 2 1

Using Gram-Schmidt, construct an orthonormal basis set from the eigenvectors of the
operator.

The eigenvectors:

The determinant to be analysed is:

2—A1 2 0
1 2—1 1 |=0.
1 2 1-2
Then

C-D*A-D+2-2-1)2-20-DN)=-2(1-4)A1-1)=0= 1, =0,1,4.
The eigenvectors are obtained from

-0)

Boccio presented the three eigenvectors:

1 2 1
1 1 1 )
10) = \/_g(_ll) 1) = ﬁ(:i) and |4) = \/—§<1> all normalized.

Now Gram-Schmidt:

1
One of the eigenvectors is chosen as a basis vector= |0) = \/% (—1).
1

Then, with the projection operator |0)(0|, the second basis vector is:
|1°) = 1) — [0)X0]|1) = [1) —(0|1)|0).
Intermezzo

|1") has to be normalized.

In general:

Let us introduce a number a:

a|l’) = a|1) — a(0[1)|0),
and

lal?(1'|1") = 1= (a*(1] — a*(0[{0]1)")(a|1) — a(0]1)|0)) = 1 =
= |al*(1]1) — |al*(1]0){0|1) — [a|?[{0]1}|* + |al*[{0|)|* = 1 =
= la|*(1 - [0|1)]*) = 1.
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Neglecting phase ambiguity:
1
= ERomizz
So, we finally obtain the normalized version of

n _ _I11)—=(0[1)]0)
1 = G e
End of Intermezzo

Plugging into the preceding expression the above eigenvectors and normalize, we arrive at

4
the result presented by Boccio: |1') = \/%_2( -1 )
-5)

Similarly, |4") is obtained:

2
ori(]

Note: with the projection operator
|1} = 1) —10){0|1),

we have

(0]1") = (0]1) — (0]0){0[1) = 0,
since |0) is normalized.

4.22.4 Operator Matrix Representation

If the states {|1), |2), 3)}, form an orthonormal basis and if the operator G has the
properties

G|1) = 2|1) — 4]2) = 7|3),

G|2) = —2|1) + 3|3),

and

G|3) = 11|1) + 2 — 6|3),

what is the matrix representation of G in the {|1), |2), 3)} basis? Use is made of section 4.9
on An Aside: The Connection to Matrix.

There you find the expression for the matrix element, Egs. (4.66)-(4.75).

In general for the matrix element:

(k|G|i) = X3_; cilkeli),

where k = 1,2,3, and the expansion G|i) = Y;_, ¢;|i) is given above.
Consequently, the inner product (k|k) is projected out in ¥3_, c;(k|i).

So in the preceding expression cirepresents the matrix elements (k|G |i).

The result of this is presented by Boccio, an exercise with blanks for filling in.

4.22.5 Matrix Representation and Expectation Value

If the states {|1), |2), 3)}, form an orthonormal basis and if the operator K has the
properties
K|1) = 2|1),
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R12) = 312),

and

K|3) = —6|3).

a) Write an expression for K in terms of its eigenvalues and eigen vectors and eigenvectors
( projection operators?). Use this expression to derive the matrix representing K in the
|1),2), |3) basis. In problem 4.22.4 we used (k|1?|1) = Y3, c;(k|i) to find the matrix
elements. Using this approach, the resulting matrix elements are:

(1|K |1) = 2(111) = 2 = Ky,

(2|K 1) = 2(2|11) = 0 = Koy,
(3|K 1) =2(3|11) = 0 = K3,
(1K [2) = 3(112) = 0 = Ky,
(2|K [2) = 3(2|2) = 3 = Kyy,
(3|K |2) = 3(312) = 0 = K3y,
(1|K [3) = —6(113) = 0 = Ky3,
(2|K |3) = —6(2]3) = 0 = K3,
(3|K [3) = —6(3I3) = =6 = Ki3.
Then, the matrix

/2.0 0
K=[(0 3 o]
0 0 —6

Boccio showed another representation based on the basis and projection operators.
KI1X1] = 2|1¢1],
R12)(2| = 312)(2],
K[3)3] = —6[3)}3].
Now,
i1 K [iXi| = KX 1ii] = K = 2[1)(1] + 3|2X(2| - 6|3)(3].
Represent the projection operators in their respective matrices:

1 00 0 0 0 0 0 0
111l =(0 0 o0],12¢2=(0 1 0)and|3)3]=|0 0 0]
0 0 0 0 0 0 0 0 1

So, again the matrix representation of

R 2 0 0
K=10 3 0 |,isobtained.

0 0 -6
b) What is the expectation value or average value of K, defined as (a|ﬁ|a) in the state
1
@) = 7= (=3[1) +5[2) + 7|3)).
Boccio presented three ways to evaluate the expectation value.
- Matrix Multiplication.
All the ingredients are there:
(R) = (a|R|a).

The column representation of |a) is:

1 Projection operator a matrix or a vector?

44



1 0 0 -3
|a)=i[—3<o>+5<1>+7<o>=<5 )].
ves 0 0 1 7

2 0 0

Then, with K = <0 3 0 ) we have the ingredients to evaluate:
0 0 -6

(K) =(a|K|a) = —28%.

- Bra-Kets

With

-1
Ia)—m( 3|1) + 5]2) + 7|3)),
1

(a] = = (=3(1] + 5(2 + 7(3])
and

K = 2]1)(1] + 3|2)(2| - 6|3)(3],

Y — 174 _ _z20

(K) —(a|K|a) ===
- Probabilities

201

(R) = {a|Rla) = 534 knP (ky) = =22

4.22.6 Projection Operator Representation

Let the states {|1), |2), |3)}, form an orthonormal basis. We consider the operator given by
P, = 12)(2.

a) What is the matrix representation of this operator P, = |2)(2]?

A 3-D space of states is considered with an orthonormal basis.

Then,

0 000
132=|2><2I=<1>(0,1,0)=(0 1 o).
0 000

b)The eigenvalues:
0—-21 0 0

0 1-1 0

0 0 0—-21
The eigenvectors: the orthonormal basis {|1), |2), |3)}.
In column vector representation:

0 0 0
|1) = (0), |2) = (1) and |3) = <O> .
0 0 0

c) P|A), where |4) = —(=3|1) +5|2) + 7|3));

P,14) = |2)(2]4) = \/%—3(—3|2)<2|1) +512)X(2|2) + 7|2)(2|3)) =
d) Boccio also paid analysed the quadratic operator 1322:

- P} = (122D (12)2) = |2)(2] = P,.

- PZ|1A) = P,12) = 212),

and

pZZM) = Pzﬁzll) = 132 |2y = AﬁzM) = AZM)-

=0=1=0,1,0.

5
= |2).

45



Consequently,

A2y = A1) = (A2 = D|A) = 0.
So,
A)=0,or(A2—2)=0=1=0,1.

4.22.7 Operator Algebra

An operator for a two-state system is given by

H = a{]1IX1] =|2)(2| + [1X2| + [2)X1]3,

where a is a number.

| assume the orthonormal basis to be {|1), |2)}. Then, with matrix representations of the
projector operators, matrix representation of a:

g_(a 0y_(0 O 0 a 0 0y_y(a a

H_(o o) (o a)+(0 o)+(a 0)_(a —a)'
The eigenvalues are obtained with:

|a -1 a

a —-a —

Resulting into two eigenvalues:

A, =av2,and - = —aV/2 .

With these eigenvalues two eigenkets are obtained.

In column representation:

~ ~ a a\/a a
Hl+)=A,H|+)= (a _a) ([)’) = ax/f(ﬁ).
This gives two equation for @ and f3, resulting into a ratio:

£=(v2-1).

/1|:0=>—a2+12—a2=0

Note: Boccio obtained f = (\/E — 1)a.
You do not obtain this from the two aforementioned equations. Since a cancels out.

With g = (\/f - 1), normalization gives a quadratic equation:

a’(4—2v2) = 1.
Two values for a:
a=+ . I choose the + sign.
4-2v2
So,
_ V2-1
p= NN
Or,

choosea =a,= B =(V2-1)a.
9=(g)=a(z_4)

Normalization gives for a:

a=1= .

Va-2v2

| choose the + sign. Leading to the same result as above.

Now,
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1 1 1

1+ ===( ) ===+ (VZ- D2
The other eigenket:

~ —~ a a a a

A=) =2 = (o ) (p) = —av2 (),
This gives two equation for a and 3, resulting into a ratio:
B_ _

e (\/E + 1).

With g = —(V2 + 1), normalization gives a quadratic equation:
a?(4+2V2) =1.
Two values for a:

= iﬁ . I choose the + sign.

So,
B=— V2+1
- \/4+2\/§'

19 == (2 4 1) = T 10 - G2+ DI2)
Similarly, with the choicea = a = f = —(\/_ + 1)a.

I—)—( )—a( (\/—+1)) etc.

Resulting into, after normalization in the above expression for | —).

Check:
=) = ===+ (V2 - D@l - (V2 + D)i2)] = 0.
Furthermore:

|+ (+ = 2 (01D + (VZ - DI +(VZ - 1)1 =
= S UD {11+ (V2= 171221 + (V2 - DIn2] + (V2 - Di2xal

Similarly | —)(—|, is derived. See Boccio.

4.22.8 Functions of operators

Suppose that we have some operator Q such that Q|q) = q|q), i.e., |q) is an eigenvector of
Q with eigenvalue q. Show that |q) is also an eigenvector of 2, Q" and . Determine the
corresponding eigenvalues.

First Boccio showed

Q%q) = QQlq) = Q qla) = qQlq) = q*|q).

Hence, the eigenvalue of Q? is g2.

By induction it is shown , the eigenvalue of Q™ to be q".

| used a slightly different order for this induction procedure:

Q"lq) = QQ™ gy = Qq""lq) = - = q"|q).

The induction procedure stated with the assumption: 0" 1|q) = g™ '|q).

Next, the eigenvalues of e are obtained from the series expansion of e, with the interesting
result of the eigenvalue to be: e4.
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4.22.9 A Symmetric Matrix

Let A be a 4 X 4 matrix. Assume that the eigenvalues are given by 0, 1, 2, 3 with
corresponding normalized eigenvectors

1 1 0 0

_ 1[0 _ 1[0 _1(1 _1[ 1
|/10)_ﬁ 0 I|A‘1>_\/E 0 Ill‘{z)_ﬁ 1 Iand |/13>_\/E -1
1 -1 0 0

Then, Boccio used the symmetry of A to use the existence of an orthogonal matrix U, such
that D = UAUT,

where D is the diagonal matrix with eigenvalues 0, 1, 2, 3.

The matrix U7, is given by the normalized eigenvectors of 4, i.e.,

1 0 0 1
yT = 11 0 0 -1
v2l0 1 1 0
01 -1 0
WithUT = U= A=U"1D(WT)™}, Ais obtained.
However,

| used a different approach, than used by Boccio. An approach by brute force:
AlA;) = A A,

with
ai1 Q12 Q13 Qi4
A = Az1 Az Q23 Qg
Q31 Q3 Q33 034
As1 QA4 Q43 Q44

Consequently, there are 16 equations resulting from A|A;) = 4;|4;). The equations are given
in the two tables below. To be solved in one glance:

/’{0 =0 a1 + A4 = 0 arq + Ay = 0 a31 + a34 =0 A1 + Auq = 0
=1 ap —a14=1 A1 — A4, =0 az; — a3, =0 Ay — A4 =1
1 a;1 = 0; Ary = 0 a31 =0 ; a34 =0 1 1
A1 ==, Aua = — % a = — =, Quq4 = =
11 2 14 2 41 2 44 2

So, we have already 8 elements of the matrix A.

The next 8:
Ay =2 a5, +a3=0 Ayy +ay3 =2 A3y +a33 =2 Ay +a43=0
A3 =3 a1, —a13=0 Ayy —Ap3 =3 a3y — A33 = =3 Qup — A3 =0
a;,=0;a,3=0 5 5| ap=0;a;3=0
a22=—;a23=—5 a3z = — ,a33=5
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We have here all the elements of A:
1 0 0 -1
0 5 -1 0
0 -1 5 0
-1 0 0 1
Brute force was not that brute. The zero’s in the eigenvectors were helpful.

A=2
2

4.22.10 Determinants and Traces

Let A be an n X n matrix. Show that
det(exp(A))=exp(Tr(A)).
This is about matrix analysis.

The key is any n X n matrix can be brought into triangular form by a similarity
transformation.

To me, the other solution method as presented by Boccio is more attractive.

There, the trace of the matrix(the sum of the diagonal elements) is used in a direct way.
The result of Problem 4.22.8, Functions of Operators,

e?lq) =elq),

can be used.

4.22.11 Function of a Matrix

Let
-1 2

A= ( 2 —1)'
Calculate exp(aA), where « is a real number.
See also exercises 4.22.8 and 4.22.9.
First the eigenvalues and eigenvectors of aA.
The eigen values of aA:

-a—q 2a

| 2a —a— q|
we have q, , = a, —3a.

=0,

The eigen vectors, |q1,2) of aA:

Alq;) = qilq:)-
Just represent |q;) as 2-D column vector and the two column vectors are obtained:
V2 V2
— 2 —_| 2
|q1>_ _E land|q2>_ Q .
2 2

The key equation is, see Problem 4.22.8(Boccio):

e|q;) = ei|q;).

Now again, | use a different approach than Boccio(See Problem 4.22.9 above).
| represent e*4 by a 2 X 2 matrix:

eaA:(an alz)
az1 Az

Consequently, there are 4 equations resulting from e%4|q;) = e%|q;). The equations and
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solutions are given in the table below.

w=-3a| VI VI __I| I VI .7
Ao — G- =e " A1 — Ay = —e " —
2 2 2 2 2 2
G=a | V2 NI NI| N2 NI 3
a11—+a127=67 a21—+a227=e7
a; =5 (e +e73%) ay =5 (e*—e™3%)
a;; =5 (e%—e™3%) Apr =5 (e%+e73%)

Hence,
pTA — (au a12) _ 1(e“ +e73% % — e‘3“) _ ﬂ(cosh 2a sinh Za)
Qz1 Az 2\g% — g3@ & 4 o3 2 \sinh2a cosh2a/’

4.22.12 More Gram-Schmidt

Let A be the symmetric matrix:

5 -2 -4
A= <—2 2 2 )
-4 2 5

Determine the eigenvalues and eigen vectors of A.

The eigenvalues:

5—-q =2 -4
-2 2-—q 2
—4 2 5—¢q

with the general expression for the 3 X 3 determinant(Chisholm and Morris, page 423) the

resulting cubic equation is:

q® —12q* + 21q — 10 = 0.

The roots of this cubic equation are, with the WolframAlpha-app or Abramowitz and Stegun

or give Cardano a try,

g1 =1,q9, =1,and g3 = 10.

Then with:

Alq;) = q;1q;), the vectors can be obtained.

=0,

a
First with g; = 10 =represent |q;) by the column vector <b>

c
After some algebra and normalization, we have

. 2
lq3) = 5(—1)
-2

Now the eigenvectors with the same eigenvalue equal 1.

| use the same representation. In this case we obtain: 2a — b — 2c =0 = b = 2a — 2c.
2

Orthogonality: (a (2a — 2¢) ¢)) (—1) = 0 = inconclusive. | choose ¢ = 0. For |q;) we
-2
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obtain:

L -1
lq1) = ﬁ<—2>-
0

What about |g,)? We still have 2a — b — 2¢ = 0. Now, if | choose b = 0, orthogonality with

-1
|g3) , and normalization: |gq,) = \/—17< 0 )
-1
As demonstrated by Boccio: (q;|q,) # 0.
Next the Gram-Schmidt procedure is used. With the projection operator |q;){q4]:

-1
41
la5) = 1q2) — la1Xq11q2) = Eﬁ( 2 )
-1
My results differ from Boccio’s result due to the normalization factor.

4.22.13 Infinite Dimensions

Let A be a square finite-dimensional matrix with real elements such that AAT = I.
a) Show that ATA = I.

A be a square finite-dimensional matrix with real elements, so the inverse exist.
Well, if we assume AAT = I, then by definition AT is the inverse of A = A1, since
AATI =1.

Now, with A4 =1,

AATIA=IA=A=AA=1=ATA=1.

b) Doe this result hold for infinite dimensional matrices?

The answer is no (Boccio).

Boccio illustrated this with a counterexample on page 38 of the problems.

4.22.14 Spectral Decomposition.

Find the eigenvalues and eigenvectors of the matrix

0 1 0
M={1 0 1]
0 1 0

The eigenvalues:

—-q 1 0
1 —q 1 [=0,
0 1 0—g¢q

with the general expression for the 3 X 3 determinant(Chisholm and Morris, page 423) the
resulting cubic equation is:

—q*+2¢g=0=q; =0,+V2.

Then with:

M|q;) = q;|q;), the vectors can be obtained.

1
1
q1=0=>|q1>=5<0>-
~1

| reproduce the result for |g,), Boccio,
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1
1q2) = %(\/E)
1

a
| present the |q3), where | represent the ket in column representation (b):

0 1 0\,a a ¢
<1 0 1) <b> =2 <b).
0 1 0/ \c c
Then,
b =—av2,
a+c=—-bVv2,
b = —cv2.
Normalization,
b2
2

2
a2+b2+c2=1=>b7+b2+ =1=b=+-V2.
Ichooseb=%\/§.

Hence

N | =

-1

1q3) = %(ﬁ) Apparently, Boccio choose b = — %\/5 A phase difference of e'”.
-1

The projection operators in matrix representation, using matrix multiplication of the ket and

bra representation of the projection operators:

a; a;a; al-bl- a;c;
P, = |qiXqi| = (bi> (a;, b;,c;) = (biai b;b; biQ)-

Ci cia; Cibi CiC;

1
The results are presented by Boccio, with |g3) = %<_\/§>

1
The matrix can be written in terms of its eigenvalues and eigenvectors. Well, to be a bit

more precise, in terms of eigenvalues and projection operators, we have,
M|q;) = qilq;).
Multiply this expression to the left and the right with the bra (qg;|:

M|q:Xq:l = q:lqiXaq:l -
Sum this expression over the complete basis set:

M ¥ilqiXail = Xi qilqiXq:l -

Et voila, with }};|q;){qi| = I, we have

M =Y qilaiXqi|l = Xiq: Pi.

The result is presented at the bottom of page 39, Boccio.
This Dirac Algebra is elegant, to say the least.

4.22.15 Measurement Results

Given particles in state:
1
E[—3|1) + 5|2) + 7|3),

where {|1),|2), |3)}, form an orthonormal basis, what are the possible experimental results

|la) =
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for a measurement of

/2.0 0
r={0o 3 o],
0 0 —6

written in this basis and with probabilities do they occur?
We met the state |a) in Problem 4.22.6 Projection Operator Representation.
The eigenvalues of the operator(observable) ¥ follow from a measurement of a particle in a
state |a). The eigenvalues are respectively: 2,3, —6, resulting from
(q—2)(q—3)(q+6)=0.
It follows that 2, to be the eigenvalue with the eigenvector |1).
3, to be the eigenvalue with the eigenvector |2),
and
—6, to be the eigenvalue with the eigenvector |3).
So the probabilities of the observables are:
|(1]a)|?> = the |1) state is projected out, the probability of the observable with eigenvalue
equal 2,
|(2|a)|?> = the |2) state is projected out the probability of the observable with eigenvalue
equal 3,
and
|(3|la)|?> = the |3) state is projected out the probability of the observable with eigenvalue
equal -6.
The probabilities are presented by Boccio, page 40.

4.22.16 Expectation Values.

Let
_ (6 =2
R=( %)
represent an observable, and

9= (),

be an arbitrary normalized state.

The expectation value of R?:

(R?) = (V|R*|W).

Plug into this expression the observable and the given state:
(6 —2\[( 6 —2\(a

(PIR*|¥) = (a’b )(—2 9 )(—2 9 )(b)'

The resulting expectation value is presented by Boccio page 41.

Boccio presented another approach, an indirect way.

First find the eigenvalues and eigenvectors of the observable R.

The eigenvalues:

6__2r 9__2r =0=7r2-15r+50=0= (r — 5)(r — 10) = 0.
The eigenvectors:

R|r;) = r;|r;), and normalization, the eigenvectors are obtained.
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2/V5 ([ 15
= (N2 ana i = (1)

a
Now, Boccio used these eigenvectors as a basis for |[¥) = (b)’

W) = () = dalr) + dalrz) = 8 I1y).

Hence,
di = (r|®) = (2/V5 1/V5) () = = 2a +b).
Similarly:

dy = (r,|¥) = (1/V5 — 2/\/—) (3) ==(@—2b).
Then |¥) = \/_(Za + b)) +—= NG (a — 2b)|ry).

Let’s use the approach of problem 4.22.14: the projection operators.
R = Yiri|riXril,
and
= Xirf|nNnil.

Then,

(WIR?|W) = X1 (PIr)(ri|¥).
With |¥) = ¥, d; |r)

(PIR*|W) = X ;v |dj|* (ry|ro)|? = B i1 112635
So, the projection operators projected out:
(WIR2|W) = ¥, 72 |d;|? = 25 - '2“”" +100 -
giving the result, presented by BOCCIO, page 41.
Obviously,

(WIR?|W) = X7 P,
the usual representation of the expectation/mean value with probabilities P; = |d;|?.

la— 2b|
5 ’

4.22.17 Eigenket Properties

Consider a 3-dimensional ket space. If a certain set of orthonormal kets, say |1), |2) and |3)
are used as the basis kets, the operators A and B are represented by the 3 X 3 matrices:

A a 0 0 a—A 0 0
A=|l0 —a 0 |=
0 0 —a

0 —a-—2 0 =0=(@-ND@a+)a+1)=0.
A has a degenerate spectrum: two equal eigenvalues.

0 0 —a—A

(/b 0 0 b—12 0 0
B=<O 0 —ib>=> 0 —-A —ib|=0=B-DA*-b*)=0.
0 ib 0 0 b -2

It is clear from the determinant for the eigenvalues of B to have a degenerate spectrum:
two equal eigenvalues.
Show that A and B commute:

o a 0 0 b 0 0 b 0 0 a 0 0
AB—BA=({0 —a O 0 0 —-ib|]—({0 O —=ib])]{O0O —a 0 |=
0 0 —a/\0 ib O 0 ib O 0 0 -—a
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ab 0 0 ba 0 0
=10 0 iab|—10 0 iba | =0,
0 —iab O 0 —iba O

since a en b are real numbers.

We learned that commuting operators have a common set of eigenvectors.

Find a new set of orthonormal kets which are simultaneously eigenkets of both 4 and B.
| use the notation of Boccio.

Let |u') be an eigenvector of A with eigenvalue A;: A|u?) = 2;|u?).

With (a—A)(a+A)(a+1) =0

a 0 0\/u uj

<0 —a O) uwl=alul |=maul=aul =>ul=?, —al=aul=ul=0,
0 0 a u?l’ U3z

—aul = aul=ul =0.

Consequently, with normalization

luil® + [uz|? + |u3|?> = 1, and

1
w=ul=0>ul=1= |u1):<0>.
0
With the usual notation, it follows |ul) = |1).

What about the degenerate eigenvalue —a and the eigenvector |u?)?

2 2
a 0 0 ug Uy
0 —a 0 ||Wd]|=-alu:|= aui=-au?!=u?=0,
_ 2 2
0 0 a us us
—aus = —aui = uj =?, —aui = —aui = u3 =?

Normalization gives:

[uf|? + [uz]® + [uf]? = 1= [uZ|> + [u3|> = 1.

So, here stops the buck for A. The new eigenvector |ut) = |1), is found. The element

u? = 0, is obtained and the normalization relation |u3|? + |u3]|? = 1. Then for the second
0

eigenvector we have: [u?) = | u3
uj

Next, we evaluate B, with the eigen values t+b.

b 0 0 0 0

0 0 —ib||us|=b|ui|= —ibu?=buZ,ibu?=>bu? = iu?=ul
0 ib 0/ \uj u’

Using normalization:

W32+ [ud|? + i = 1= 2|2 =1 = ud ==, and u} = —i

-

Hence

0
1 ) 1 .
[u?) = 5(—;) == (=i12) + [3)).
One eigenvector to be evaluated. Let’s use the eigenvalue —b.
Then,
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b 0 0\ /W up
0 0 —ib]lud]|=-b|lud]|=hbud=-bu}=u}=0,-ibul=—-buj,and

0 ib 0/ \y3 3
ibus = —bu3 .
0
So, for |u3), we have: |u3) = u3
—iu3

Again, with normalization [u3|? + [u3|2 + [u3|? =1 = 2[ui]? =1 > ul =

-

Finally

0
3y — L —— —i
[u?) = ﬁ< 1_) = 502) - 3.
—i

We found a new orthonormal set |ui).
Obviously, | need not to demonstrate:
(u'lu?)y =0, W u?) = 0,and (W?|ud)=0.
Remark 1:

1

lul) = <O> = |1), is an eigenvector.
0

After inspection, it appears |2) and |3), are eigenvectors too.

My results differ not essentially from the results of Boccio. Furthermore, | did not choose
any elements. The eigenvectors followed from the basic rules.

Remark 2:
A 3 X 3 matrix and a 3 X 3 determinant are the usual suspects. For that reason | used the
following Memoria Technica:

b b b

bll b12 b13 _ bZZ b23 _ b21 b23 bZl b22

21 22 23| — b11 b b b12 b b + b13 b b ’

b b b 32 33 31 33 31 32

31 32 33

bi1 bz by byy 0 0 0 by O 0 0 by
b21 b22 b23 = 0 b22 b23 - b21 0 b23 + b21 b22 0
b31 b32 b33 0 b32 b33 b31 0 b33 b31 b32 0

4.22.18 The World of Hard/Soft Particles

Let us define a state using a hardness basis {|h), |s)}, where
Oy|h) = |h), and Oy|s) = —1|s).

Suppose that the system is in a state

|A) = cos 6 |h) + e'® sin @ |s).

a) Is this state normalized?

Boccio showed the result of (4]|A) to be 1.

It is about the calculation of the inner product:

[cos 8 (h| +e~* sin 6 (s|][cos O |h) + e sin @ |s)].

b) Find a state |B) orthonormal to |A).

We expand |B) in the basis {|h), |s)}: |B) = c1|h) + c,|s).
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With (A|B) = 0, and (B|B) = 1, the state |B) is found:
-(4|B) =0 = ¢, = —e'? cot ¥,

-(B|B) = 1, and with ¢, = —e'? cot@ = ¢; = sin¥.
Hence,

|B) = sin 6 |h) — e'? cos @ |s) .

c) Express |h), and |s), in the { |A), |B)} basis.

|h) = hy|A) + hy|B).

Then,

hy = (A|h) = cos O (h|h) + e~ sin O (s|h) = cos A,
and

h, = (B|h) = sin 0 (h|h) — e~ cos O (s|h) = sin 6 .
So,

|h) = cos@ |A) +sin @ |B) .

Next,

s} = 51|4) + 5;|B).
Then,

s; = (A|s) = cos O (h|s) + e ¢ sin O (s|s) = e " sin @,
and

s, = (B|s) = sin 0 (h|s) — e cos 0 (s|s) = —e ™ cos 6.
So,

|s) = e *{sinf |A) — cos O |B)} = sin 6 |A) — cos 6 |B) .
d) What are the possible outcomes of a hardness measurement on state |A) and with what
probabilities?
The outcomes are:

P(h|A) = |{h|A)]?, with probability cos? 8,
and

P(s|A) = |(s|A)|?, with probability sin? 8 .
e) Express the hardness operator the { |A), |B)} basis.
The hardness operator in the {|h), |s)} basis:

N 1 0

On = (0 —1)'
We expressed the operator in its projection operators as we have done before in Problem
4.22.14:

Op = alh)(h| + BIs)s|,
where the eigenvalue @ = 1, and the eigenvalue f = —1.
So, the old OH observable

Oy = |h)(h| = |s)s] .
Boccio presented two methods two express the new matrix Oy . | present here one of them.
With Oy = |h)h| — |s){s]|, and |h), and |s), in the { |4), |B)} basis:

0y = |h){h| — |s){s| = (cos 8 |A) + sin 8 |B))(cos B{A| + sin 6 (B]|) —

—(sin @ |A) — cos 6 |B))(sin 6 (A| — cos 6 (B|).
Then, Boccio used the most basic column representation for the { |A), | B)} basis:

|4) = ((1)), and |B) = ((1)) .
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In this way the matrix representation of the projection operators
|AXA|, |1AXB|, |BXA| and |BXB| ,
are obtained.

Remark: |A)(B|, and |B){A|, are no projection operators at all!

This results in the new matrix for Oy. | think this matrix is meaningless.

There is a problem?

We try to find a 2 X 2 matrix in the { |A), |B)} basis, with unknown eigenvalues a; 5.
Then

(Ccl Z)((l))zal((l))=>a=alandc=o_

Furthermore
1 = a, =d=a,andb=0.
(5 D@==()

So, the matrix reads:

(¢ )
0 )
This matrix differs from what Boccio obtained:
A _ (cos20 sin26
On = (sin 260 —cos 29)'
Now, use the { |A4), |B)} basis and you will find the element sin 26 = 0, and
A _ (cos26 0
On = ( 0 — cos 29)'
That is the problem.
cos260  sin26

sin20 —cos 29) are +1. That is correct in the {|h), |s)} basis with

The eigenvalues of (

A 1 0
0 = ( ).
=\ -1
Let’s pay some more attention to the matrix:

cos 26 sin 260 . . . sin 6 cos @
+ .
(sin 20 — cos 29), with the eigenvalues +1, the eigenvectors are (cos 9), and (sin 9)

Then

cos260  sin26 \ _ (cosf : _(sinBY . _.
(sin 20 —cos 29) B (sin 0> (cos§ sin6) (cos 9) (sinf cos6).

These eigenvectors are orthonormal=a basis. Well, | leave this problem, with some
problems left. The major one is, page 44 Boccio, |B){(A|, and |A){(B|, are used as projection
operators. These two are just outer products! When you get rid of these, the operator is:

~ _ (cos 20 0
On = ( 0 — cos 20)'
Note: The eigenvalues 4; of (Z Z) are obtained from the determinant:
-1 b 1 1
|“C d_/,l|=O:>/11,2=5(a+d)i\/z(a—d)2—bc.

4.22.19 Things in Hilbert Space

For all parts of this problem, let H be a Hilbert space spanned by the basis kets
{]0),|1),2),3)}, and let a and b be arbitrary complex constants.
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a) Which of the following operators are Hermitian operators on H?

-10)(1| + i|1){0] = take the complex conjugate of these outer products of bras and kets.
The conclusion is not Hermitian.

-10)0] + |1){1] + |2){3] + |3){2| . A combination of projection operators being Hermitian
and a symmetric combination of outer products being Hermitian.

- (a]0) + [1NT(al0) + |1)) = (a*(0| + {1])(a]0) + |1)) = a*a + 1, a real number.
Consequently Hermitian. A number as operator.

- [(al0) + b*|1)T(b|0) — a*|IN]12)(1] + [3)X3] =

= [(a™(0] + b(1])(D|0) — a*[IN][2K1] + [3)(3| =

(a*b — ba™)|2)(1] + |3){(3] = |3){(3|. The operator is Hermitian.

- [0)O] + £[1X0] — {]OX1] + |1)(1] .

Then,

(10X0] + £[1X0] — £]0OX1] + [IXLIDT = [0X0] — i|0)1] + | 1)0] + |1)(1].

The operator is Hermitian.

b) Find the spectral decomposition of the following operator on H':
K =10)X0] + 2|1)(2] + 2|2){1] — [3)(3].
From this operator follows the 4 X 4 matrix.

Then,
1 0 0 0
> 0 1 0 0
K= 0 (1000)+2 0 (0010)+2 1 (0100)—<0>(0001)=
0 0 0 1
1 0 0 O 0 0 0 O 0 0 0 O 0 0 0 O
:0000+0020+0000_0000
0 0 0 O 0 0 0 O 0 2 0 O 0 0 0 OoFf
0 0 0 O 0 0 0 O 0 0 0 O 0 0 0 1
Hence,
1 0 0 O
g 0 0 2 0
k= 0 2 0 O
0 0 0 -1
The eigenvalues follows from:
1-4 0 0 0
0 -1 2 0 —0

0 2 -1 0
0 0 0 —-1-121
A 4 X 4 determinant with a lot of zero’s .
This gives the following polynomial in A:
1 =2 (-A-2-1-D)=2-2(-1-D) =0 = (1 - DA+ D)4 - 2%) =
=1-1HA+1)D2-1)2+1) =0,
four eigenvalues.
The eigenvectors are:
forA=1,|1;) =10),
forA=—1,|4,) =|3),
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0
1
forA—2|A3)—{\/— =—=[]1) +|2)],

1 T
\/—
0
0
1
andfori=—-2|4)=| % ==[11) - 2]
V2
0

So:

K=1-12)=1-12) +2-|3) — 2+ |A4).
c) Let |¥) be a normalized ket in H, and let [ denote the identity operator on . Is the
operator

B =+ wx¥))
a projection operator?
Boccio showed by calculating the square of B, B not to be a projection operator since
B? # B.Thisis an elegant way using the property of projection operators. It is basically
about:

[P [PHP] =[NP
d) Find the spectral decomposition of B = \% (I + |¥)W).

Boccio showed |W) to be an eigen vector of B, with eigenvalue V2.
This was shown in the following way

BIW) = = (I + [WXW)IP) = 5 [[19) + [WXW¥)] = Z[1¥) + [¥)] = V2[¥).
Now,
[PHW] = 2[PNP| = [NP] = Z[PHP| = VZIPNP| = 5 @)W,

So, using the preceding expression, B is decomposed

~ 1 .- 1

B =S+ [PKY]) = V2| W)Y — 5 IPHY + + =1 = V2|P)¥| + \F(I — [YX¥D).

Hence , the operator is decomposed in the projection operator times the eigenvalue V2 plus
1 =

= (= [w))) .

\/if (I — |¥)XW¥|) needs to be decomposed into eigenvalues times projection operators.

Notice (I — |[W)(¥|) to be a projection operator. And eigenvalue % .

How to decompose this projection operator? Hilbert space is still 4-dimensional, | suppose.
So, | need to decompose (I — |[¥XW¥]).
Hidden in plain sight, (I — [#){¥|) consists of three projection operators with the same
eigenvalue %
Define an orthonormal basic set |g;), one of the kets is |¥), with eigenvalue V2 .The other
. . 1
three are |g;), with eigen value ek
So,
I'= g Xa1] + |a2az| + 1a3){as] + [$XP].
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Hence

I- [PHYP| = [q1 a1 + |a2{q2| + |q3){qs]-
Consequently

A 1 » 1

B = 5(1 + [UNY| = V2|PXY| + ﬁ(|Q1)<Q1| + 192{q2] + 193){qs]).
That is all there is to find out about the spectral decomposition.
The basis kets {|0), |1), 2), 3)} could do the job.

4.22.20 A 2-Dimensional Hilbert Space

Consider a 2-dimensional Hilbert space. Spanned by an orthonormal basis {| T= u), | =
d)}.

This corresponds to spin up/down for spin % , presented in Chapter 9. In the following, | will
use {|u), |d)} to prevent ‘arrow clutter’.

There are three operators:
h

$i =2 (JuXd| + 1d)ul) , $, = = (u)d| — |d)ul), and §, = = (Ju)(u| — [dXd]).
a) Boccio proved, page 259 Section 4.10. More about Vectors, Linear Functional, Operators,
Egs. (4.92)-(4.96), the outer product: |g){p| to be Hermitian. | will use this.

Remark:

However, let’s pay some attention. A question with respect to Eq.(4.92): |q) and |p) are
orthogonal? Assume this to be so, then, in Eq.(4.94), (p|q) = 0. Consequently,

(lgXpDT = |gXp| , is meaningless. So, in order to make it work |q) and |p) are not
orthogonal. One way or the other, we run into trouble with the basis set {| T= u), | 1= d)}.
The kets are orthogonal.

In Eq.(4.94), Boccio used the dagger symbol for complex conjugate and transposition, |
suppose. Then, (Jg){p|)Tis the complex conjugate of a transposed matrix.

With Dirac, (|g){p])T = |p){(q|. Plug this into Eq. (4.94) and the question arises whether new

information is created. | am confused.

Note: | do not know how to relate this with Dirac, page 28 Eq. (7), where Dirac showed the
conjugate imaginary of the outer product |A){B| : |A){B| = |B){4]|.
Susskind mentioned the projection operator to be Hermitian: A = B.

So, | will use the outer product to be Hermitian.

-8, = 2(uXdl + )’ = 2 [(u)dDT + (dXuD'] =2 (uXd] + [dXu]) = S,
As far as | am concerned, in this case there is no confusion. Since, using Dirac,

8" =2 (uXd] + [d)ul)’ =2 (d)ul+u)d]) = S, .

-8,7 = & (lu)d] — 1d)u)’ = Zilld)u| - [u)d]] = = (lu)(d] - |d)ul) = 5.

There is no need to use the outer product to be Hermitian. | used |A){B| = |B){A|, Dirac.
Finally,

A h
(ST =2 (lu)u| — |dXdD’.
We have two projection operators. Projection operators are Hermitian. Consequently,
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ST =2 (uul — [aXd)' =2 (ju)ul — [d)d]) = 3.
b) Matrix representations of the operators S, ,Sy and S,.
There are two ways to proceed:

- the method presented by Boccio, page 46, e.g.,

o ((ulSeu)  (ulSy|d)
S = <<d|s;|u> <d|s;|d>>'

with $,, = = (|u)(d| + |d)(ul), (u|S;[u) = 0,(d|S|d) = 0, (d|S,|u) = 1, and (u|$,|d) = 1.

- by choosing the column representation of |u) = ((1))
| have chosen the latter method.

Through this choice of |u) = |d) = (0

1
-§y = 2(lu)(d] + [d)ul) = Syfu) =2 |d).

-$y = 2(lu)(d] + [d)ul) = S;ld) =2 u).

With S, = (‘Cl Z

) . The two kets being orthonormal.

), and the preceding two equations: §x = g((l) (1)) .

Simarlily:

A nr0 —i A Al 0
Sy = E(i ol)' and 5 = E(o —1)'
c) The commutator [$,, S, ]| = Z—i [(Ju){d| + |d)u]) (u){d| — |d)u]) —
4

—(u)d] = [dYa) (udd] + 1d)w)] = 5 (1)l —hw)ul + [d)d] - wul] = =535,
Hence,

[5..8,] = irS,, = [5,,5,] = kS, , and [$,,5,] = inS, .

The same result is obtained by using the matrix representation in the commutators.
An example of this is given by Boccio on page 47. It is about matrix multiplication.

d) Two vectors:
1 1
|+) = (W) + |d), and | =) = 2= (ju) — |d)).
Boccio made the remark | +) and | —) to be eigenvectors of .§x. | could show this by using

the matrix representation of S, and the column representation of |u) = (é), and |d) = ((1))

And also in the outer product representation of S:
s _h
Se =S (Iw)(d] + |d)(u]) and, e.g., | +) = =(ju) +d)) =
= (lud| + [d)XuD(ju) + [d) = |d) + |u).
Show these vectors, | +) and | —), form a new orthonormal basis.
Then,
(+|+)=1, and(+|-)=0.
1 1
(+l+) = % (Gl +(dD 7 (ju) + |d)) =
1 1
(+1-) = % (Gl +(dD 7 (ju) — |d)) =
Hence, they form an orthonormal basis.
We can also write:

W) = Z[1+)+1-)],

[(ulu) + 2(uld) + (d|d)] = 1
0.

[(ulu) + 2(uld) — (d|d)]

1
2
1
2
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and

&) = =11+ =1 -]

e) Find the matrix representations of these operators in the {| +), | —)} basis.

S =5 (lu)(d] + |d)ul), with

lu) = %[ | +)+|—)and |d) = %[ | +) — | —)], the result in the {| +),| —)} basis is:

A h
Sx = S [ ANH] =1 =M=l
So, we obtained the expression for the operator in the representation of projection

o h h
operators with eigen values + o and — -

The representation in projection operators can be transferred into a matrix.
For this | use:

| +) = (w) +1d)) , and | =) = = (Ju) = |d)).

Boccio calculated the matrix elements of, e.g.,
St ﬁ<<+|§}édl+) <+I§%d|—)) _ ¢ua
B A A e VA
and $f = —Spd | SF = Sy
Well, from a geometrical point of view, the x-axis is rotated to the z-axis and the y-axis is
rotated to the —y-axis. In this way the z-axis is rotated to the x-axis.

f) The matrices found in b) and e) are related through a similarity transformation given by a
unitary matrix U, such that

Sud = ytsty, Sud = ytSky, and Spd=UtStU,
or

Sud = ytspdy,  S¥d = —ytsudy, and Syt =UTSHU.
The superscripts denotes the basis in which the operator is represented. Find U and show
that it is unitary.

Let us look into

Sud = ytSEU , with §f = =S}, (as shown by Boccio).
Then,

Sud = —ytSHy = —UutsHiy = (—Uut)2$pdy? = Sy

Hence, in general,

Sud = (—)ynuhHnsuiyn,

For n is even | think (UT)™ and U™ are unitary. Let us find out.

U to be unitary needs to satisfy:

Uty = I.
Now, to find out about the matrix elements of U, | will use brute force.
In general:

U= (Ccl Z),SOUT = (l;l* C;l)
Then, with the matrix representations of ¥4, S, and $¥¢, in addition with S§ = §¥¢,

Sk = -8y, 5+ =S¥, you will find a set of 12 equations.
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Let us start, | leave out the details, and present the equations | need.

se=vsru= (7 o)=( DG DE D=
2 % o

= 0= —Cd% Zfb ) o e b

Syt = -UTSHU = (—1 0) - (1;1 iz) (—1 0) (Ccl d) =
_ ‘a  —ad + c*b

= (—01 (1)) = (_ch++cd2 —lc)l*d++c*db)'

=i 5= )0 D 2=

= 1= (fofdi Z*d++cdb)'

The first set of equations to be analysed:

a’—cc=0,

—ac+c*a=0,

ac+c'a=1.

This results into:

2ac =1,2c*a=1,anda(c—c*) =0.

I concludea #0 ~ c =c".

Then, witha? —c*c=0=a = i%\/f,and c = i%\/f

The second set of equations to be analysed:

b*b—d* =0,
—b*d +db =0,
b*d + db = —1.

This results into:
2db = —1,2b"d = —1,andd(b — b*) = 0.
I concluded +# 0 ~ b =Db".
Then,b'b—d?>=0=b = +-v2,andd = F5V2.
So, to summarize the result:
1 +1 +1
U= (Ccl Z) = Eﬁ(£1 £1>'
We can do a bit more: there are 6 other equations of which 3 are different.
b*a—dc =1 = ba —dc = 1, this leads to the conclusion:
1 1 1
U= Eﬁ (1 _1).
This U is unitary:
1 1 1\1 1 1 1 0

Utu =1 :>Eﬁ(1 _1>E‘/§(1 _1> - (o 1) =1

Boccio showed, pages 49 and 50, the unitary matrix to be correct by calculating the matrix
multiplication:

UtS£U to be equal to S¥¢ etc.
g) Now let

A 1 A A

S, = 5(5};‘1 + Sy,

Express fi as outer products in the {|u), |d)} basis and show that SI = $_. May be the +
subscript is a bit confusing. Here, the + is not the indication of the {| +),| —)} basis.
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S5 =2 [(luX(d] + |dXul) + (JuXd]| — [d)u))].
Then,

$, =2lu)d|, and §_ =2 |dXul, = ] =2 |d)(u| = 5_, and (ST = ju)(d| = §T.
h) With the results of g) :

$ildy =2 uXd|d) = 21u),

$_fuy = 2d)ulu) = 2|d),

S-1d) = Z1d)uld) = 0,

and

Selu) = lu)dlu) = 0.

Then,

(ulSy =3 (uld)ul = 0,

(dIS, = (dld)ul =3 (ul,

(ulS_ =2 (ulu)d| = 2],

and

(d|$- = 2(d|u)d| = 0.

4.22.21. Find the Eigenvalues

The three matrices M, M,,, M, each with 256 rows and columns, obey the commutation
rules

[M;, M;] = ihe;j M, .
The eigenvalues of M, are +2h (each once), +2# (each once), +3h/2 (each 8 times), +h
(each 28 times), +h/2 (each 56 times), and 0 (70 times). State the 256 eigenvalues of the
matrix M* = M; + Mj + M.

The matrices M; represent the it"* component of some angular momentum operatorfin
some basis {a, j, m}. For each set of values (a, ) there are 2j + 1 different values of m.
There can be basis vectors with the same value of j but different values of m.

Questions: is this about quantum mechanics and orbital angular momentum (without spin)?
As far as | can see it, spin has not been the subject matter so far. Boccio refers to chapter 9.
When it has been the subject matter, which course? When it is about quantum mechanics,
why a instead of n?

However, n is usually considered to be the radial quantum number. So, in this case | assume
spin is represented by the quantum number a? Well, this problem is about total angular
momentum. So, a has to be the spin quantum number.

A question with respect of the formulation of the problem: why “The eigenvalues of M, are
+2h (each once), +2h (each once)....."” instead of “M, are +2h (each twice),....?”

f, the total angular momentum? If so, then spin is included.
The commutation relations:

[M,, M| = ihM,,
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My, M,| = ihM,,
and
[M,, M, ] = ihAM,,.
Well, I leave this problem. Too many questions.

4.22.22. Operator properties

a) If O is a quantum-mechanical operator, what is the definition of the corresponding
Hermitian conjugate operator, O1? | use the dagger the for conjugate Hermitian symbol.
In section 4.11 the definition of the Hermitian conjugate operator is given in Eq. 4.117.
b) An operator Q is Hermitian when

QT = Q.
c) Show :—x not to be Hermitian. Let’s denote this operator D.
For this we use the matrix elements of the operator.
The matrix element is (¥|D|®). When D is Hermitian, we have

(¥[D]®) = (¢[D|¥)".
As shown by Boccio:

—~ o0 L d
(w|D|®) = [, v Edx,

and

(@[D|W) = [7 ¢*Lax = ¢"p|% — [ L.

© dx
With ¢*¢Y|Z, = 0,
the result is:
(%]D|0) = ~(o|D|¥)
Hence , the Hermitian conjugate of
Dt =-D.
d) Prove that for any two operators A and B, (AB)T = BTAT.
With Dirac Algebra.
We make use of Eq. (7) page 21 Dirac:
(P]|P) = (|¥)".
Now, pages 27 and 28, Dirac:
(P1]= (P4 = |¥;) = AT|W,),
and
(CD1| = <¢2|BT = |D1) = B|D,).
Then,
(@,|BTAT|W,) = (P,1AB|D,)T = (@,|(AB)T|W,).
Dirac: “This holds for any |®,), and |¥,), we can infer
BTAT = (AB)T.

*

4.22.23 Ehrenfest’s Relations

a) Show that the following relation applies for any operator O that lacks an explicit
dependence on time:

a i
5. (0) = E([H’ 0]).
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Assume at a time t the state of the system is represented by |¥).
So, with the product rule, O not dependent explicitly on time and Schrodinger’s equation,

o _ ¢

240y = 2(wlow) = (%w|o|tp> + <w|o|%tp> = LwiHow) - LowloH|w) =
=+ (¥IHO — OH|¥) = -(¥|[H, 0]|¥) = ;([H, 0]).

b) Use the result under a) to derive Ehrenfest’s relations, which show that classical physics
still applies to expectation values:

m2 (%) = (p),
and

Jd >

2 (B) = —(W).

We will make use of%(O) = %([H, 01]), for the position operator:

520 =l =G V)= x (G V) = G =2 =

——(PxDyX — XDyPx) = — (DuPxX — DxXDx + PxXDx — XDxDy) =

2mh | 2mh
= —(px[ps X] + [Px XIPx).
With [p,, x] = —ih, we obtain:
a5 S
m2 (%) = (p),
since we will find similar results for y and z.
Now,

5
2 (B) = —(W).
2
For the x-coordinate, using the commutation of the Hamiltonian and :—:1, we have

opx _ i _Lp Yy — @
P = LV, pi]) = 14020 = — (D),
where use has been made of an operator always operates on something.
[V, px]lIJ =Vp ¥ —p VY =Vp ¥ — (V)P = V¥ — (0 V)Y,
= [V, px] = —piV.
Finally,
-
5 (P) = —=(VV),
since we will find similar results for y and z.

4.22.24 Solutions of Coupled Linear ODE’s

Consider the set of coupled linear differential equations x = Ax, where
x = (xq,%,x3) € R3, and

01 1
A=[1 0 1)
1 10

We need the eigenvalues of A:

-1 1 1
1 2 1|=0=-2B4314+2=0=2834+224+21-212-41-2=0.
1 1 -2
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So, we have
A2 +22+1)-2(A%+20+1) =LA+ 1?1 -2) =0.

There are 3 eigenvalues: A = —1, twice and 4 = 2.
Then, the eigenvectors are found from,
Ax = Ax,
0 1 1\ /*1 X1
<1 0 1) <x2> = A<X2>.
1 1 0/ \%3 X3
With A = —1:
Xy + X3 = =Xy,
X1+ X3 = —Xx5,
X1+ Xy, = —x3.

All three equations leading to: x; + x, + x3 = 0. Then, we have 6 unknowns, the three
elements of the 2 column vectors and 5 equations:

X1 + x5 + x3 = 0 (twice), orthogonality (one) and normalization (two).

This expression creates sufficient possibilities for two elegant and simple vectors, as shown
by Boccio, one denoted by v_; ; and the other by v_ ,, orthonormal.

So, let us choose one element of the eigenvector equal to zero: x; = 0.

Then we have, withx; + x, + x3 =0

Xy, = —X3.

Normalization, assuming (x4, x5, x3) € R to be real numbers, gives us the other elements:

x4+ x2+x=1= 2x2 =1:>x3=%=>x2 =—%.
Remark:
Then,

—i 1 0 P i 1 0
Vo1, = lx/f = 5(—1) , or, phase ambiguity e , v_; , = \/_E< 1 >

- 1 -1

V2
Now the other eigenvector with eigen value A = —1 is completely determined.
Again
X1 +x, +x3=0,
xi+x:+x2=1,
and

) 0
(xl,xz,xg,)ﬁ( 11> =0=>x, —x3=0= x, = x3.
With x, = x3,and x; + x, + x3 = 0 = x; = —2x3.
Plugging these results into x# + x5 + x3 = 1
4x% 4 2x5 =1 = x5 =%.
For the second eigenvector with A = —1, we have
i(2)
v == 1 ].
ve 1

Intermezzo
Being curious, let us choose one element of the eigenvector, with eigenvalue A = —1:
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x; =1

Then, x, = —1 — x3.
xZ+xi+xi=1=14+(-1—-x3)?+x5=1=2x2+2x3+1=0.

Now, x3, appears to be a complex number. So? With hindsight, meaning given vector v_, 4,
this will not produce results.

Having chosen the first element equal to zero, the vector is:

)

This using orthogonality with v_, ;, you will find:
—24+x,+x3=0.

We have already:

1+x,+x3=0.

So the choice of x; = 1 for vector v_, , is not allowed.
End of Intermezzo.

Now the other eigenvalue A = 2:

Xy + X3 = 2X4,

X1+ x3 = 2x5,

X1+ x; = 2x3.

These three equations has as a solution: x; = x, = x3.
With normalization the vector is:

L 1
»=5(3)

orthogonal with the other two eigenvectors.

A Hermitian matrix, A, can be diagonalized by a transformation PTAP, where P is a unitary
matrix whose columns are the normalized eigenvectors of A.

With the eigenvectors of A the unitary matrix, P, which diagonalize 4, is obtained, given by
Boccio on page 54:

-2 0 2
P==l1 V3 VI
1 —/3 V2

The diagonalized A, denoted by A, is

-2 1 1N/ 1 1\/-2 0 2
Ad=PTAP=PTAP=1(0 V3 —\/§><1 0 1) 1 V3 V2=
V2

‘\vZ2 v2 vz/\1 1 o0
-1 0 O
=<0 -1 O).
0 0o 2

In addition:
Ay = PTAP = PA,; = PPTAP = AP = PA,PT = APPT = A.
So,
-2 0 V2\y/-1 o0 oy/2 1 1
A=PAPt =zl 1 V3 2 (0 -1 o)(o V3 —x/§>.
1 —3 v2/ 0 0 272 V2 V2
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This expression is presented by Boccio.

The solution for x(t) with the initial condition x(t = 0):

x(t) = e4tx(0).

For the analysis the series expansion of the exponential is used.

With A and e“! presented by Boccio, x(0) is expanded in eigenvectors of A:
x(t) =e teyv_qq + e bey + elegvy,.

The resulting expression for x(t) is presented on page 55.

4.22.25 Spectral Decomposition Practice

Find the spectral decomposition of the matrix

1 0 O
A=({0 0 i].
0 —i o

The eigenvalues of matrix 4

1-1 0 0
0 -2 i|l=0=0-2DA*-1)=0.
0 —i -1
So, the eigenvalues are A = 1, (twice) and A = —1.
The first eigen vector is chosen as simple as possible:

a
with the eigenvector <b> we canchoosea=1,b =0, andc=0=

-0

Then for the other eigenvectorand A = 1:

the first element of this eigenvector a = 0, applying orthogonality.
For the other two elements we have:

ic = b,and —ib = c.

Normalization gives:

2 2 _ _1
|b|* + |c| —1=>|c|—ﬁ.
Hence, the most simple eigenvector is:

(0>
—=(
\1

The eigen vector with eigenvalue 4 = —1:
the first element is zero, sincea = —a = a = 0.
The relation between the other two elements: ic + b = 0, and —ib + ¢ = 0.

Again |c| = \/%

Using orthogonality, the eigenvector with A = —1 becomes

<0)
—| i
\1

With the eigenvectors we can compose the spectral decomposition by the projection
operators.
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0
A= <0 0 i) = LKA ] + 2042 M4z | + 23123 )(45].

With the eigen values and the eigenvectors in column representation, the preceding
expressions reads:

0 0
A= < ) ()(100)+ (i)(O,—i,l)—%(—i)(O,i,l)=
1 1
<1 0 0) ( ) 1(0 0 o>
0 0 0]+5(0 1 —-lo 1 -i)
0 0 0 0 —i 1 0 i 1

4.22.26 More on Projection Operators

The basis definition of a projection operator is that it must satisfy P2 = P. If P satisfies

P = PT we say that P is an orthogonal projector. As derived in the course, the eigenvalues
of an orthogonal projector are all equal to either zero or one.

a) Show that if P is an projection operator, then sois I — P.

So, by using the basic definition, we need to find out about (I — P)?:
(I-P)2=1-2IP+P*=]1-2IP+IP=1—-IP=1]-P.

b) Show that for any orthogonal projector P (meaning projection operator?) and normalized
state: 0 < (P) < 1.

Any orthogonal projector leads to the choice of a simple and elegant projection operator:

= |1)(1].
The vector |1), is an eigenvector of P, with eigenvalue 1
|1(1] 1) = 1|1).

Then, any orthogonal eigenvector orthogonal to |1) is an eigenvector with eigenvalue zero.
Let us denote one of these eigenvectors: |0),

|1)(1] |0) = 0]1) = 0.

The normalized state, denoted by |¥,), is decomposed into the eigenvectors of P:

|Wa) = col0) + c1]1).

Then

(lpallpa> = |C0|2 + |C1|2 = 1.

So,

(WalPIWa) = ((1]cf +(0]cp)[1X(1](col0) + c1[1)) = ((1le])(eq]1)) = [e]?.

As mentioned |W¥,), is normalized. So,0 < ¢y < 1,and 0 < ¢; < 1.

Consequently

0 <(¥,|P|¥Y,)<1.

c) Show that the singular values of an orthogonal projector are also equal to zero or to one.
Definition: The singular values of an arbitrary matrix A are given by the square roots of the
eigenvalues of

ATA.

It follows that for every singular value g; of a matrix A there exist some unit normalized
vector u; such that

u; At Au; = of.

Using this part of matrix theory for the projection operator(matrix), we have
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Ptp =pP2 =P,

or

= (IPXPDTAYIDD = (PXPD? = Y)W [Nl = [WXpl.

Hence, the singular values are 0 and 1.

So,

u; PtPu; = o?,

with g; equal 1 or zero, depending on u; = [Y) or u; # |P).

The projection operator never lengthens a vector.

d) Consider the example of a non-orthogonal projection operator
0 O

V=5 0)

The eigenvalues of N.

4 2 =0o=2a-n=0=2=01

The corresponding eigenvectors are found from:

(5 DG =2G)
With normalization

1=0=11)=5(3),

and
i=1=1)=(3)

These two vectors are not orthogonal.
The projection operators

-2 1)
n-o. -0 )

It appears:

san-040 910 - 9+ 9

e) Find the singular values of N.
For this we need:
tv— (0 “Iy(0 Oy_(1 -1

viv=(o (G D=G )
The eigenvalues:

1-14 -1 |
-1 1-2
The eigenvalues are 0, and 2.
The singular values are given by the square roots of the eigenvalues of NTN.

N.

=0=>(1-1D?>-1=0=11-2)=0.

Hence, these singular values are: 0 and v/2.
There exist a unit vector that gets lengthened by the action of the matrix N.

a
So, we use the normalized eigenvector of NTN, with eigenvalue 2, |u,) = (b):

(& DG =2() ==,

and
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_1(-1
u2) =5 (7))
The norm of this vector |u,):
((uzINTNu)? = V2.

5. Probability
5.1 Probability Concepts

Quantum mechanics will necessarily involve probability in order to make the connection
with experiments.

The quantity to be obtained is:

P(A|B) = probability of event A given that event B is true.

5.1.1 Standard Thinking

The standard mathematical formalism are presented, with A and B are given sets.

- A N B, represents the intersection of the two sets. Language: A cap B.

Thus:ANB = {3x:x € Aand x € B}.

-A U B, represents the union of the two sets. Language: A cup B. The set of elements
which belong to A alone or to B alone or to both A and B.

Thus:ANB = {3x:x € Aand x € B}.

Boolean logic is presented with an example of a truth table at page 324.

Then the axioms for a theory of probability is given.

An example of the use of axioms is shown in the Egs. (5.5)-(5.15).
Evaluate P(X N Y|C) + P(X N ~Y|C),
reminder ~Y =NOT Y =nonoccurrence of Y(denotes that proposition Y is false).
Axiom 4 will be used:
P(ANnB|C) = P(A|C)P(B|ANC),
where Boccio made the remark this equality to make sense if you think the events A and B
happening in sequence.
PXNY|C)+ PXN~Y|C) =
PX|C)P(Y|XNC)+ PX|C)P(~Y|X NC).
Now Axiom 3:
P(A|B) + P(~A|B) =1 = P(~A|B) =1— P(A|B).
Then,
PX|CO)PYIXNnC)+PX|CO)P(~Y|XNC)=PX|O[PY|XNC)+P(~Y|XnNnC)].
Hence,
P(XNY|C)+ P(XNn~Y|C)=P(X|C), Eq. (5.6) page 325,
PlugX = ~A,Y = ~B, into Eq.(5.6) :
P(~AN ~B|C) + P(~ANn ~~B|C) = P(~A|C),
with Axiom 3:
P(~AN~B|C)+ P(~ANB|C)=1-P(A|C) =
= P(~ANn~B|C)=1-P(A|C) — P(~AN B|C), Eq. (5.9) page 325.
Now plug into
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P(XNnY|C)+ P(X n~Y|C) =P(X|C), Eq. (5.6),
X=BandY =~A= P(Bn~A|C)+ P(BnNA|C)=P(B|C), Eq.(5.10).
With P(B N ~A|C) = P(~A N B|C) , EQ. (5.10) gives
P(~ANB|C) = P(B|C) — P(BNA|C), Eq.(5.11).
Eq. (5.9):
P(~ANn~B|C)=1-P(A|C) — P(~ANB|C).
So,
P(~ANB|C) =1-P(A|C) — P(~AN ~B|C).
Plug the preceding expression into Eq. (5.11):
P(~An~B|C)=1—- P(A|C) — P(B|C) + P(BNnA|C),Eq.(5.12).
With Axiom 3
P(AUB|C) + P[~(AUB|C]=1=P(AUB|C) =1-P[~(AUB|C] =
=1-P[(~ANn ~B)|C], Eq.(5.13),
where use has been made of ~(AU B) = ~A N ~B.
Boccio showed with the truth Table 5.2, the expression ~(AU B) = ~A N ~B, to be
correct. This could have been shown by means of a Venn Diagram.
Now plug Eq. (5.13) into Eq. (5.12) giving Eq. (5.15), called the rule of addition for exclusive
events.

Then with Eq. (5.18) Baye’s theorem is presented:
P(B|C

P(BJANC) = P(A|B N C)#:Ci.

Now, with B independent of A, we have Eq.(5.19)

P(B|AnC) = P(B|C).

Use axiom 4,

P(ANB|C) = P(A|C)P(B|ANC).

Plug into Axiom 4, P(B|ANn C) = P(B|C),

P(ANn B|C) = P(A|C)P(B|C).

This is called statistical independence.

5.1.2 Bayesian Thinking .......

Two Axioms are presented, more or less illustrating the subjective character of Baye’s
Statistics.
Boccio noticed this subjectivity(beliefs, Nz) works only then when the real numbers we
attach to our beliefs in the various propositions could be transformed to another set of real
positive numbers which obeys the usual rules of probability theory.
The rules are: axiom 3 the sum rule, Eq. (5.22) and axiom 4 the product rule, Eq. (5.23).
Baye’s Theorem and Marginalization
Eq. (5.28) represents Baye’s Theorem.
The, Boccio explained the fundamental importance of Baye’s Theorem, Eq. (5.28), to data
analysis where X and Y in Eq.(5.28) are replaced by hypothesis and data.
Then the various terms in Baye’s theorem are explained by their formal names, page 329.
With Eq.(5.40),

e p(e N XD =1,
we have
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p(XID) = XL p(X N Y, |D).

Note: | use p instead of prob.

For M — o, the preceding equation gives Eq.(5.41),

As mentioned by Boccio, the integrand of Eq. (5.41) is a probability density function, defined
by Eq. (5.42).

5.2 Probability Interpretation.

The concept of limit frequency linked to probability is defined in Eq. (5.45) page 331
P(4]C) = lim =,

n—-oo n
for n repetitions, A occurs m times.

An experiment is presented comparing with flipping a coin. Leading to the binomial
probability distribution presented in Eq.(5.52):

P =riM™) = () prg™,

where is the number of experiments, P(A|M) = p, and P(~A|M) = q.

Hence binomial.

Next the expectation value if ng, the number of times A occurs.

With the binomial expansion, Newton’s binomium, the expectation value is obtained by
differentiating the Binomial expansion with respect to p, together with the frequency,
Egs. (5.60) and (5.61).

Then, Boccio evaluated an experiment where the outcome of a measurement is some
continuous variable, Eq. (5.62).

5.3 First hints of “subversive” or “Bayesian” thinking.....

Boccio discussed some basic thinking about probability.

Example:

An urn that contains 5 red balls and 7 green balls.

Random selection:

- the probability of picking a red ball 5/12,

- the probability of picking a green ball 7/12.

The ball is not returned to the urn: The probability on picking red or a green ball depends on
the outcome of the first pick.

This is illustrated by Boccio with only two balls a red and a green one in the urn. Then, the
result is calculated for 5 and 7 balls:

Start with

Y =Pick is Green(2" pick),

X =Pick is Red (1%t pick).

pXIYnID)xp(Y|I) =pY|XNnI)xP(X|I]).

Initial values I : Green m and Red n.

Then,
n
-1
p(Y|I) = —— (— T,

n+m ‘n+m-1 n+m-1
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m

pXIXnil) =

n+m-1

. n _
Bayesian: — = 5/11, Eq. (5.72),
. n _
Non-Bayesian: —= 5/12, Eq. (5.73).
In discussing the difference, the subject of subjectivity, as mentioned earlier, is introduced.

Boccio explained this is not the same as subjectivity, it is about probabilities to be

conditional.

Another Example-Is this a fair coin?

4 heads are observed in 11 flips.

A fair coin is well understood.

Denote Tail and Head =Tail=0 means Head =1 and Tail=1 means Head=0.

So, it is about hypotheses on fairness.

At the top of page 337, Boccio presented various hypotheses.

Assuming flipping the coin to be independent events, then the probability of obtaining the
data R heads in N flips is given by the binomial distribution as presented in Eq. (5.77) page
337.

Then, Boccio presented three distinct and very different prior probabilities used in a
computer simulation. As mentioned, the prior probabilities represent very different initial
knowledge.

It appears the posterior probabilities are all the same. Consequently they are independent
of the three prior probabilities.

5.3.1 The Problem of Prior Probabilities

How to design probabilities based on prior information?

It is about the principle of insufficient reason also denoted the principle of indifference.
Boccio illustrated this principle for flipping a legitimate coin, Eq. (5.78).

Then some examples are given:

Example 1 : Assume W white balls and R red balls in an urn. The balls are randomly drawn
from the urn.

The prior probability is given in Eq. (5.80):

prob(jl) = —,j=1,23,.., R+ W.

Then,

prob(red|l) = ¥4 prob(red n j|I = X524 prob(j|Dprob(red|j n 1) =

= ﬁ RW prob(red|j N I), Eq. (5.82).

The product rule has been used.

Finally,

R
prob(red|l) = 7 Ed- (5.83)
Now repeat the experiment that after each draw the ball is returned to the urn.

The conclusion: the expected frequency of red balls, in repetitions of the urn experiment, is
equal to the probability of picking one red ball in a single trial, Eqg. (5.92).
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Example 2 :

A location parameter. The complete ignorance about a location parameter is represented by
the assignment of a uniform probability distribution function.

A scale parameter.

If we have no idea about length scale L involved, then the probability distribution is
invariant to scale.

It follows, Eq. (5.104), the assignment of a uniform probability distribution function for log L
is the way to represent ignorance about a scale parameter.

5.4 Testable Information: The Principle of Maximum Entropy.

Now, the case is considered where there cannot be ignorance.

This case is illustrated with the role of a die. The die was rolled a very large number with the
average result of 4.5. Then the question was posed: what probability to assign for a
outcome {X;} with the face on top showing i dots?

For a uniform distribution the average is 7/2.

Then, Boccio introduced the principle of maximum entropy as a decision tool.

The maximization equation is presented in Eq.(5.113).

Boccio raised the question about why the entropy function in Eq.( 5.123) to be the choice
for a selection criterion. To find out about this question, two examples are analysed.
Example 1 The Kangaroo Problem, page 347.

| summarize the problem: 1/3 of all kangaroos have blue eyes and 1/3 of all kangaroos are
left-handed. Question: what proportion of kangaroos are both blue-eyed and left-handed?
The problem is dealt wit on the pages 347-349. The conditions of marginal probabilities are
used.

The choice was made for independence. Then, it follows the entropy function presented in
Eq. (5.123) gives the correct independent result as given in Eq. (132).

Example 2 The Team of Monkeys Problem, page 350.

There are M distinct possibilities {X;}. How to assign truth tables (prob(X;|I = p;) to the
mentioned possibilities given some testable information I (experimental results)?

Boccio described an experiment where the monkeys distributed a large number of coins into
boxes. The process is repeated many times. Then, various distribution are obtained. The one
that occurs most frequently can be chosen for (prob(X;|I = p;).

Now, what about maximum entropy S = — Y. p; log, p; ?

Considered the experiment, it is to be expected the probability distribution function(pdf) to

be {p;}:
ni
pi = E ’
where n; is the number of coins in box i, and N = M, n;, the total number of coins.
Since M is the number of boxes, there are MY number of possibilities to distribute the coins
among the boxes.
The expected frequency with which a set {p;} arises is presented in Egs. (5.136)- (5.139).
Then, finally the it is shown , the maximum entropy function to be the choice for a selection

criterion.
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5.5 Discussion

Boccio concluded this chapter by observations of Bayesian methods.

“The use of Bayesian methods in quantum mechanics presents a very different view of
guantum probability than normally appears in quantum theory textbooks. It is becoming
increasingly important in discussions of measurement.

5.6 Problems Boccio-1

5.6.1 Simple probability concepts

14 problems are in this section.

a) Two dices are rolled, one after the other. Let A be the event that the second number is

greater than the first. Find the probability P(A). This is about counting.

With two dices there are 62 = 36 possibilities, of which N, = 15 :

(5,6),(4,6),(3,6),(2,6),(1,6),(4,5),(3,5),(2,5),(1,5),(3,4),(2,4),(1,4),(2,3),(1,3),(1,2).

Hence,

N 15

P(A)="2=_".

b) Three dices are rolled and scores added. Are you likely to get 9 than 10, or the other way

around?

Now there are 63 = 216 possible outcomes.

A counting problem:

-9eyes:(1,2,6),(1,3,5),(1,4,4),(1,5,3),(1,6,2), (2,1,6),(2,2,5),(2,3,4),(2,4,3),(2,5,2),(2,6,1),
(3,1,5),(3,2,4),(3,3,3),(3,4,2),(3,5,1),(4,1,4),(4,2,3),(4,3,2),(4,4,1), (5,1,3),(5,2,2),
(5,3,1),(6,1,2),(6,2,1).

So, you find 25 triples. In addition, you may wonder how to distinguish, e.g.,

(1,2,6),(1,6,2), (2,1,6),(2,6,1),(6,1,2), and (6,2,1): 3! possibilities.

In the formulation of the problem nothing about this issue is mentioned. | am of the

opinion, the possibilities to distinguish is by means of coloured dices or the dices are rolled

one after another as mentioned under a).

-10 eyes: (1,3,6),(1,4,5),(1,5,4),(1,6,3),(2,2,6),(2,3,5),(2,4,4),(2,5,3),(2,6,2),(3,1,6),(3,2,5),
(3,3,4),(3,4,3),(3,5,2),(3,6,1),(4,1,5),(4,2,4),(4,3,3),(4,4,2), (4,5,1),(5,1,4),(5,2,3),
(5,3,2),(5,4,1),(6,1,3),(6,2,2),(6,3,1).

The, 27 triples are found. | assume the dices are rolled in the way as mentioned under a).

So,

25
and
27

c) Which of these two following events is more likely?

- four rolls of a die yield at least one six, event A4,

- four rolls of two dice yield at least one double six, event B.

A. With four rolls of a die there are 6* possibilities. The formulation: at least one six
5

4
indicates the use of the negationof A » ~A: P(A) =1—-P(~4A)=1— (g) = 0.518,

since there are 5*possibilities with an outcome of no six.
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B. Again, we will use ~B. With one roll of two dices there are 6> = 36 possibilities. The
probability of two sixes in one roll is % . The possibilities with four rolls are 36* and

consequently, 35* show no double six.

Now, the probability at least one double six :
4

P(B)=1-P(~B)=1-(3) = 0491,

Hence, A is more likely than B.

Remark: in the formulation of case B twenty-four rolls are mentioned: a typo.

d) From meteorological records it is known for a certain island at its winter solstice, it is wet
with a probability 30%, windy with probability 40% and both wet and windy with a
probability of 20% .

Find:

- Prob(dry). Dry means not wet.

So,

P(dry) = P(~wet) =1—P(wet) =1—-0.3=0.7.
Find:

-Prob(dry AND windy), AND=N.

We need again to get wet instead of dry.

So,

P(dry nwindy) = P(windy) — P(~dry n windy) = P(windy) — P(wet N windy) =
=04-02=0.2.

Find:

- Prob(wet OR windy), OR=U.

P(wet U windy).

We have another expression for the preceding expression, visualized by a Venn diagram,
P(wet U windy) = P(wet) + P(windy) — P(wet N windy) = 0.4 + 0.3 — 0.2 = 0.5.

e) Another application of the rule:

P(AUB) =P(A)+ P(B)—P(ANB).

So,

P(AORB) = P(A) + P(B) — P(AAND B).

A kitchen contains two fire alarms: one activated by smoke and the other by heat. The
probability of the smoke alarm to react within one minute is 0.95, the probability of the
heat alarm to react within one minute is 0.91, and the probability of both alarms sounding
within one minute is 0.88. What is the probability of at least one alarm to react within one
minute? This is the OR probability. We have all the information for the right hand side of the
preceding expression.

So, the probability is

P(AUB) =091+ 0.95-0.88 = 0.98.

f) Roll, two dice, one from each hand. What is the probability that your right-hand die shows
a larger number than your left-hand die?

With two dice there are 36 outcome/possibilities. See under a). There | denoted it a
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counting problem. Well, it is. However a reduced one. See Figure below.

6
L/ 3
LEFT 3 }
2| %
L @ |
4(4|2|%(6 |6

/Z./jf/?’
Figure 1 Problem 5.6.1 f)

36 outcomes of which 6 are excluded in the case the roll showed equal faces like (1,1). So,
30 outcomes are allowed. As illustrated in Figurel, 15 possibilities for a higher score for the

right-hand.
Consequently, the probability for a higher score is
P(RH larger) = =

36
Obviously, the same applies for the left-hand.

Now, suppose you roll the left-hand die first and it shows a 5. For the right-hand to be larger
than 5, the probability is not ;—E. Since, only one face will do: a 6, of which the probability

is %.

As mentioned by Boccio, this is a special case of the general observation that, if conditions

change, then results change.
We have learned the rule:

P(ANB) = P(A|B)P(B) = P(A|B) =
Hence
P(Rshows6ANDLshows5) _ 1/36 _ 1

P(Rlarger|Lshows5) = P (Lshowss) =16 "5

P(ANB)
P(B)

g) A coin is flipped three times. Let A be the event that the first flip gives a head, H, and B
be the event that there are two heads overall.
- Determine P(A|B).
There are three possibilities to get two heads, with two of the possibilities making A true:
HHT, HTH,THH.
Hence: P(A|B) = %
- Determine P(B|A).
There are four possibilities to get the first flip H: HHH, HHT, HTH, HTT. Two of them making
B true.

2

Hence: P(B|A) = Z'
h) A box contains a double headed coin, a double-tailed coin and a conventional coin. A coin
is picked at random and flipped. It shows a head. What is the probability that it is a double-

headed coin?
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The three coins have 6 faces. The total number of outcomes is 6. Let D be the event that the
coin is double-headed. A is the event that the coin shows a head. So, 3 faces yield A.
The probability of showing the face head

P(4) = %
Two faces yield A . When A is shown, you do not know whether it is the head of the double-
headed coin or of the conventional coin. So,

P(AND) = §
With the rule we learned

P(AND)

P(AND) = P(D|A) - P(4) = P(DIA) =

2
3"

N Rw R

Boccio explained that the usual reasoning goes as follows:
If the coin shows a head, it is either double-headed or the conventional coin. Since the coin

was picked at random, these are equally likely, so
1

P(DIA) =2="~.
i) A box contains 5 red socks and 3 blue socks. | you remove 2 socks at random, what is the
probability that you are holding a blue pair?

Let B be the event that the first sock is blue and A the event that you have a pair od blue
socks. If you have one blue sock, the probability that the second sock is blue is the chance of
drawing one of the 2 remaining blue socks from the total remaining 7 socks.

Hence,
P(AIB) =2

-
Now A = A N B = The Venn diagram where 4 is completely contained in B.

Furthermore, with 8 socks,
3

Finally, the probability of the event to have 2 blue socks, using the rule
P(AnB)=P(A|B)-P(B)

P(A)=P(ANB) = P(A|B)-P(B) =2-2.
j) An expensive electronic toy made by Acme Gadgets Inc. is defective with probability
0.001. These toys are so popular that they are copied and sold illegally but cheaply. Pirate
versions capture 10% of the market and any pirated copy is defective with probability 0.5. If
you buy a toy, wat is the chance that the toy is defective?
Let A be the event that you buy a genuine article and let D be the event that your purchase
is defective.
Information:

P(A) =09,P(~A) =0.1,P(D|A) = 0.001,and P(D|~A) = 0.5.
The chance of buying a defective one is the sum of two chances:
P(D)=P(DNA)+P(Dn~A).
Again, we use the general rule

P(AnB)=P(A|B)-P(B),

P(D)=P(DNA)+P(Dn~A) =P(D|A)-P(A) + P(D|~A) - P(~A).
We have all the ingredients

P(D)=0.9-0.001+ 0.5-0.1 = 0.0509.
k) Patients may be treated with any number of drugs, each of which may give rise to side
effects. A certain drug C has a 99% success rate in the absence of side effects and side
effects only arise in 5% of the cases. However, if the side effects do arise, the C has a 30%
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success rate. If C is used, what is the probability of the event A that a cure is effected?
Let B the event that no side effects occur. We know:

P(A|IBNnC) =0.99,P(B|C) =0.95,

and

P(~A|~BnC(C)=10.3, P(~B|C) =0.05.

The probability that a cure is effected, is the probability of success plus the probability of
side effects:

P(A|C) = P(A|IBNnC)- P(B|C)+ P(~A|~BnC(C)- P(~B|C).

Hence,

P(A|C) =0.99-0.95+ 0.3-0.05 = 0.9555.

1) Suppose a multiple choice question has ¢ available choices. A student either knows the
answer with probability p or guesses at random with probability 1 — p . Given that the
answer selected is correct,, what is the probability that the student knew the answer?

Let A be the event that the question is answered correctly and S the event that the student
knew the answer.

We require the probability the student knew the answer under the assumption that the
question is answered correctly: P(S|A4).

The probability that the question is answered correctly, P(A), is the sum of the probabilities
of knowing the answer and the probability of guessing the answer:

P(A) = P(A|S) - P(S) + P(A|~S) - P(~S).

Under the condition the student knew the answer,

P(A|S) = 1,and P(S) = p.

Under the condition the student does not know the answer with ¢ available choices,
P(A|~S)=1/c,and P(S)=1—p.

Hence

P(A) = P(AIS) - P(S) + P(A|~S) - P(~8) =p +—=.

We need to know the probability the student knew the answer under the assumption that
the question is answered correctly: P(S|A).

So, with

P(A|S) - P(S) = P(S|A) - P(A), we have, with the ingredients above:
_PAISPES) _ p

PsIA) = M = iy

The larger ¢, P(S|A) - 1.

m) Common PINs do not begin with zero. They have four digits. A computer assigns you pain
at random. What is the probability that all four digits are different?

Since the first position can not be a zero, there are nine numbers. For the other three
positions there are 10 numbers.

Hence, the total number of possibilities

N=9-10-10-10 = 9000.

A is the event that no digit is repeated. Hence the number of possibilities results from
permutation without repetition:

9-(2—!!):9-9-8-7:4536.

At first sight, this | seems to be a bit confusing. However, keep in mind, think of the first 9 as
10—-1.
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The probability of four digits being different is:

P(A) = ;*(% = 0.504.

n) You are dealt with a hand of 5 cards from a conventional deck(52 cards). A full house
comprises 3 cards of one value and 2 of another value. If that hand has 4 cards of one value,
this is called four of a kind. Which is more likely?

The number N of possible choices of 5 cards from 52 cards is:
_ (52 I

N = ( 5 ) possibilities.
- The full house:
The value can be chosen from 13(=52/4) or 13 ways.
Since this done for three suits out of the four colours(suits), the possibilities are

4
(3)
The other two cards of the full house can be chosen in 12(=13-1) ways>
The possibilities for two suits are,
(2)

2
So, the probability for a full house is:

13-(4)-12:(4

P(full house) = —(3?32 (2)

(%)

So, it does not matter whether you did start with the choice of the double or the triple:
12(3)133)
P(full house) = — 75—

()
- Four of a kind:
You can choose 13 different sets in one way.

For the last card there are 4 - 12 possibilities.

P(Four of a kind) = %

()

Hence,
P(Four of a kind) _ 13+48 1
T 2% 13(H T 12
P(full house) 12 (3) 13 (2) 12

5.6.2 Playing Cards

Two cards are drawn at random from a shuffled deck and laid aside without being
examined. Then a third card is drawn. Show that the probability that the third card is a
spade is equal to the probability as the spade was the first card drawn.

Hint: consider all the mutually exclusive possibilities, i.e., two discarded cards spades, third
card spade or not spade, etc.

Let S is spade and N is not spade.

Then the symbol N;S,S; means: 15t card drawn is not a spade, 2" card drawn is a spade and
3" card drawn is a spade.

With the third card to be a spade, we have four possible draws:

515,83, S{N,S;3, N;S,S3,and N;N,S5 .

With mutually exclusive possibilities, in general notation,

P(AUB) =P(A) + P(B),

the probabilities are added.

To compute the probability of, say, §; N, S5, we use the general equation

P(AnB) =P(A)-P(B).

With 52 cards the probability of

83



_ 13

S =—.
52
The probability of, with one card out of the deck and 39 are not spades
NZ = %
The last probability, with 50 cards in the deck of which twelve are spades
12
S3 = ="
Hence
13 39 12
Next
with P(5,5,S53) we are dealing with the deck of spades, so
13 12 11
The other two probabilities
39 13 12
P(N15253) - 5_2'5_1'5'
and
39 38 13
P(NiN3S3) = = =25

52 51 50°
Consequently, collecting the various factors in an efficient way

P(third card is a spade) = P(S;N,S3) + P(5,5,S3) + P(N;S,S3) + P(N;N,S3) =

_13 [12(11+39)+39(12+38)] _ 13 (51-50) _13 _ l.
52 (51-50) 52 (51-50) 52 4

5.6.3 Birthdays

-What is the probability that you and your friend have different birthdays? A classic one.

For simplicity let a year have 365 days.

- What is the probability that three people have different birthdays?

- Show that the probability that n people have different birthdays is

1 2 n-1
p=(1-3) (1) -a-59)
Estimate this probability for n << 365.

- Find the smallest integer N for which p < % .

Hence show that for a group of N people or more, the probability is greater than % that two
of them have the same birthday.
- Start with one person. The probability that another person, your friend, has its birthday on

the same day is ﬁ . So, the probability for the second person to have its birthday on

. 1 364
anotherdayis1l ——=—.
365 365

- The probability that a third person has its birthday on the same day as either of the first

tWo is — . So, the probability that the third person has a different birthday from either of

363 2 363
thetwoisl —— =—.
365 365

- We have the product rule:
P(ANnB) =P(A) - P(B).

Hence, the chance that three people have different birthdays is:
P(three people dif ferent birtdays) = % . % .
Then for n people :
. . 1 2 n-1
P(all dif ferent birtdays) = (1 - ﬁ) (1 - g) e (1— S
This probability becomes for n << 365, using the first term of the Taylor expansion
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In(1—x) =~ —xforx <1,
lnP=ln(1—i)+ln(1—i)+---+ln(1—n—_1).

365 365 365
Now, we use n < 365
1 2 n-1
InpP=—-————"—-.— —.
365 365 365

The preceding expression is an arithmetic series:

1 n—-1\ n—-1 n(n-1)
Inp=(-—-2)t=— .
365 365 2 730

- Find the smallest integer n for which P < % .

InP <ln%= —In2.

So,

—mn2>mPp=-"0D Do >23=N.
730 730

Hence, for a group of N people or more, the probability is greater than % that two of them
have the same birthday.

Remark:

You could have used your pocket calculator to find that the expression
. . 1 2 n—1

P(all dif ferent birtdays) = (1 — ﬁ) (1 — ﬁ) (1 E)'

leads to the conclusion that with n = 23, the probability of no one having the same
birthday is 0.4927. Consequently, the opposite at least two people have the same birthday
is1—0.4927 = 0.5073.
A classical one. You do not expect this. Intuitively, the thinking is the probability to be much
smaller. Since, usually people think about a particular person’s birthday.
The probability that a particular person has its birthdate not together with anyone of the
group of n — 1 people is
(=
365

Hence, the opposite is

364\ 1
1-(35)
Then, for n = 23, the preceding probability is 0.061151.
Now, the probability is about 6% that another person has its birthday on the same day as
the above mentioned particular person.

5.6.4 Is there Life?

The numbers of stars, N, in our galaxy is about N = 1011. Assume that the probability that a
star has planets is p = 1072, the probability that the conditions on the planet are suitable
for life is ¢ = 1072, and the probability of life evolving, given suitable conditions, is

r = 1072 . These are arbitrary numbers.

a) What is the probability of life existing in an arbitrary solar system, i.e., a star and planets?
We may assume that the above mentioned probabilities are independent. Consequently,
the probability of life in an arbitrary solar system is:

p-q-r=10"°,

b) What is the probability that life exists in at least one solar system?

The probability P that life exists in the vicinity of at least one star, is given by

P=1-P,,

where P, is the probability that no stars have life about them.

The probability of no life about some arbitrary star is

1—p-q-r.
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Hence with the number of stars in our galaxy N, and the independence of the probabilities
Pp=1-p-q-n".

Now with p - q -7 < 1, we approximate Py:
InPp=NIn(1-p-q-r)~—-N-p-q-r=-10°.

The approximation of P,

P, =e 1 ~ 0.

So,

P=1-P,= 1.

Boccio: This says that even a very rare event is almost certain to occur in a large enough
sample.

Furthermore, Boccio makes the note that the possibility of life is sometimes based on the
probability p - ¢ - 7 = 107°. However, it is about P ~ 1.

5.6.5 Law of Large Numbers

This problem is about the illustration of this law.

a) Assuming the probability of obtaining heads in a coin toss is 0.5, compare the probability
of obtaining heads in 5 out of 10 tosses with the probability of obtaining heads in 50 out of
100 tosses and with the probability of obtaining heads |1 5000 out of 10000 tosses.

With tossing a coin we have the binomial distribution for the probability of the stochast to
be a success.

The probability of ny heads in n trials is

n
— n _ n-n
P = (nH) p H(l p) H’
where p is the success rate of heads.
So

n _ ny 1\
Py IM™) = (i, )pm (L =p) ™ = (1, ) (3) ' Ea. (5.52) page 332,
forp = % ,
and M" is the label representing any sequence of n independent measurements.

10! £1\10
_P(5|M10) = ﬁ(5) = 0.246,

100y _ 100t (1)100 _
-P(S0IM™) = 50!50! (2) = 0.0796,
- P(500|M100%) = 0.0252,
~ P(5000|M1°0°0) = 0.00798.
This demonstrates forn —» o, P(ny|M™) - 0, forp = % See Eq.(5.68).

Is this the same as the probability goes to zero in a probability density? Since the probability
is the integral or summation over an interval. The interval goes to zero, the probability goes
to zero.

b) For a set of 10 tosses, a set of 100 tosses and a set of 10000 tosses, calculate the
probability that the fraction of heads will between 0.445 and 0.555.

Here, we have a given interval.

The cumulative probability binomial(k,n,p) is defined as(or better 1— cumulative
probability):

n
binomial(k,n,p) = P(x = k) = Y%=k (x) p*(1—p) =~
Next we consider an increasing value of ny and the meaning of ny + 1.
So with the cumulative expression, we can rewrite
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P(ny|M™) = binomial (nH,n, %) — binomial (nH +1,n, %),

1
wherep = >

Since,

P [M") = (721) G)n = Zle=ny (nT;) @n — Xk=ny+1 (an+ 1) (%)n'

where

n
et (g + 1) = Tl () @ = () ()
So, for the interval m < ny < s, we find
P(m < ny < s|[M™) = binomial (m, n, %) — binomial (s +1,n, %)
The given intervalm < ny <s
- P(4.45 < ny < 5.5|M°) = binomial (4,10, %) — binomial (6,10, %)

binomial (4.45,10,5) = 21, () p*(1 = p)**%,

and

binomial (6,10, %) =y (Z) p*(1—p)to~~>,

Giving: P(4.45 < n, < 5.55|M1°) = 0.246,

- P(44.5 < ny < 55.5|M1%°) = hinomial (44,100,%) — binomial (56,100,%).
Then, similarly

P(44.5 < ny; < 55.5|M1°) = 0.729.

_P(445 < ny < 555|M1°0°) = hinomial (445,1000, ~) — binomial (555,1000, %) -
= 0.9996.

- P(4450 < ny < 5550|M1°0°0) = pinomial (4450,10000, %) -

+binomial (5550,10000,3) = 1.000.

e . 1
Hence, the probability in an interval near —, goes to1lforn — oo,

5.6.6 Bayes

Suppose you have 3 nickels and 4 dimes in your right pocket and 2 nickels and a quarter in
your left pocket. You pick a pocket at random and from that pocket select a coin at random.
If it is a nickel, what is the probability that it came from the right pocket?

It is about Bayes formula.

Concise notation: Let A mean nickel and B means right pocket.

So, we have the conditional probability: P(B|A).

Bayes Theorem:
__P(BNA) _ P(B)-P(A|B)
PBIA == =0
In words: P(B) - P(A|B) =probability of selecting the right pocket and then selecting a
nickel from it.

So,

P(B) = 2 , the choice between two pockets.
2

In the right pocket 7 coins of which 3 nickels:

3
P(AIB) ==.
Hence,

P(B)-P(AIB) =~-2==.
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Next, we must find P(A). We have two probabilities: the nickels in the right pocket and the
nickels in the left pocket.

So,

P(A) = P(A|B) - P(B) + P(A|~B)P(~B).

Plug in to this expression the given probabilities:

3 1 2 1 23
Finally,
P(BlA) = P(BnA) _ P(B)P(A|B) _ 3/14 _ 9

P(4A) P4 23/42 23"

5.6.7 Psychological Tests

Two psychologists reported on tests in which subjects were given the prior information:
I = In a certain city, 85% of the taxicabs are blue and 15% are green,

and the data:

D = A witness to a crash who is 80% reliable(i.e., who in the lighting conditions prevailing
can distinguish between green and blue 80% of the time) reports that the taxicab was
actually green.

The subjects in the tests were then asked to judge the probability that the taxicab was
actually blue.

What is the correct answer?

Let B = event that the taxicab was actually blue.

Now we use Bayes theorem, Eq. (5.69):

prob(X|Y n1I) = prob(Y|XnI)-prob(X|I)

prob(Y|I)

So,

P(D|BNI)-P(B|I
P(BID n ) = ZCEMPEID lP(D)u)( D
Under the condition the taxicab was actually blue,
P(DIBNI)=1-0.8=0.2,
and
P(B|I) = 0.85.
Furthermore, we need P(D|I).Somethinh similar was encountered in the foregoing problem
(5.6.6):
P(D|I) = P(D|BNI)-P(B|I)+ P(D|~BNI)-P(~B|I).
Then, we need to determine
P(D|~BnNI)-P(~B|I).
So, the observation the taxicab was not blue,
P(D|~BNnI) =038,
and not blue from the prior information

P(~B|I) = 0.15.
Now, we have all the ingredients

__P(D|BNI)-P(B|I) _ P(D|BNI)-P(B|I) _ 0.2:0.85 _
PBIDNI) = P(D|I) ~ p(D|B N I)-p(B|l)+P(D|~BND)-P(~B|I) ~ 0.2:0.85+0.8:0.15 0.59.
Boccio paid some attention to what the usual errors are by guessing influenced by prior
opinions:

This is easiest to reason out in one’s head using odds; since the statement of the problem told us that
the witness was equally likely to err in either direction (G - B or B - G), Bayes’ theorem reduces to
simple multiplication of odds. The prior odds in favour of blue are 85 : 15, or nearly 6 : 1; but the odds
on 70the witness being right are only 80 : 20 = 4 : 1, so the posterior odds on blue are 85 : 60 =17 :
12. Yet most people tend to guess P(B|D A1) as about 0.2, corresponding to the odds of 4 : 1 in
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favour of green, thus ignoring the prior information. For these guesses, the data come first with a
vengeance, even though the prior information implies many more observations than the single
datum. The opposite error - clinging irrationally to prior opinions in the face of massive contrary
evidence - is equally familiar to us that is the stuff of which fundamentalist religious/political stances
are made. In general, the intuitive force of prior opinions depends on how long we have held them.
5.6.8 Bayes Rules, Gaussians and Learning

Let us consider a classical problem(no quantum uncertainty). Suppose we are trying to

measure the position of a particle and we assign a prior probability function,

(x=x0)?
1 T2

p() = e ot
,211:63

Our measuring device is not perfect. Due to noise it can measure only with a resolution A .
That is, when we measure the position, we must assume error bars of this size. Thus, if the
detector registers the position y, we assign the likelihood that the position was x by a
Gaussian,

_(y-x)?
202

1
p(ylx) = oz €
Use Bayes theorem to show that, given the new data, we must now update the probability
assignment of the position to a new Gaussian,

2
1 _(y_x,)
X =——¢ 202
p( |y) V2mo'?2
where
x'=x0+ K (y —x9),0'% = Kp0¢ , K =% g, =N
0 1 0/ 2¥0 » P11 0&+A2 » 132 a§+A2'

Now, we are trying to determine the position of a particle along one dimension.

The prior probability distribution given above:
_(x=x0)?

1

p(x) =
,Znag
This distribution is presented in the following figure(Boccio):

Pi(x)

2
e 200

L |

Next, we measure the position and find the value y
in the detector. As mentioned, the detector has finite resolution meaning detecting y do not
give you the true position of x . Given an uncertainty A in the detector with a Gaussian

distribution, let the likelihood distribution be

_(y-x)?
202

1
p(ylx) = NerTvhd
Bayes rule

p(xly) = Np(y[x)p(x),
where N~ 1 is a normalization factor.

L o2 _amx? g2 mxe)?
=e 2402 e 200 = e 22 g 209
21A Zn'crg 2mAog

p(ylx)p(x) =
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Rearranging:
(x—x0)? n (y—x)2 _ x2-2xx0+x5 " x2-2xy+y?

r A2 ol A2
We use
2 2,42 2 2 2
2 2 A 2 1 o5 +A 1 1 x x x
2¥0 0'§+A2 0 o'2 Aza.g ag A2 o'2 Ug A2
Then
x2-2xxg+x% | x%-2xy+y? x* 2 x_0+ v + + y?
a? A2 g2 o2 = A? Az’
with
Ay) = —+A—2, and B(y) =,

x2

2
ﬁ—Zx(x°+ )+ +2 =2 2xA(y) + B().

2 2
2xA(y) = Zx( y) = ﬁ(XOAZ + yo-o) 2x [950((704‘A )+agy— xodo] —

A? al+A2
2x 2xx’
=z [% Tt p +A2()’—x0)] = x0+K1(y—xO)]
Then,
X2 2xx' (x=x')? x'2
—ZXA(Y)=ﬁ_ p = o'2 _ﬁ
To summarize
(a=x0)? | =02 _ (x—x')" ﬁ y?
e +25 + :
The updated probability a55|gnment:
1 (y—x)2 _M 1 1(x—x' )2
— YV 208 — 3 oz . '
plp() = —e wte 20 =-me 2 o - F(y,x0,4,00,0").

Now, use normalization for the preceding exponential,
applying the integral of the Gaussian function ffooo e’ dx = Vi,

1(x—x' )2

1
plxly) = =5e 7 o7

12 xO y
F(y,x0,0,00,0" e e
Note: % does not dependon x,ande ?° ° *" isincluded in F(y, xo, 4, 0g,0").
0
F(y,x0,0,00,0" 1
Furthermore, WXoA000) -

2mAay T V2me'?’
Below | reproduce the graphics of Boccio:

P(x|y) -+— updated

P(x) -+— "prior”

After the measurement, the
new distribution is a narrower Gaussian peaked closer to the actual position. That is called
Bayes ‘learning.
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5.6.9 Berger’s Burgers-Maximum Entropy Ideas.

A fast food restaurant offers three meals: burger, chicken and fish.

The price, Caloric count, and probability of each meal being delivered cold are listed in
Table 5.1 (Boccio):

[tem Entree | Cost | Calories | Prob(hot) | Prob(cold)
Meal 1 || burger | $1.00 1000 0.5 0.5
Meal 2 || chicken | $2.00 600 0.8 0.2
Meal 3 fish $3.00 400 0.9 0.1

Table 5.1: Berger's Burgers Details The state of the system needs to

be identified:

-Prob(burger)= P(B),

-Prob(chicken)= P(C),

-Prob(fish)= P(F).

Even though the problem has been set up, we do not know which state is the actual state of
the system.

To express what we do know despite this ignorance, or uncertainty, we assume that each of
the possible states A; has some probability of occupancy P(4;) , where i is an index
running over the possible states.

As stated above, for the restaurant model, we have three such possibilities, which we have
labelled P(B), P(C), and P(F) .

A probability distribution P(A4;) has the property that each of the probabilities is in the
range 0 < P(4;) <1 and since the events are mutually exclusive and exhaustive, the sum of
all the probabilities is given by

Since probabilities are used to cope with our lack of knowledge and since one person may
have more knowledge than another, it follows that two observers, because of their different
knowledge, may use different probability distributions. In this sense probability, and all
guantities that are based on probabilities are subjective.

The uncertainty is expressed quantitatively by the information which we do not have about
the state occupied. This information is represented by Eq.(5.123), Part 1. Here presented as:
S =—XiP(4;)log,[P(A))] = X; P(4;) log,[1/P(A))], Eq. (5.2).

This information is measured in bits because logarithms to base 2, are used.

In physical systems, this uncertainty is known as the entropy. Note that the entropy,
because it is expressed in terms of probabilities, depends on the observer.

The principle of maximum entropy (MaxEnt) is used to discover the probability distribution
which leads to the largest value of the entropy (a maximum), thereby assuring that no
information is inadvertently assumed.

If one of the probabilities is equal to 1, all the other probabilities are equal to 0, and the
entropy is equal to 0.

It is a property of the above entropy formula that it has its maximum when all the
probabilities are equal (for a finite number of states), which is the state of maximum
ignorance.

If we have no additional information about the system, then such a result seems reasonable.
However, if we have additional information, then we should be able to find a probability
distribution which is better in the sense that it has less uncertainty.

In this problem we will impose only one constraint. The particular constraint is the known
average price for a meal at Berger’s Burgers, namely $1.75. This constraint is an example of
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an expected value.

a) Express the constraint in terms of the unknown probabilities and the prices for the three
types of meals.

Constraints take the form

G =expected value=Y,; P(4;)g(4,) .

The constraints are:

P(B)+P(C)+ P(F) =1,

and, see Table 5.1,

1.00P(B) + 2.00P(C) + 3.00)P(F) = 1.75.

Two equations and three unknowns P(B), P(C), P(F).

The amount of uncertainty about the probability distribution is, as mentioned before, the
entropy, given by Eq.(5.2)

1 1 1
S = P(B)logzﬁ-l'P(C)lOgZ%-i-P(F)logzﬁ.

Boccio presented two examples as a solution for the problem. These seem no to be
appropriate, since information is used which cannot be known.

The only way to find the probability distribution that uses no further assumptions beyond
what can be known is to use the MaxEnt principle.

This principle states that the selection of the probability distribution that gives maximum
entropy is consistent with the constraints. So, no additional assumptions are introduced.
b) Using the above presented constraints, gives ranges for the three probabilities:
a<P(B)<bh,

c<P(C)<d,

e<P(F)<f.

Use

Subtract P(B) + P(C) + P(F) = 1, from 1.00P(B) + 2.00P(C) + 3.00)P(F) = 1.75 =
= 0.75 = P(C) + 2P(F).

Multiply P(B) + P(C) + P(F) = 1 by 2, and subtract

1.00P(B) + 2.00P(C) + 3.00)P(F) = 1.75 = 0.25 = P(B) — P(F).

Hence, with P(C) = 0.75 — 2P(F)

we learn: 0 < P(F) < 0'775.

With 0.25 = P(B) — P(F),

we have : 0.25 < P(B) < 0.25 + .

Finally, P(C) = 0.75 — 2P(F),

0<P(C)<0.75.

In summary:

0 < P(F) <£0.375,

0<P(C)<0.75,

0.25 < P(B) < 0.625.

c) Using these constraints, the total probability equal to 1, the entropy formula and the
MaxEnt rule to obtain the three probabilities which maximise the entropy.

The entropy is

1 1 1
S = P(B)log2ﬁ+ P(C)log2ﬁ+ P(F)longF),
and plug into this expression the probabilities given above expressed in P(F):

S = [0.25 + P(F)] log,[ ]+ [0.75 — 2P(F) log, [ + P(F) log, % .

_r __r
0.25+P(F) 0.75—P(F)]
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ds
From

dP(F)

The numbers are given by Boccio:
P(F) =0.216,P(B) = 0.466, P(C) = 0.318,and S = 1.517 bits.

Note: use could have been made of log, z =1nz/In2.

d) With these numbers the average calorie count and average meal cold can be calculated,

se table 5.1 above:

= 0, the value of P(F) and hence the values of P(B), and P(C) can be obtained.

- average meals cold: 1000P(B) + 600P(C) + 400P(F),

- average meals cold: 0.5P(B) + 0.2P(C) + 0.1P(F).

5.6.10 Extended Menu at Berger’s Burgers
Suppose now that Berger’s extends its menu with Tofu(T), see table 5.2, Boccio page 77.

Entree || Cost | Calories | Prob(hot) | Prob(cold)

burger || $1.00 1000 0.5 0.5

chicken || $2.00 600 0.8 0.2
fish $3.00 400 0.9 0.1
tofu $8.00 200 0.6 0.4

Table 5.2: Extended Berger's Burgers Menu Details

Given: the average meal price is $2.50.

Determine the state of the system, P(B), P(C), P(F), P(T), using Lagrange multipliers.
The constraints

P(B) + P(C)+ P(F)+ P(T) =1,

and

1.00P(B) + 2.00P(C) + 3.00P(F) + 8.00P(T).

With the entropy function

S = P(B) log, $ + P(C) log, ﬁ + P(F) log, % +P(T) log, % .

The analytical method will not work. There are 2 equations and 4 unknowns. This require gradient
search techniques.

A more general procedure is the Lagrange multipliers.

Define the Lagrange multipliers @ and . The Lagrange function L:
L=S—(a—log,e)[P(B)+P(C)+P(F)+P(T)]+

—B[1.00P(B) + 2.00P(C) + 3.00P(F) + 8.00P(F) — 2.50].

log, e is plugged into this equation, since use will be made of

log, P(B) =InP(B) /In2.

Differentiate the preceding expression with respect to P(B):

a 1 1
2P @) log, P(B) = mZP@)’
and
] _lne_ 1
082 € " In2 In2°
So,
d 1 1
aP(B) lng P(B) = Eﬁ = % 0g, e.

Using this expression and the expression for S, differentiate L with respect to P(B) while keeping all
the other probabilities, @ and  constant:

oL as 1 d
S50 = 5o — (@ —logz €) — B = 108, 55— P(B) 755108, P(B) — (a — logz €) — f =
1
= logz%—logze —(a—logye)—p =0.

This results into

1
lng ﬁ =a+ ,8
Similarly
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1 1 1

logzﬁ— a+2p6 , logzﬁ— a+ 38 ,logzﬁ— a+86.
Then, Boccio pages 78 and 79, two equations for a and f§ are obtained

P(B)=2"277

P(C) — 2—rt2—2;3

P(F) _ 2—0:2—.'{;‘1‘

P(T) — 2—(.}:2—81“}
With the constraints:

P(B) + P(C)+ P(F)+ P(T) =1

2—0:(2—;‘1‘ + 2—2_.'5 + 2—31‘1‘ + 2—8_.'5) -1

lﬂg2 (2—(!(2—1‘1‘ + 2—2:"3 + 2—33 + 2—&1:"3)) =0

= 10g2 (2—1‘1‘ + 2—2_.':9 + 2—3;‘1‘ + 2—8_.'5)
and the average

2% (1.00P(B) + 2.00P(C) 4 3.00P(F) + 8.00P(T)) = 2.50 x 2

1x2 P +2x2 284 3x2 3% 418x2% =250x2°

1x27F +2x2720 4 3x 273 4 8% 278 =250 x (277 42726 4 2735 4 2780)
1.50 x 278 4050 x 2728 — .50 x 2788 — 550 x 2788 = ()

Finding the zeroes of the last equation gives us [ and the value of 3 gives us o,
which then determine the probabilities and the entropy. The computed values
are

B = 0.2586 bits/dollar

o = 1.2371 bits

P(B) = 0.3546

P(C) = 0.2964

P(F)=0.2478

P(T) = 0.1011

S = 1.8835 bits

Note: | used the results of Boccio. However, the equation for 8, with the WolframAlpha app,
1.50-27F +0.50- 272 -0.50-278F - 550 - 2788 = (,
gives as a solution: § = 0.2339.

5.6.11 The Poisson Probability Distribution

Boccio: “The arrival time of rain drops on the roof or photons from a laser beam on a
detector are completely random, with no correlation from count to count. If we count for a
certain time interval we won’t always get the same number - it will fluctuate from shot-to-
shot. This kind of noise is sometimes known as shot noise or counting statistics.”

Suppose, the particles arrive at an average rate R. In a small time interval At < %, no more
than one particle can arrive. Now we seek the probability for n particles to arrive after time
t, P(n,t).

The probability for a particle to be in the interval At is

Py = RAt K 1.

a) Show that the probability to detect zero particles exponentially decays:

P(0,t) = e~ R,

Consider a finite time interval [0, t].

Thereare N = Ait slices in the interval.

Let ga¢ = 1 — Py, to be the probability of no particle in the slice.

The different slices are statistically independent. Hence, the probability of no detection in
the interval [0, t] is given by
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t
(@a)" = (1 = Py)V = (1 — RA)A.
Consequently,
P(0,t) = AlgLnO(l — RAt)é =e R,
b) Obtain a differential equation as a recursion relation.
In the time interval t = t + At, either no particles or one particle is detected, with n the
number of particles, the sum of two products of independent probabilities:
P(n,t + At) = P(n,t) - P(0,At) + P(n—1,t) - P(1,At) =
= P(n,t) (1 —Pp)+ P(n—1,t)- P(1,At) = P(n,t)- (1 —RAt) + P(n—1,t) - RAL.
Then,
P(n,t + At) — P(n,t) = —P(n,t)-RAt+ P(n—1,t) - RAt =

= HOEROZPOD — RP(n—1,8) — P(n,D)].

So,
P(n,t+At)—P(n,t) -

v [P(n—1,t) — P(n,t)].
In this way a differential equation as a recursion relation has been derived.
c) Solve the preceding recursion relation:
%P(n, t) = R[P(n—1,t) — P(n,0)].
Start withn = 0:
= P(0,t) = R[-P(0,5)] = P(0,t) = &%,
where use has been made att = 0, P(0,0) = 1. No particles decayed.
n=1:
%P(l, t) = R[P(0,t) — P(1,t)] = R[e™R* — P(1,t)] = —RP(1,t) + Re™ K¢,
a nonhomogeneous differential equation of first order.
The solution is
P(1,t) = Rte ®t,
where use has been made of the decay of one particle= P(1,0) = 0.
n=2:
%P(z, t) = R[P(1,t) — P(2,t)] = R[te Rt — P(2,t)] = —RP(2,t) + Rte k¢,
The solution is
P(2,t) = %(Rt)ze‘Rt.
Applying induction, the Poisson distribution is
P(n,t) = %(Rt)”e"Rt.
Note: assume this expression to be correct and solve the differential equation for n + 1.
A histogram for Rt = 0.1, Boccio:

d
—P(n,t) = lim
dt ( ) At—0
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A histogram for Rt = 1, Boccio
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A histogram for Rt = 10, Boccio
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For Rt — oo, the Gaussian distribution is recovered.
d) The mean and the standard deviation.
- the mean

The expectation value definition, use A = Rt

- o N _ ) Az FER

(n) = Xn=onP(n,t) = Lpo— (D" A= 1-5-e ’1+2-;-e ’1+3-;-e Ag=
2 3 n

=1-e 142+ 5+ 4Tt )=2-eFeh=1=Re.
2! 3! n!

- the standard deviation

03 = (n?) = (n)?2

oy = {(n — (n))?).

Now, Boccio presented a trick.

First consider, use the result of the mean:

(n*) —(n) = (n(n — 1)) = Xy_on(n — DP(n,t) =X,
im0 (D™ 2e™h = 22,

Then,

g2=m?) -’ =mnn-1D)+n—-mn)>? =212+ 1—(n)? =1 =Rt.

Hence,

o, = VRt =Vn.

e) An alternative way to derive the Poisson distribution is to note that the count in each
small time interval is a Bernoulli trial> with probability p = RAt to detect a particle and

1 — p for no detection. The total number of counts is the binomial distribution. Take the
limit as At = 0 (thus p = 0) but A = Rt remains finite. Let the number of intervals

1
(n-2)!

(Dre =

2 Bernoulli Trial. https://en.wikipedia.org/wiki/Bernoulli_trial : In the theory of probability and statistics , a
Bernoulli trial (or binomial trial) is a random experiment with two possible outcomes, “success” and “failure”,
in which the probability of success is the same every time the experiment is conducted.
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N = é — 00, while Np = Rt = A, remains finite.

The binomial distribution in the interval [0, t], with N interval, for n counts is
— N n _ N-n

P(,m) = ()" =)™

The probability of a count in At is

p=RAt="= %

So,

P(N,n) = G )"( il .
n'(N n)! N)n

With A is finite

N!

| Ay
jim P(N,n) = Te™ lim wom—s,

where use has been made of
—_\N ; _ i n _
lim (1 ) =e~*, and 1\1/1})130(1 N) =1.

N-oo
Finally,

N . NWN-DWN-2)..(N-(n-D))N-n)! . 1 2 _n-1
1\1/1_1}30 NP(N-n)! 1\111_{20 N"(N-n)! B 1\111_r>rolo (1 ) (1 ) - )_

With all the ingredients available
. _ in -1

1\1}1_1)130P(N,n) =—e’,

the Poisson distribution.

5.6.12 Modeling Dice: Observables and Expectation Values

Suppose we have a pair of six-sided dice. If these are both rolled a pair of results is obtained:
a €{1,2,3,4,56},b € {1,2,3,4,5,6},

where a and b correspond to the number of spots of the top face of the dice. With fair dices
the probability of a number of spots of the top faces is 1/6 .

Then

(ay=(b) =¥5 ,i- Pr(L)——lei——

Define two new observables

s=a+b , p=ab.

-(s),

where S;pin = 2, and Syq = 12.

(s) =Xi%,i-Pr(s=1i).
This expectation value can be obtained by counting all the results. Keep in mind by rolling
the dice the probability to obtain a combination, e.g., {1,2}, is % . % . This combination can be
obtained in two ways: {1,2},{2,1} . The expression in the summation for this combination
is:

. . 1 1 1

i-Pr(i) = 3(§+£) =g.EtC.

However, we know already

(s) =(a) +(b).

Hence

(s) = % + % =7.

Note: as mentioned by Boccio, carefully bookkeeping gives the same result as it should.
Is this bookkeeping necessary?

(s)y =201 X613+ NP, J),
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and
P(i,j) =—.

1
1 3¢ 1 1 1
(s) = P X5+ )) = gZiﬁ=1(6 i+ Y5 ) = gZ?:1(i + EZ?=1J) =
1 . 1 i
== 6 i+ ()= A [(E8.,1) + 6 (b)] = (a) + (b).
Here, | used another type of “bookkeeping” with the advantage that, in addition,
(s) = (a) + (b), has been proven.

-(p),
where ppin = 1, and p,,, = 36. Note: prime numbers excluded: (7,11,13,17,19,23,29,31).

(p) = ?gl,i:tprimei "Pr(p=1),
for prime > 5.
Again, e.g., the combination {1,2} is obtained in two ways,. Each with a probability of3—16 .

So,
i-Pr(p=i)=§(1-2+2-1)=§.
Again, carefully bookkeeping gives (p) = 4;—9 , as it should be.

Rolling the dice create independent results:
7 7 49
(p) =(a)b) =---=—.

Another approaczh, 2com|:2)arable with the approach used for (s) = (a) + (b).
(p) = {ab) = X, Xj-1(i - NP(. )
With P(i, ) = —,
36
(p) = (aby = =28 T0 (i) = o By i -2y = 28,0 (b) = 2T, i = (a)(b).
Now, again without counting all the results of rolling the two dice, we proved.
(p) = (ab) = (aXb).
5.16.3 Conditional Probabilities for Dice
Use the results of problem 5.6.12.
By intuition the answers for this problem can be obtained. Without intuition, there is Baye’s
Rule to be used:

P P
Pr(xly) = ZE22E,

a) A pair of dice(a,b) is rolled. The only information you get is that
s=a+b=28.

The question here is to find the conditional probability for a.

For s = 8, you can list the possibilities (a,b):

(2,6)(3,5)(4,4)(5,3)(6,2), 5 combinations out of a possible 36 combinations.

The forward conditional probability distribution (Pr (s = 8|a = i) fora is% .
Now Baye’s rule, with Pr(a = i) = %, and Pr(s =8) = %,

—8la=i)Pr(a=i) Pr(s=8la=i)~
Pr(a = i|s = 8) = =& i'ra(slz)gl;r(a D_ Prés ila s :S-Pr (s = 8la =1i).
36

The forward probabilities are
(Pr(s =8la=2)=Pr(b=6) =
(Pr(s =8la=3)=Pr(b=5) =

’

ANlRA]|-

7
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(Pr(s = 8la = 6) = Pr(b = 2) = §

b) A pair of dice(a,b) is rolled. The only information you get is that and, without showing the
results, you are informed p = 12, andp = a - b.

What is the conditional expectation value of (s) = {(a) + (b)?

If p = 12, we have the following combinations of (a, b):

(2,6)(3,4)(4,3)(6,2).

So, with

s=a+b,

s = 7(twice), and s = 8(twice) .

Then, the conditioned probability distribution for s is:

Pr(s = 7|p) = Pr(s = 8|p) = % = %

Consequently, the conditioned expectation value is:

YiiP(ilp) = (7+8) 5 =2

5.6.14 Matrix Observables for Classical Probability

Suppose we have a biased coin, which has probability p;, of landing heads-up and
probability of landing tails-up. Say, we flip the biased coin but do not look at the result.

This preparation procedure is represented by a classical state vector
()
Xo = .
N
a) Define an observable (random variable) r that takes +1(= h) if the coin is heads-up and
—1(¢t) if the coin is tails-up. Find a matrix R such that
xgRxo = (1),
where (r) denotes the mean or expectation value of the defined observable.
The expectation value for this (biased) coin:
(ry=h-pp+t-pr=pn—Dpe
Note: for a fair coin (r) = 0.
So,
Plug a general 2 X 2 matrix into
T _ (1 0
XoRxg = pp—pt = R = (O _1>.
b) Now, find a matrix F such that the dynamics corresponding to turning the coin over (after
having flipped it, but still without looking at the result) is represented by
X9 » Fxy (- maps to),
and
(ry » xXFTRFx,,.

Well, thinking in terms of dynamics F = (8 8), is considered to be not vary dynamic.

Furthermore F = (1 0) maps xo = ( ph) onto itself. Not very dynamical again.

0 1 \/E

For the reason of dynamics, | assume

Jpe 001
Fxotobe<\/a>:>F—(1 0).
Then

FTRF = (_01 (1))
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where
(0 1
RF = (_ 1 0).
Then,

T T o o
xoF'RFxq = py — pp = (7).
Hence the operator FT RF works.
Now

AREx, = (o ) () 3)(@ o — = 0.

This result vanish for a fair coin and a biased coin. Consequently for any coin.

TP R = (on VP ) (5 Iﬂ(g) = —/pupe +Prpc = 0.

Again, similarly, this result vanish for a fair coin and a biased coin. Consequently for any
coin.

c) Let us now define the algebra of flipped-coin observables to be the set IV of all matrices
of the form

v = aR + bR?.
With
R= ((1) —01)'

v=aR+bR2=(a-(|)_b bga)'

And, | suppose, a,b € R..
Consequently,
_(c O
v= (0 d)’
and
c,deR.

Hence, all elements of IV can be expressed in this way.
So, vy, v, EV.

Now, v; - v5:

(e O\(cz O\ _[(cic; O
& ”2‘(0 dl)(o d)‘(o dldz)'
and

o (ac 0
v2 ”1_( 0 dldz)’

sincec;,d; ER.
Set (a,b) = ( 1,0)=>v—(0 1)— R.
Then, ¢ takes the value for tails and d takes the value for heads.

6 The formulation of Quantum Mechanics

6.1 Introduction

A physical theory is defined.

The process of doing theoretical physics is described.

A description of a physical system is summarized.

In quantum mechanics we are forced to work in the world of probabilities.
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6.2 Two postulates: Presentation, Rationalization and Meaning

Postulate 1
For each dynamical variable or observable, which is a physical concept, there corresponds a
Hermitian, linear operator, which is a mathematical object.

The possible values of any measurement of the observable are restricted to the eigenvalues
of the corresponding operator.

Then Boccio made the essential remark:
If the predictions agree with experiment, on a certain quantum system, then the postulates
are valid for that class of systems.
Some new mathematical objects are presented:
-the trace of a density operator and some properties of the trace, Egs.(6.2)-(6.4).

In Eq.(6.6), we recognise the spectral representation of a matrix.

Next, the concept of a state in quantum mechanics is discussed. The state description must
be probabilistic.
- the properties of expectation values are summarized at the end of the discussion of
postulate 1, page 367.

Postulate 2
a) A density operator exists for every real physical system.

b) The expectation value of an operator B is given by, Eq.(6.16)

(BY = Tr(WB),
where W is the density operator.

Boccio chooses a 1-dimensional subspace spanned by the vector |a) to demonstrate the
meaning of this postulate.
The density operator is, Eq.(6.17).

W = |aXa|.
The trace of a projection operator is 1. This follows from the fact that the trace of a
Hermitian operator is the sum of the eigenvalues. Since a Hermitian matrix can be
diagonalized, the trace of this diagonalized operator is the sum of its eigenvalues. There are
two eigenvalues: 1 and zero. The eigenvalue of |a):

laXal| |a) = |a),

is one. So,

Tr(W) = 1, Egs.(6.1) and (6.18).

Equation (6.21) is the spectral representation of the matrix W, Eq.(6.6).

Eq.(6.21) represents a statistical mixture of the states.

Consequently, wy, in Eq.(6.21) can be considered the probability of each state occurring in
the projection operator, or density matrix |wy ){wy|. This can be concluded from, Eq.(6.20),
0<wp<1land),w, =1

Boccio proved, Eqgs. (6.22) and (6.23),

(B) = Tr(WB),

see also Susskind page 196.

6.3 States and Probabilities

6.3.1 States

Among the set of all possible states there exists a special group called pure states.
The analysis of the density operator of a pure state is summarized: Eqs.(6.26)-(6.32).
The difference between a pure state and a nonpure state is discussed.

Boccio concluded this section with the assumption both pure and nonpure states are

101



fundamental and physical systems to be described by both types of states.

Boccio will not call a nonpure state a mixed state.

6.3.2 Probabilities

Postulate 2 is summarized [Eq.(6.16)], and slightly rewritten presented in Eq.(6.48).

Next, Boccio introduced the function F(Q) of the operator Q.

Then, h(q)dq representing the probability that the measured value of the observable
represented by Q lies in the interval {g, q + dq}.

With these results the general definition of the average of F(Q) is given, Eq,(6.50), and
same average of postulate 2 expressed in the trace of the product of the density operator
and F(Q).

Boccio discussed two cases:

- Discrete spectrum

- Continuous spectrum.

Case 1: Discrete Spectrum

Reminder Eq.(6.53):

given, Eq.(6.52), Q19,) = qxlgy), then A

QlanXqnl= qnlanXanl — Q 2nlqnXan| = X0 @nl@nXanl — Q = X0 qnlqnXaxl,
where %, |qn)qn| = 1.

Next F(Q) is defined as a Heaviside step function, Egs. (6.54) and (6.55).

No surprise, the delta function appears, Eq.(6.58).

Case 2: Continuous Spectrum

Q, a self-adjoint operator with a continuous spectrum represented in Eq.(6.75).

As usual wit continuous spectra the Dirac delta function is used for normalization. Also
called Delta-function normalization, Eq.(6.76).

Again, the Heaviside step function is used.

The probability density for the observable represented by Q is given in Eq.(6.81).

Then, Boccio summarized the topic of quantum dynamics and the action to be taken.

It is about time dependency.

6.4 Quantum Pictures

Three ways are presented to make expectation values dependent on time.

- The Schrodinger Picture: states depend on time, operators do not.

- Heisenberg Picture: operators depend on time, states do not.

- Interaction Picture: as indicated by the name a mixture of the foregoing two pictures for an
important class of problems.
All of these pictures must agree in the sense that they all give the same time dependence for
(Q(b)). There is after all, a unique world out there.

Then Boccio summarized the fundamental dynamical variables: Position, linear momentum,
angular momentum and energy.

6.5 Transformations of States and Observables. The Way it must be.

Laws of nature are invariant under certain space-time symmetry transformations.
Pure states are used to discus the subject matter.

In these transformations the eigenvalues are unchanged.

Similarly, probabilities are unchanged.

6.5.1 Antiunitary/Antilinear Operators

Eqg. (6.87) defines the antilinear operator:

T(y) +19) =TI} + T|¢) and Tclyp) = c*T|p) .
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6.5.2 Wigner’s Theorem

The unitary and antiunitary operators are defined. Boccio showed these operators to be
linear. To this end the example of a series of displacements are presented to illustrate this.
Eq.(6.92), with |qn) = Ulqn), ~ L

Q'lan) = Q'Ulqn) = qnlqn) = Q'Ulqn) = qnUlqn) = Q'Ulqn) .

In Eq.(6.95), the corresponding transformation rule for linear operators is presented.

6.5.3 The Transformation Operator and its Generator

Let t to be a continuous parameter. A family of unitary operators is presented in Eq.(6.96).
Then, the Hamiltonian to be Hermitian is derived, Eq.(6.102). See also Susskind pages 99-
101.

With Eq.(6.101), Eqs((6.104) and (6.105) are obtained.

Boccio summarized this section with: “The generator H of the infinitesimal transformation,
determines the operator

U = e,
for a finite transformation.”

6.6 The Schrodinger Picture.

The question to be answered is: How are the state vectors |} (0)) and |y (t)) related to each
other?

Fitzpatrick discussed the subject matter in The Graduate Course Chapter 3.

Then some 6 assumptions are summarized.

Wigner’s theorem, Eq.(6.107): there exists a unitary, linear operator U(t) such that

() = T®W(0)),

see also Susskind pages 97 and 98.

Then, Schrodinger’s time dependent equation is derived, Eq.(6.113).

The important issue here is to derive the Hamiltonian operator. Well, a possibility to obtain
the Hamiltonian from classical physics. Bring the Hamiltonian in operator form and see how
it works out.

Next, Boccio presented an alternative approach to unitary translation operators.

In Figure 6.1, page 385, Boccio illustrates the meaning of translation in space.

P T

Figure 6.1: Space Translation

The spatial translation operator is given by Eq.(6.124).

It always interesting to read other courses on the subject matter, Fitzpatrick Graduate
Course Chapter 2.

Then, time displacement is analysed, page 386.

Time dilation is presented by Eq.(6.125) and illustrated in Figure 6.2 Boccio.
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Figure 6.2: Time Translation

A unitary operator is introduced for this transformation, Eq.(6.126).

This unitary operator is presented by an exponential function using E = H = ih% .
To obtain Eq.(6.131), t has been replaced by t + 7.

6.7 The Heisenberg Picture

In the Heisenberg picture operators change with time and states are constant in time.
Eq.(6.137) should read:

~ iHt —ifle
Q(t) =enQ(0)e n .
At the top of page 388, just below property number 4, “...then the spectral decomposition of

n

0(0).....” should read “......then the spectral decomposition of Q (t).....”.

6.8 Interaction Picture
Eqg. (6.149) should read:

i YD) = Vi), (1)) ?

In the interaction picture both state vectors and the operators are dependent on time.

6.9 Symmetries of Space-Time.

Velocities are considered to be small compared to the speed of light. This section deals with
how to find H? Symmetries play a key role.

Transformation are presented in Eq.(6.152).

Rotations are given by Eqgs.(6.153)-(6.156), and illustrated in Figure 6.3 .

A group of transformations is defined on page 391, as well as a one-parameter subgroup. An
example of a subgroup is rotation about a fixed axis as shown in Figure 6.3. The one-
parameter is the angle of rotation ¢, Figure 6.3.

Boccio summarized the total group of transformation at the bottom of page 391 and top of
page 392: 10 parameters:

- rotations,

- space translations,

- Galilean boosts or Lorentz boosts,

- time translations.

The time evolution operator, discussed already in the foregoing sections, U (t), belongs to
the time translation transformation.

6.10 Generators of the Group Transformations.

In Eq.(6.160), the ten parameters are presented in a general way as a product.

A ten-parameter group transformation is then defined by the product of ten one-parameter
subgroup transformations, top of page 392.

Boccio analysed Eq.(6.160) for all ten parameters to be infinitesimally small, Eq.(6.163).

In Egs.(6.171)-(6.178), all four transformations are summarized.
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6.11 Commutators and Identities

Boccio started by ignoring the identity operator in Eq.(6.179)=(6.170).

By physical arguments for the commutators in Eq.(6.179), some commutators can be
derived, Egs. (6.180)-(6.185). In this way, the remaining unknown commutators are
allocated, Eq.(6.186).

Then, a general procedure to find the latter commutators is presented on page 396.

11 commutators are obtained by this procedure, Eqgs.(6.207)-(6.210).

So, there is one commutator left to be found.

Boccio showed that the identity operator can be neglected.

Then, this last commutator is presented in Eq.(6.223).

6.12 Identification of Operators with Observables.

The dynamics of a free particle is used to identify the operators representing the dynamical
variables or observables for this free particle.

A position operator is defined in Eqs.(6.224) and (6.225).

The relation between the position operator and the velocity operator is given in Eq.(6.228).
Assuming this relation, Eq.(6.229) represents the result of Eq.(6.228) for a pure state.
The looks like the Schrodinger Picture. The displacement operator not to be time
dependent.

Then Boccio rehearsed the time transformation for a ket vector: Egs.(6.230)-(6.234). This
results into an expression for the velocity operator as the commutator of the position
operator and H, where H is still unknown.

Finally, Boccio obtained one of the most important results in the theory of quantum
mechanics: Eq.(6.252) — the commutator of position operators..

In Eq.(6.266) the commutators of the position operator Q are presented.

Boccio reviewed some mathematical ideas, page 405, about sets of operators and
subspaces.

Then some examples are given of Schur’s Lemma.

- Example 1 Free Particle-no internal degrees of freedom.

A result of this example | Eq.(6.297):

. p2?
= .

and we arrive at the meaning of the operator H as summarized in Eq.(6.290).

- Example 2 Free Particle-with Spin.

The spin operator S is defined to be an internal contribution to the total angular momentum

of the system, Eq. (6.296).

- Example 3 A Particle Interacting with External Fields.

In this example Boccio considers only spinless particles.

We see, due to the external field the occurrence of the vector potential and the scalar

potential.

6.13 Multiparticle Systems

In this section the single particle results are generalized to a system with more than one
particle.

Boccio analysed the multiparticle system with a two particle system. A two particle system
without any interaction with each other.

The properties of the two particles can be measured independently.

In Eq.(6.326) the systems of the two particles are presented by their state vector,
observable and eigenvalue. The two state vector is represented by a direct product, i.e., a
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tensor product. Sometimes denoted as a product state(product vector), Eq.(6.328).

In Eq.(6.329) it is shown how the operator for particle 1 works on the product state.
Furthermore, the action of the operator on particle two is given. (See, e.g., Susskind Lecture
6).

On page 414, Boccio presented an example for two operators and two basis vectors | +)
and | —). The operators are represented by 2 X 2 matrices, Eq.(6.333).

The product space is 4-dimensional, with the 4 product states given in Eq.(6.334).

The general operator, a 4 X 4, matrix is given by Eq.(6.335). Here, Boccio gave the example
015 = BV ® I@, the matrix elements,

where

,81(1) = (Ccl b), the operator acting on particle (1), and [®, the unit operator for particle

d
(1).
So, with tensor multiplication,

a
A a b 1 0 0
le:(c d)®(0 1): c

0 ¢

Boccio presented the general operator
(See also Susskind Lecture 7).

The result for particle (2) is presented in Eq.(6.336).

The combined operator is given in Eq.(6.337).

Then, Boccio translated the results for the Pauli spin operators.

In Egs.(6.340)-(6.342), the three tensor product for the spin operators are presented.

It is not clear to me which matrix product is given in Eq.(6.343). | think 611is a2 X 2 spin
operator acting on particle 1. Furthermore, | think the product 611 . 622, is just matrix
multiplication. Then, the latter product is a 2 X 2 matrix:

A1l A2 i O

ator=(L 0)
So, to me there remains a question mark:?.
| have a similar problem with Eq.(6.344).There appears the term al. | think the unit operator
isa 2 X 2 matrix.

Remark: Just above Eq.(6.348), page 417, Boccio mentioned the outer product. | denoted
the operator @ to be tensor product.
| thought outer product to be matrix multiplication.

Extending This Idea

An internal degree of freedom is one which is independent of the center of mass degrees of

freedom. The independence is defined by commutators.

Boccio discussed the results of the various commutators on page 417.

The result of this: Single particle states can be written as direct products, Eqs.(6.349)-
(6.356).

Then, the condition for statistical independence is used, Eq.(6.357).

6.14 Equations of Motion Revisited and Finished, Page 419
In this section, time dependence and time evolution are discussed from a more general
point of view.

Boccio starts with the time dependent Schrodinger equation, Eq.(6.361).

In Eq.(6.364) use has been made of H(t) to be Hermitian.

Just below Eq.(6.365) is written: “If H is Hermitian.......”. | think, use has already been made

oQ O

, Eq.(6.335).

o Qo™
QLOT O

nm

o

re detail, using the state vectors in Eq.(6.334).
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of H being Hermitian in deriving Eq.(6.364) from Eq.(6.363).

On page 420, Boccio derived the equation of motion for the density operator, Eq.(6.370). A
pure state is used for simplicity.

In Egs.(6.375) and (6.376), the expectation value of the general operator Q, Eq.(6.375) is
presented. The expectation value is time dependent due to the time dependent density
operator. The Schrodinger picture.

In Eq.(6.377) , the Heisenberg Picture is presented.

In Eqs.(6.380) and (6.381) the time derivatives of the expectation value of a general
operator is presented in both pictures.

6.15 Symmetries, Conservation Laws and Stationary States, Page 422.

A continuous unitary transformation with a Hermitian generator is presented. Boccio
presented the condition for another observable to be invariant under this transformation,
Eqgs.(6.384) and (6.385). The commutator condition for invariance is given, Eq.(6.387).

On page 424 and 425 some examples are discussed: invariance under space displacement,
invariance under rotation and invariance under time translation.

The time evolution of the state vector is given in Eq. (6.393).

The stationary state is defined: In a stationary state the expectation values and probabilities
of all observables are independent of time.

Finally, guantum numbers are defined.

6.16. The Collapse or Reduction Postulate, page 425.

How a measurement system and a quantum system evolve based on unitary time evolution
is given in Eq.(6.396), the initial and the final system, a superposition of a quantum system
and a measurement system.(See also Lecture 7.8, The Process of Measurement, Susskind).
On page 426 and 427, Boccio interprets the state vector for two models. The collapse of the
state vector is explained. Then, Boccio mentioned the reduction process/collapse has never
been observed in the laboratory. “.. it is hard to understand in what sense it can be thought
of as areal physical process.”

On page 428, Boccio presented some proposed mechanisms for the collapse/reduction.
Conclusion: it works for doing calculations.

Boccio: We should not stop worrying about the interpretation of the wavefunction, page
429.

On pages 429-431, an experiment with electrons in a box with a hole in it and a stern-
Gerlach device is discussed.

6.17 Putting Some of These Ideas Together, page 431
6.17.1 Composite Quantum systems; Tensor Product, page 431
A composite system, an entangled state, is analysed.

Now, a system is describes where all the particle are interacting quantum mechanically.
The vector describing a quantum system is presented in Eq.(6.420).

S~

6~ )
1D

—

Figure 6.4: Quantum systems are described by vectors in own Hilbert space

The projectors are given as the outer products of the different basis vectors, e.g.,
Eqs(6.423)-(6.424).
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Two-Level Systems

The discussion about the subject matter is about a quantum system in a 2-dimensinal
Hilbert space. The system has two eigenstates, up and down. The relevant equations are
Eqgs.(6.427)-(6.431).

Hilbert space for Composite Systems

Boccio starts with building Hilbert space for two distinct particles, illustrated in Figure 6.5,
page 434.

% P
6~ \ B
] T // ) A //,
N \ / A ) b‘ B .
—_ ‘1 N~ 0o

a3

Figure 6.5: Hilbert space for 2 quantum systems independent of one another
So, Boccio defined two different Hilbert spaces, with their own projectors, Eqs(6.432)-
(6.433).
Tensor Product of Hilbert Spaces

Now the particles are brought together. A suitable composite Hilbert space must be
assembled.

@)

Figure 6.6: Hilbert space for 2 quantum systems independent of one another

New basis vectors are defined, Egs.(6.437)-(6.440). To obtain these vectors the tensor
product is used. The projectors, outer products are given in Eqs.(6442)-(6.443).
Tensor Product of Matrices (a rehearsal).

As an example, let choose one of the expressions of Eq.(6.444):

pa

1
o (1Y (1Y o (1) _ [ O
W|th|T)—(0)—>(O)®(0)— 0
0
Then, with Eq.(6.443)
1 1 0 0 O
R 0
PAE = | (T = | Map(M = | | 000 =[5 0 0 0
0 00 0 0

For Eq.(6.444), the procedure for the tensor product is summarized in Eq.(6.448).
Of which | showed one example: P{”.
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6.17.2 Quantum Entanglement and the EPR Paradox, page 438
EPR: Einstein, Podolsky and Rosen.

~ A ~
The operators P; and PTBare given in matrix representation, Eq.(6.449). These operators
are the projection operators derived in section 6.17.1 Eq.(6.431). Boccio explained how to
use the operators.

States in the Tensor Product Hilbert Space

Properties of composite quantum systems are discussed in this subsection.

Such a composite system is given in Eqgs. (6.452) and (6.453).

Quantum Entanglement

Here Boccio discussed the question: Can every state in the general form Eq.(6.454) be
written as a product state eq.(6.453)?

A similar question is raised by Susskind: Can a singlet state be written in the form of a
product state? The answer is : no.

Consequences of Entanglement

The consequences are discussed with the combined state as presented on page 440.
The concept of partial projectors is introduced at the bottom of page 440.

6.17.3 Entanglement and Communication, page 440

To Communicate Superluminally, or Not

It is about propagating of information faster than the speed of light.

Boccio discussed the subject matter.

0
[ ap = é M) ap + % Wt)ap = 2 i

0
Here are presented Eq. (6.454): the joint state of Alice and Bob, the usual suspects.
In Eq.(6.464) the shared state is denominated by:
Y1) a-
Boccio discussed two measurement procedures: measuring the observables along the
z-direction and along the x-direction.
Boccio conclude: when Alice obtains results in the x-direction, Bob also measured in the
x-direction. Both for the up and down directions.
Using this for a Communication System
Here the probabilities of communication are explained.
6.17.4 Nonlocality and Tests of Quantum Entanglement, page 444
Remember, a state like | ,) 45, EQ.(6.473) cannot be written as a product state, eq.(6.474).
Next, Boccio discussed the question whether or not it would be possible to mimic a anything
that behaves like quantum entanglement using classical physics.
The following classical assumptions are expected to be true.
- Objective Reality,
- Local determinism.
Bell Inequalities
Bell suggested an experiment to test whether the aforementioned classical assumptions are
true. The results of this experiment are summarized in Table 6.1, page 445.
Internal Information
Under the classical assumptions, each particle carries the information as given in Eq.(6.475).
Violations of Bell’s Inequality
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Bell’s inequality is presented in Eq.(6.478).
Boccio demonstrated the violation of Bell’s inequality with a graph of a simple quantum
mechanical case, Eq(6.497) and Figure 6.7.

6.18 Expanding on the Density Operator and the Statistical Description of Quantum

Systems, page 447

In this section Boccio summarizes the knowledge acquired so far about density operators.
In classical mechanics the probability density function is used to describe the system
statistically.

in quantum mechanics the state is characterized by the state vector.

Problem: how to describe the quantum mechanical state with incomplete information?
Incompleteness can be described in two ways. One will be investigated later. The other is by
use of the reduced density operator method. This method will be described later too.
6.18.1 Statistical Description of Quantum Systems and the Nonexistence of an Averaged
Quantum System, page 448

A mixed ensemble of similar systems of which information is limited to the probability
distributions over some specified state vectors of this mixed ensemble.

In Eq.(6.486) an accessible state of the system is presented. Furthermore, the probability
distribution for the accessible state, eq. (6.485) is uniform. Consequently, the average
guantum state is zero, Eq.(6.489). Such a system cannot be described by a state vector. To
be able to evaluate the system an ensemble average, density matrix, is introduced,
Eq.(6.490). The average of which does not vanish, shown by Boccio, page 490.

Note, at the top of page 490 eq.(6.485) should read Eq.(6.486). This difference in the
numbers of equations does not go away. At the top of page 451, Eq.(6) is mentioned. |
assume this should read Eq.(6.487).

Eq.(6.498) represents the well known expression for the expectation value of an operator
expressed in the trace of the matrix product of the density matrix and the operator in matrix
representation.

Boccio concluded this section with the comparison of the density operator in quantum
mechanics with the probability distribution in the statistical description of classical physics.
6.18.2 Open Quantum Systems and the Reduced density Operator, page 451

This section is about the interaction of a system with its environment.

Note: alas, the difference in equation numbers continue in this new section.

The reduced density operator is defined in Eq.(6.508).

To conclude: the density operator and the reduced density operators are the instruments to
describe systems of which the information is incomplete.

6.19 Problems, Boccio-1 Page 91
6.19.1 Can it be written?

Show that a density matrix p represents a state vector ( i.e. can be written as |[Y){(y] for
some normalized vector |y)) if and only if,

pr=p.

First we assume p to be a linear operator with eigenvector( “represent a state vector”) |i)

= p =Py = [YXYI.
Hence

P2 = (IVXPN? = [WXPIYX| = [Pyl = p.

Any vector |¢) orthogonal to ly) is an eigenvector of |Y)(y| with eigenvalue zero:

110



= [V)W| |$) = [) (plY) = 0l).
So, the eigenvalues of |Y){(y| are 0 or 1.

There is only one eigenvector with eigenvalue 1: [).

Next, we assume for the density operator

p?=p.
Then Boccio proved this not to lead to a contradiction by writing p as a sum of projection
operators

p=Xa-1Wa Py .

for a orthonormal set of states {|i1), ... ... , |[¥p)} and the set of real numbers {wj, ... ... , Wp}.

Consequently,
PiyoyPrygy = ScaPry -
Remark: this basically reflects what is written above:

WXL @) = ) (Plp) = Ol).

I illustrate the proof by Boccio with
p = w1 [PpXp| + w,| PN,
where
0<{w;,wy,}<1,andw; +w, =1.
Note think of {w;, w,} to be probabilities.
= wi([PXPD? + wi(lpXpD? + W1Wz|ll))(¢|l¢)(¢| + wows | PNl [P Y| =
= W1 FAVY YD + w3 (|pXd))? = wil)| + wi PN el,

where use has been made of (¥|¢) = 0.

We assumed:

pr=p.

Hence,

wi [WX] + wioN | = w1 [W)| + wz|pX .
Multiply the preceding expression with [){(1].
The resulting expression is:

(wf —wp)|[YXy| = 0.

So,

wy; =0,0or w; =1.

Sincew; > 0= w; = 1.

Consequently

p = wi[pXY| + wz|pXP| = p = [Y) W]

p represents a state vector(pure state) for 5% = p.
Note: obviously we could have multiplied

W2 )bl + w3 O)N bl = wi )bl + wol ) p]
with
|p){(¢|, for that matter.

6.19.2 Pure and Nonpure states
Consider a observable ¢ that can only take on two values +1 or —1 . The eigenvectors of
the operator are denoted by | +) and | —). Consider the following states:
a) The one—parameter family of pure states that are represented by the vectors
10) =1+ +=1-),
for arbitrary phase Q.
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b) The density matrix of the nonpure state
1 1
p =3l 5101
The expectation value of (o) = Trpé.
First the pure state:
The density matrix:
~ 1 i _i
Po = 1010 = [ +) + | D)[(+] + e (-] =
1

=3 U+ =X=D + e =X+ 5e 7] +)(-.

Presenting this density matrix as a matrix by using | +) = ((1)) and | —) = ((1)) it appears
| =){+] and | +){—]| does not contribute to the Trace:

1 ip) _ 1 -ip =1(0 e_i(p>

Let?] <)+ +2ee )1 =2( 9, € 7).

Furthermore,

LA+ XD =2(5 )

Consequently

~ _1(1 0 1(0 e ®\_1(1 e
'09_2(0 1)+2(ei"’ 0 >_2<ei"’ 1 )

With the given eigenvalues and eigenvectors of g, we have

6 = | +){+| — | =)X{—|, i.e., the sum of the projection operators times the respective
eigenvalues.
Or on matrix representation

~_(1 0

7= (0 _1)
So

A oA 1 . »

P06 = S (1 HNH +1 =)=+ €] =)+ + e H)=D (| )+ = | =)D
In matrix representation

~a_1( 1 —eT
Peg =3 (ei‘P -1 )
Hence

(0)g =5 Tr(| )+ - | -X-D =1 -1 =0.
Note:

Thinking of the eigenvectors as representing spin, & = ag,.

Next, the nonpure state:

p6 = 2| H)CH + 21 =X T +XH = | =)=,
We again obtain
(@) =31r(| )+ - 1 -X-D=21r (5 °)=0.

The gquestion to be answered is:
In both cases (o) = 0. What if any, are the physical differences between these two states,
and how could they be measured?

Boccio analysed this question for the spin operator g, = (2 (1)) .
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We obtained already:

~ _1(1 el
Po =5 (ei"’ 1 ), for the pure state.

Given for the nonpure state
A 1 1 1/1 0
p=3I D+ 01=5(, 1)

0 1
So, we find
A _ 1 e~ o 1 ~ _1/0 1
PeUx—g( 1 ei<p)'a”dp0x_5(1 O)'
Hence

(04)g = Trpgoy, = é(e‘i"’ + %) = cos ¢, pure state,

and

(a,) = Trpo, = 0, nonpure state(or mixed state).

Consequently, there exists a value for ¢ = 0, resulting into (g, )g = 1.
Whereas, for p, any expectation value of an observable is equal to 0.

6.19.3 Probabilities
Suppose the operator

0 1 0
M={1 0 1]
0 1 0

represents an observable.

In problem 4.22.14 Spectral Decomposition the eigenvalues and eigenvectors have been
calculated, | present the analysis here again:

The eigenvalues:

—-q 1 0
1 —q 1 [=0,
0 1 0—g¢q

with the general expression for the 3 X 3 determinant(Chisholm and Morris, page 423) the
resulting cubic equation is:

—q®+2q=0=q; =0,+V2.

Then with:

M|q;) = q;|q;), the vectors can be obtained.

1
1
Q1=0=>|Q1>=T§<0>=|0)
-1
| reproduce the result for |g,), Boccio,

1
lq2) = %(\/E) = |\/§)
1

a
| present the |q3), where | represent the ket in column representation <b>:

0 1 0\,a a ¢
(1 0 1><b>=—\/§<b).
0 1 0/ \c c

Then,
b=—-aV2,
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a+c=-bv2,

b = —cvV2.

Normalization,

V2.

2 2
a2+b2+c2=1=>b7+b2+b7=1=>b=i
Ichoosebzgﬁ.

N |-

Hence
-1

|95 = §<ﬁ> = | —2).
-1

Apparently, Boccio choose b = — %\/f A phase difference of e'".
Calculate the probability Prob(M = 0|p) for the state operator:

i 00

a)pa=k0 Z 0).
00 =
4

Note: Caveat notation, p is not the density matrix!

Question: meaning of Prob(M = 0|p)?

Page 373: Prob(Q = q|W) = probability that the observable represented by Q will have
the discrete value q in the ensemble characterized by W.

Egs.(6.61)-(6.64): Prob(Q = q|l/17) = Tr[WP(q)].

Now Prob(M = 0|p)
(pa) = TrPoPa = (015,410).

A (1 (1 0 -1
Py=1050l=2( 0 Jaon=z(0o o o0
—1 -1 0 1

Plug into (0|p,|0) the eigenvector |0) and the operator p,,.

Then,
3
(pa):_l
P
4 8 3
TrPyp,=Tr| 0 0 0 =5
1 1
_ 0 _
T4 8
LN
2 2
b)p,=(0 0 0
1oy 12
2 2

(pp) = TrPopy, = (01py|0).
Plug into (0|9, |0) the eigenvector |0) and the operator p,,.
Then,

(pp) =10.
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o

c)pc =

O NI
o O
NIR,RO O

0

(pc) = Trﬁoﬁc = (0|p|0).
Plug into (0|p.|0) the eigenvector |0) and the operator p,.
Then,
1
(pc> =3
Boccio proposed another way to find out about the expectation value of the state
operators. To this end, the analysis of p, has been chosen.

- 00

00 1%
4

The eigen values are obtained from the polynomial

1 1 2
G-1)(G-4) =o
The eigen vectors are obtained from:
(l O 0\
2 a a
0 - 0 <b> :/’l<b>.
1 c C
\o o 3
4

With normalization and orthogonality, the three eigenvectors are:

1
|%> = (0) , denoted by [1),

0
0
| i) = (1) , denoted by |0), caveat this notation is also used for the eigenvector of M,
0
and
0
|i> = (0) , denoted by | — 1).
1

Then the spectral decomposition of p, with projection operators and eigenvalues:
~ 1 1 1
Pa = 3111 +510)0] +351 = 1)(-1]

In matrix representation

. 1 0 0 . 0 0 O . 0 0 O
ﬁa=+5 0 0 0)+210 1 0fJ+2(0 0 O}
0 0 O 0 0 O 0 0 1

Next Boccio expanded the three eigenvectors of the operator p, into the eigenvectors of
the operator M. | denote the eigen vector |0) by |0').
Then

10) = ((1)> = T[(ﬁ) —§<—1ﬁ>] = 5(V2) - | - V2).

0 1 1
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[

N |-
b—\§|b—\

N |-

1 1
0

( >+ <_§§>]+%<_11>:‘W>+I— VZ)| + 5100,
and
B IR

Plug these three expressions for ]0), |1) and | — 1), into spectral decomposition
== |1)(1| + - |O)(0| + —| — 1)(—1], the result of which is again

N =
N |-

1 A
— 50",

6.19.4 Acceptable Density Operators
Which of the following are acceptable as state operators?

1 1 1 1
13 9 1z /z 0 z\ /z 0 z\
1 1
“P1= ‘3’ ;} » P2 = ig iﬁ p3=1]0 2 01,ps=]0 7 01,
4 4 25 25 1 0 0 1 0 1
4 4 4
and
Iu)(ul+ lviv] + = Iu)<vl+ 2 1v)ul.

In add|t|on. (ulu) (vlv) = 1, and (ulv) =0.
The test whether these operators are state operators is:
p? = p,and Tr(p?) = 1.
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So,
13 5 3
pr=% Y)op2=(3 4|-Tr(p? ==, amixed state.
4 4 4 8
S 1z 13 12
pa=|% 2 |-pi=(2 |- Tr(p?) =1, apurestate.
25 25 25 25
19 L S o0 L
2 4 16 8
ps=10 % 0[-p2=|0 116 0 | » Tr(p3) ==, amixed state.
4 8 16
1 1 5 3
2 0% T 16 16
ps=10 i 0[-pZ=|0 % 0 | » Tr(p2) ==, amixed state.
1 91 3 0 2
4 4 16 16
|u)(u| +3 |V)(V| + |u)(v| + |v)(u|
- pi = (§|u)(u| +3 |17)<U| + |u)(v| + |v)(u|)2



Iu)(ul + < IV><VI +— Iu)<vl + Iv)<ul — ps = Tr(ps) = Tr(ps), a pure state.
Hence, we have two pure states: p, and Ps.-
Next, the state vectors for the pure states.

o 12
_ (25 25
2T 1z e |
25 25
The eigenvalues
0, -
25 25
12 16 =0->1,=0,andA, =1.
25 15
The eigenvector:
_1/3
14) = 5 (4) '

1 2 V2 V2
-ps = 5 [udul + 2 [)(v| + 2 [ulv] + 2 [v)ul , a pure state - [P5)(Ws|.
Hence
|l/)5) = au|u> + avl”)-
Then equating
[Ys)Ws| = (aylu) + a,|v)) (@ (u]) + ay{v|) = ps,
we obtain
Ay =3, and a,a,, = 3

Consequently

1 2
99 = @ulu) + @) = 2l + [l
Obviously, e.g.,

ayay|u)v| = g |u)(v|, as it should be.

6.9.5 Is it a Density Matrix?

Let p; and p, be a pair of density matrices. Show that
p=rpr+(1—-1)p;

is a density matrix for all real numbersr,and 0 < r < 1.

Since p; and p, are density matrices= (Y|p;|yY) =0 ,(Y|p,|yY) = 0.
Furthermore

0<r<1=0<(1-nr<1l

Hence, for the expectation value of p:

WIplY) = r@lp1l) + (1 = r)1p1).

Consequently

Wlply) = 0.

To determine the Trace of p, we use linearity and the Trace of a density matrix is equal 1:
Trp=r-Trp, +(1—7r)-Trp,=r+ (1 —-1)=1.

Then,

p=1pr+ (1 —1)py,

represents a density matrix.
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6.19.6 Unitary Operators

An important class of operators are unitary, defined as those that preserve inner products:
1P) = Ulp), and |p) = Ulp) — (p[) = (¢|TTT|y) = (pli).

a) Show that unitary operators satisfy UUT = UtU = I, i.e., the adjoint is the inverse.
With

(@) = (9|UTT[y) = (plp) = (llp) = T1T = 1.

So, with UtU = I, and multiply both sides with U,

oot =01=0=00"=1.

Hence

oot =0tu=1.

b) Consider U = e%4, where 4 is a Hermitian operator. Show that Ut = e~ and thus U is
unitary.

We use expansion of the exponential, and 4 is a Hermitian operator

~ 7 o 1 /.mn ~ o 1/ AN o 1/ .m\n —iA
U=et= Zn:OE(lA) = Ut = 2n=o§(_l‘4+) = 2n=o;(_“4) =e

Now, plug these results into

010 = elde~iA =],

Uis unitary.

c)Let U(t) = e_lHTt, where t is time and H is the Hamiltonian.
Let [1(0)) be the state at t = 0. Show that [1(t)) = U(t)|(0)) = e_ihthp(O)) isa
solution of the time-dependent Schrodinger equation, i.e., the state evolves according to a
unitary map.
We have

iA =

2 _ 90 1p0) = — L e T (0 = — LI RO = — 2 (o)),
Hence,

ih—aw(;it)) = H[(t)) — the time-dependent Schrédinger equation.

Attimet = 0, (¥(0)|y¥(0)) = 1 — the conservation of distinction (Susskind). At later time,
t > 0 the probability must be conserved.

W)Y ()) = (Y(0)|yY(0)) = 1 - time evolution is unitary:

ot =1.

d) Let {|u,,)} be a complete set of eigenfunctions of the Hamiltonian operator:

Hlun> = Enlun);

where E,, are the eigenvalues.

We learned, from the projection operators of the complete set {|u,)}:

Zalun) (un| =1.

~ _ift
WeuseU(t) =e n.
So,

i 77 5 _iAt

U@) = U = U@ Lnlun) (un| = Xne # |upXuyl.

With the expansion of the exponential in the preceding expression, we use H|u,) = E,|u,),
and we obtain:
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~ _IEnt
U(t) = Zne h |un>(un|-
Furthermore,

(D) = TOR(O) = Tne™ + itg)tn [H(0)).

Then, the preceding expression can be written:
WD) = Sncae™ 1 [un),

where ¢,, = (u,|¥(0)).

6.19.7 More Density Operators

Suppose we have a system with total angular momentum 1. Pick a basis to the three
eigenvectors of the z-component of the angular momentum, J,, with eigenvalues +1, 0, —1,
respectively. An ensemble of such systems is described by te density matrix

. 2 1 1
p=z(1 1 0).
1 0 1

a) Is p a density matrix?

- Density matrices are Hermitian. The matrix is Hermitian

- Trace of the density matrix is 1. The Trace of the matrix is 1.
- The eigenvalues of the density matrix lie between 0 and 1.

The eigenvalues 4;?
2—A7 1 1

1 1-21 0

1 0 1-4
1-2DAA-3)=0.
To be a bit more precise: the eigenvalue equation reads

1 3
(G-4)a(a-3) =0
Hence, the eigenvalues are non-negative and < 1: 1; = 0,
Yidi=1.
Consequently, p is a valid density matrix.
Now, pz:

(21 1y 211 (63 3\
Tr(p?)=Tr;|1 1 0)-Z|1 1 0]=Tr—(3 2 1|=_.
101/ "\1 01 3 1 2

Tr(p?) < 1, a mixed state.

=0—-2-HDA-HVA-H-21-1)=0—

&R

3
2"

)

b) Given p, what is the average value of J,?
The matrix representation of J,

1 0 O
]Z=(0 0 0).
0 0 -1
The average value of J, is found from
2 1 1 1 0 0 2 0 -1
(]Z>=Tr(pjz)=Tr§<1 1 0)-(0 0 O>=Tr%<1 0 0>=§.
1 0 1 0 0 -1 1 0 -1
c) What is the standard deviation in the measured values of J,?

The standard deviation:
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A, =N U2 = U2)?

/21 1y /1 0 0\ /1L 0 0 20 1y
(Izz>=TrZ(1 1 0)-(0 0 0)-(0 0 o)=TrZ<1 0 O)ZZ'
1 0 1 0 0 -1 0 0 -1 1 0 1
= /E_l— 1
A, = 4 16_\/;'

6.19.8 Scale Transformation

Space is invariant under the scale transformation
x—->x =e‘x,

where c is a parameter.

The corresponding unitary operator may be written as

-~

0= e—icﬁ’
where D is the dilation generator(See also Fitzpatrick Graduate Course chapter 2)
Determine [D, £] and [D, B, ].
Then,

|x') = Ulx) = U™ x') = |x)

The eigenvector and eigenvalue equation is

X|x) = x|x).

Using U~ 1|x") = |x) in the preceding expression

U X"y = xULx').

With x a number, the preceding expression can be written as
U XYy = U 1x|x").

Then multiply the preceding expression with U to the left:
UxUYx')y = DU tx|x") = x|x').

So,

URUYx'y = x|x') = e CeCx|x’) = e~“x'|x").

With X|x") = x'|x")

URUYx'Y = e “R|x') = URU™! = e~ “%.

Consequently

e‘x = U~1xU.

Note:

Let us have a closer look into U120 = e°%.

Then,

U=zU|x) = e®|x) » U1R|x') = ex|x) » U™ x'|x') = x'|x) » U~ |x") = |x).
As it should be.

e% = U120 = eiPge~icD,
Boccio introduced an identity to be derived in Problem 6.19.11(See also Eq. (6.249)).
icD 5, —icD

Then, e*““xe can be written as

elPre~iD = % + ¢[iD, %] + %cz [iﬁ, [if),)?]] 4o
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In addition, we have the expansion
e‘x=x(1+c +%c2 + ).

Consequently, compare the coefficients of c* in both expansions term by term, we have
[iD,z] =%.

Now we make use of the Jacobi identity(Eq.6.212):

[[D,p.]. %1 + |[5x 21, D] + |[ £ D], 5| = 0.

We have already

-[iD,z] =% = [#,D] = i%,

- [Py, X] = —in.

Then, with the Jacobi identity and [—ih,ﬁ] =0:

|[D,5,]. 2] = .

Use [ip,, X] = A in the preceding expression.

Then,

[ﬁ' p’\x] = Py

From the latter expression it follows:

D = = (%P + PrR).

Plug the preceding expression into [5, ﬁx] = Py

(fﬁx + ﬁxjc\) pr - ﬁx(fﬁx + ﬁxk\): ihﬁx = fﬁxﬁx - ﬁxﬁxk\ = ihﬁx =
= (5C\pr - ﬁj\cf)ﬁx = ihp, = [55\: ﬁx]ﬁx = ihp,, QED.

What about D?

Dt = ~{@p)T + B} = - {521 + 2P, T} = = (B2 + 2B2).
Hence:

D =Dt = D is Hermitian.

6.19.9 Operator Properties

a) Prove that if H is a Hermitian operator, U = e is a unitary operator3.

With

O=e¢fl 50t = = [0 =1.

Then,

0=cfisa unitary operator.

b) Show that detl = T"H,

Boccio used the following theorem:

An Hermitian matrix H can be diagonalized by a transformation UTHU = D, where U is a
unitary matrix, UO' = 1, whose columns are the normalized eigenvectors of U. The trace of
H is invariant under this transformation = TrD = TrH .

Boccio expanded eiﬁ, by using

UTH"U = UTHU ........UTHU = D™

Consequently,

UteU = UTe'PU.

30 and U are used alternately.
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Boccio presented the matrix representation of e'”, a diagonalized matrix as it should be

Furthermore, use is made of UUT =1 = UtU = 1:
det(e') =det (e1TUT) =det(TUTT) =det(TUTD) =det(T100) =

=det(Tte'?T) =det(Ute'PU) =det(e'P).
With the diagonal elements of D:

det(e?) = TP,
We know now
Tr(UTHU) = TrH = TrD.

Then, using
det(e'f) = e!T™0 = det(U) = e!T™H.

6.19.10 An Instantaneous Boost.
The unitary operator

U(®) = e°,
describes the instantaneous (t = 0) effect of a transformation to a frame of reference

moving at velocity ¥ with respect to the original reference frame.
5 , are:

Its effects on the velocity operator, v , and position operator,
ovVO1=V—-9l,00071=qQ.
Find an operator Gt such that the unitary operator

0(,t) = e
will yield the full Galilean transformation
ovOo V—0f,and QU1 = Q — dtl.

ovi—t=v
The restricted Galilean transformation is given by the unitary operator
(@) = eC,
and its effect is described above. This transformation is instantaneous and causes no change

in position:
Qo1 =q.
Boccio presented two methods:

Method 1:
UQU~t = ePGcQe~ Gt = § — 9t .
We also have, not proved 4,

elPCtQe =Gt = Q 4 [ﬁ -G, 6] +=Q —0tl.

Plug 5t = —%t + %6 , into the preceding expression to obtain

i[9G, Q| = -0t

where use has been made of [ﬁ, 6] = —ih and%(ﬁ 00— QB - a) = 0.

Method 2:

4 Problem 6.19.11(See also Eq. (6.249)).
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The desired transformation U(¥,t) = WGt is a combination of an instantaneous Galilean
transformation, which effects the velocity operator, but not the position operator, and a
space displacement through the distance vt.

So, we try

5t = M@ — tP > instantaneous boost and space translation. M equals mass.
To reduce the work a bit 7 is set equal 1.

With elPge~icD = % 4 c[iD, 2] + lc2 [iﬁ [iﬁ J?]] ---..problem 6.19.11,

Apply the preceding expre55|on for Gt MQ — tP first for Q {Qa}

e“"GfQ =G = 0, + [iv - Gt, Qa] +higher order terms.

Then with Gt MQ - tP

(i3 Go, Qu] = [15 - (MOq — tP), Q4] = [i3- MQu, O] - [i5 - ¢P, Qa] = —v,tl,
where use has been made of [Qa, Qa] =0, and P Q] —ih =

Hence,
elU'GtQae—lU' t —

or

A~

Q. — vatf,

Qv

QU1 = ei¥GtQe~ W6t = § — ptl.
The higher order terms in the above expansion are all zero being multiples of [f, f].
Next, as mentioned by Boccio, in a similar way,

eir"gtﬁae‘ﬁ'gf =P, + [iﬁ - Gi, ﬁa] + higher order terms.
Then with G = MQ — tP,

(5 Go, Bo] = i3+ (MQo — tPy), By] = [i5- MQu, Be] = [i5 - tBy, By] = —Mu, ],
where use has been made of [B,, 2,] = 0, and [}_}, (_3] = —ih = —i.

Again, the higher order terms in the above expansion are all zero being multiples of [f, f].
Hence

eGP e~ = P — Mu,.
Divide the precedmg expression by M

3

_ P
e PG 1\: e~ G = i vl = e GtV e~ = — p_ I, the transformation of the

velocity operator.
~3 A = IPN o 3 A~ ~
So, VU™t = VGt e~ WGt =V — vy, I =

Commutation

- vl

<b

Verify that @t satisfies the same commutation relation with ﬁ,f and H as does G.

Boccio writes: ”Consider G with H ......."” G.1? | suppose the index 1 is the 1-direction. Then,
the analysis of section 6.11 Commutators and Identities can be used.

In section 6.10 Generators of the Group Transformations, ﬁ,j and H are generators.
However, the commutation problem is discussed in section 6.11, see for example Eq.(6.187).
This is about Gyand H.

So, for G with H:
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eleH pleGy p—icH p—icGry — (I +iel)(I + ieGyy) (I — ieA) (I — i€Gyy) =

=1+ €?[Gyy, H] + 0(€3) = e 1P = [ + i€2P,

and

[y, H] = iP,.

Boccio: “This is unchanged from results in the text with 671 and so this commutator does not
change and similarly for all others.”

6.9.11 A very Useful Identity.
Now the identity used in the foregoing problems is proven.
It is about the following identity, in which A and B are operators and x is a parameter,
- A~ a3
e*iBe 4 = B + 4, B]x+[ |4, B] ] +[A [ ,[A,B]];+--- .....
It is about the Baker-Hausdorff lemma. See also Fitzpatrick, the Graduate Course, Chapter 5.

Here we use to the proof the lemma Taylor expansion and regroup the expansion in powers

of x to construct the commutator expansion.
- xAD)™M 5 (—xA)™
o XA p—xA {Zn - }B{Zn )=

=(1+ xA+ 52 )E?(l—xA+—A—
=B+ [A,B]x+{—ABA+§(AZB —BA%)}x? =

=B+ [4,B]x + {A(AB - BA) (AB —BA)A}=+ .=
=B +[ABx+[4[4B]]% +
As you notice, to find out about the commutator factors of 9;—? is already a lot of work.

6.9.12 A Very Useful Identity with some help °.

The operator U(a) = ePa/Mis 3 unitary translation operator in space One dimension is
considered.

Note: U(a)U(a)T = 1.

We need to prove

e Be 4 =YL ([A, A, ..[A)n, B( .1Dn =

n!
1 1
= B +[A,B] + 2 [A,[4,B]] + = [4,[4 [4 B]]| + -
a) Consider B(t) = e**Be~t4, where t is a real parameter.
Now,
%B(t) = et4ABe 4 — 'ABAe~t4 = ¢'A[A, Ble 4
b) With B(t) = e*Be™* — B(0) = B and B(1) = e“Be™™.
Then,
1, d 1, d
B(1) —B(0) = [, dt —B(®) - B(1) = B(0) + J, dt —B(®.
Use the power series B(t) = Yp=o t™ By, where B(0) = B,
We have found

5See 5.4 Intermezzo. A proof of Baker-Hausdorff Lemma in Quantum Mechanics in Texas ,my notes on
Quantum Mechanics Graduate Course, Fitzpatrick, www.leennoordzij.me
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%B(t) = et4[A, Ble™tA = e'4(AB — BA)e tA = et4 ABe~tA — et4BAe 4 =
ethfe~tAgtARE tA _ gtARo—tAGtAfo=tA — otApp=tAR(t) _ B(t)etAAe~t4
Then, Boccio presented et4Ae 4 B(t) — B(t)e*4Ae™* = [A,B(1)].

Meaning: e*4Ade~t4 = A. Well, it looks like use has been made of the “Very Useful Identity”.
However, | thought this identity to be proved here.
Consequently,

B(1) = By + [, dt [4,B(1)].
We need an expression for B(1), with B(t) = Yoo t™ By,
B(1)_B+f dt — B(t)—B+f dty e nt" 1B, =B+ Y> B, f nt"ldt =

=B+ Xn-1B, = B(O) + Xn=1Bn =By + Xn-1By = X0 Bn-
Then,

1 [4,Bn
B(1) =By + [, dt [A,B()] > X3_oBn = By + Xn=o[A Bn f t"dt = By + Xn=o n+1]
Hence,
[4,Biy

So,withk=n—-1- "B, =Y
The next step is to show by induction
B, =~ ([A [A, ... [A)nB( - 1Dn -

We make use of

By_y = E [A, Bp-2].

[A,Bp_1]
n

1
= By = [A, By

Then Boccio
1 1 1
B, =—[A B,_1] = - |A, —[A, B,,_
-n.[ 1 n n— 1[ 2
= ! 1, [A.B = = ! 4 A, B
= -n_(n — 1) ’_ y [‘ s 11—2]] T eararanas — n(n, — J_}(i’]l —n+ J_) [.{ yorrraeas [-ﬂ ) n—n]]
= —[A[A,...[A,B]...]] (with n nested commutators)
n!

We have already shown
e4Be? = B(1) = X%, B,.
Hence,
[ee] (o] 1
eABeA = B(l) = Zn=0 Bn = Zn=OE ([A, [A' [A')nB(] ]])n
The last step to prove the operator
U(a) = ePa/h
is a translation operator.
Now A = ePa/t
So we have:
ePe/hxePe/t = 3o L (Dynp,p, . [p,x] ... ]].
Let us demonstrate what will happen by Iooking at the first three terms:
@ 1px] + 2 [p, [p,x]] + o = x + 2 (=) + L [p, —ih] + = x H a0+ =
=x + a.

Alternative Method
This method closely resembles the method | derived in:
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5.4 Intermezzo. A proof of Baker-Hausdorff Lemma in Quantum Mechanics in Texas ,my
notes on Quantum Mechanics Graduate Course, Fitzpatrick, www.leennoordzij.me .
| present this Intermezzo here:

5.4 Intermezzo. A proof of Baker-Hausdorff lemma

e’ e~ = 3. 7 (16, A )" .

To this end | define, with {k € N}:
k=0:([G)A(Dk = A, 2% terms,
k=1:([G)H*A(D)* = [G,A], 2¥ terms,
k=2:([GH)*A(D)* = [G,[G,A]], 2% terms, ........
The Proof:

| use Taylor’s series expansion:

f) = Bieo k2%,

k
where q;, = d(A)k' atA =0,
and

f(A) & eA6he=2G,

With (C.5.4.18) , (C.5.4.19), and (C.5.4.20)

a, =4,
a =Z—§|A o = GA—AG = [G, 4],
d? f d df d
= e l1w0 = dmm-o =216, fll10 = ([6.)2A0)?,
d
a3 = 25 lico = 5 (616, £1 = [6, f1G] 1120 = ([G,)*AQ)?, etc.

So for induction | assume
dk‘

@ = 2 o = (6 F D = ([6,)4AQ)

Then, with a;, = ([G,)*A(]Dk,
we havefork + 1
dk+1f

Ak+1 = gyt la=0 = a([G Y fD¥la=0 = ([G)FTAD* .
End of Proof
End of intermezzo.

Now Boccio’s alternative method.
Let f(x) = e*ABe ¥4,
The Taylor expansion is used(see Intermezzo above):

2 1d f(x)
fOO) = 5= LD | _oxk.

For the first two derivatives:
L | o= AeABe A — ABe~AA = [4,£(0)] = [4,B].
Knowing this, the Taylor expansion is helpful.

e = 1 [A700] = [4 G2 = [4.[47O]] = [4.[4.8]] etc

dx?
Hence

e*MBe—xA = 3 (LETCY| k= B 4 [4,Blx+ [4,[4B]|% + -

In the Intermezzo above | used induction to make ‘... meaningful.
At the end of this problem Boccio made a remark about the Taylor series expansion and the
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solution of the first order ODE. | do not understand that remark. The Taylor series expansion
is an expansion at x = 0.

6.19.13 Another Very Useful Identity

Prove that

eAtB — oA pBy—5lAB]

provided that the operators A and B satisfy

|4.[4,8]] = [B,[4B]| = 0.
Define f(x) = e*4e*B_ A bit different from f(x) = e*4Be *4 in problem 6.19.12.
Then, Boccio,

% _ ‘461.46:5 + CIABIE’.IB _ "1‘3.’1’:.4.r3.1'B + erABﬂ—rAc:r:.—’chB
_ (zji + Crfiéc—rfi) (3:”_4[318- — (ri + c.‘r,‘ch—m_ii) f(.]'?)
With
|4.[4.8]] =0,
we have

e*4Be™*4 = B + [A, B]x.
Consequently,

df(.?r) = (i + eT’ch_“i) flz) = (‘i + B+ [i }3’} r) f(z)

dr
So, the non-homogeneous first ODE has the solution (textbook or WolframAlpha):
f(x) — pXApxB — o(A+B)x+[AB]x?/2

Boccio: x = 1 in the preceding expression

eAB — o(A+B)+IAB]
Then,
eA+B _ eAeée—%[ﬁﬁ]
Note
|4.[4,8]] = [B,[4.B]| = 0.
Proving

e“Be™ =B+ [A,B],
we need [A, [/T,B]] =0.
Where does
[/T,[ ]] = [ [4, B] ] = 0 comes into play?
A[4,B] - [A,B)A = [ B| - [A,B]B - (A-B)[A,B] = [A,B](A- B) -
- [(A B) A ] Meaning?
6.19.14 Pure to Nonpure?
Use the equation of motion for the density operator p to show that a pure state cannot

evolve into a nonpure state and vice versa.
The time dependent equation for the density operator:
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ap _ _irm ~

== AW®.pO1.
For a pure state
-Trp? =1,

a2 A
-pT=p,
and

p = )Xy|.
Then,

d .\ A ~dp 2i P ~ 2i AT A AADY
=Trp? = Tr2p=t = == Tr(p[H®), p(D)]) = == Tr(pHp — ppH).
We know

TrAB = TrBA — TrpHp = TrppH.
So,

d ~ 21 AT A AN NN AT

ETrp2 = —ElTr(pHp — ppH) = —=Tr(ppH — ppH) = 0.
Consequently

%Trﬁz = constant = 1, independent of time — a pure state cannot change in a mixed

state.

Boccio presented also an alternative approach with unitary operators leading to the same
result.

6.19.15 Schur’s Lemma

Let G be the space of complex differentiable test functions, g(x), where x is real.
It is convenient to extend G to encompass all functions, §(x), such that

gx) =gx) +c,

c is any constant.

The extended space is G.

Let § and p be linear operators on G

Gg(x) = xg(x), a position operator.

And

pg(x) = —i%g(x) = —ig' (x) , a momentum operator.

1) Show that § and p are Hermitian on space G.

Space G is equipped with the scalar product

S(f,9) = [_, dx fr(x)g(x),

forany fand g inG.

Then with §g(x) = xg(x)

S(f,a9) = [-,dx f*(0)xg () = [, dx f*(x)xg (%)

Now

S(f.q%9) = [, dx xf*(x)g(x) = S(af, 9) = S(f,4g)
Hence

q=q"

Note, with Dirac Algebra:

S(f,.9) =(flg).

S(f.a9) = (flag) = x(flg) = (falg) = (fla*g) = q=g".
Hence,

g is Hermitian on space G.
For the operator p. Again with Dirac Algebra.

S(f.9) = (flg).
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S50 = (f169) = =i (f| = g) = —i(F =|g) = (£Plg) = (Fl5*9) = » = 5"
Hence,

P is Hermitian on space G.

2) Suppose M is a linear operator on G that commutes with § and p.

Show that M is a constant multiplier of the identity operator.

So, we have
[M,g]=0.
Then,

multiply the M§ — §M = 0 to the left with § and add to the left hand side and the right
hand side of the equality sign M§?, we have
GM§ — g>M +M§? = Mg? or
GMg — Mg* —g*M + Mg?> =0
(c?M —M@)@ —§*M + M§% = 0 -» §*°M — Mg? =0,
so, [§%, M] = 0, etc., [g™, M] =0,n = 1,2,3, ...
In this way we have the expansion of the exponential:
[M,e't] = 0.
From this toy may conclude:
any function of the operator § with the Fourier transform f(§) = ffooo dt f(t)e'd, we have
(M, @] = o.
Hence,
Mf@)g(x) = f(@Mg(x).
Since § is the position operator = Gg(x) = xg(x) = §"g(x) = x"g(x) =
= etig(x) = e g(x).
Consequently, any function with a Fourier transform given above satisfies
f@gx) = fx)g(x). ~
So, with Mf(§)g(x) = f(@Mg(x)
Mf(x)g(x) = f(@Mg(x). ~
Then, Boccio set g(x) = 1 and when g(x) = 1, Mg(x) = m(x). Furthermore,
Mf(x) = f(@Mg(x) = f(@mx) = f(Im(x).

In the preceding expression we can replace f(x) by g(x) or ;—xg(x):
Mg(x) = gGym(x), and M - g(x) = m(x) 5 g ().

Next, M commutes with p.

Meaning, with M:—xg(x) = m(x) %g(x),

pMg(x) = Mpg(x) = —iM < g(x) = —i - g(x)m(x) = —ig' ()m(x).
To prevent confusion, | used :—xg(x) =g (x).

And with Mg(x) = g(x)m(x),

pPMg(x) = pg)m(x) = —i
So with

pMg(x) = —ig' (Ym(x) , and pMg(x) = —i=—[g(xIm(x)],

d '
gm0 = g" (m).
From the product rule of differentiation we learn:

d
|

g()m(x)].
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d
dx
Hence,

Mg(x) = glx)m(x) = Mg(x) = kg (x).

So, we finally obtain

M = «kl.

6.19.16 More About the Density Operator

Here attention is paid to the connections of the density operator formalism and information
or entropy. A two state system is considered. p is any general density matrix operating on
the two-dimensional Hilbert space of the system.

a) Calculate the entropy,

s = =Tr(plnp).

The density matrix p is Hermitian.

A simple representation does proof this:

p = probl|¢iX¢1| + prob2|¢p, .| + prob3|¢s)¢s|.

m(x) = 0 = m(x) = k, a constant.

Hence,
p=pl
Then
_(a11 a12)
p airz azz/)

A Hermitian matrix p can be diagonalized by a transformation PTpP, where P is a unitary
matrix whose columns are eigenvectors of p.

So,
_(a O
p_(o b)'
. . . . a 0
The trace of this density matrixisl:a+b=1=b=1—-a = P=(O 1—a)

The eigenvalues of p are:
pp=a,andp, =1—a.
The corresponding eigenvectors (0 < a < 1)

1 (AnZ —
P1=a,|,01>=z( 4a1 1),
and

1 1
Pz=1_a,|l)2>=zm-
Hence,

p = palpaXpil + p2lp2Xp2l.
A pure state is obtained with Trp? = 1.

So,

(a O)(a O)=<a2 0 )

0 1-a/\0 1-a 0 (1-a)?)

Then
a’+(1-a)?=1-2a+2a*=1-2a+2a*=1=a(l—a) =0.
Hence, fora = 1, or a = 0, we have a pure state.

-a=0.

_ (0 0 . . . . . (0
p= (0 1) of which the eigenvalue is 1 and the eigen vector is (1)
-a=1.
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_ (1 0 . . . . . (1
p= (0 0) of which the eigenvalue is 1 and the eigen vector is (0)

Now with0 < a < 1ands = —Tr(pInp), see section 5.4 Principle of Maximum Entropy,
s = —=Y,;prob;Inprob; = —p;Inp; — p,Inp, = —alna — (1 —a)In(1 — a).

Boccio used 6 instead of a .

b) A graph of the entropy as a function of 6.

entropy
o o o
a n i

neta
Figure 6.1: The entropy as a function of

As follows from the analysis under a), the entropy of a pure state with8 =1 or 8 = 0:
s = —Y;prob;Inprob; = s = 0.

d 1
—Inx =
Reminder: limxlnx = llm— =i mdij n = lim —x = 0.
x-0 1/x x=0 —() T x50 -= x>0

The entropy increases until 8 = E , meaning minimal knowledge of the state.

c) Consider a system with ensemble p to be a mixture of two ensembles p;and p,:
p=0p;+(1-06)py,

with0 <6 < 1.

As an example, suppose

p=3(p Dhedr=3(; 1)

in some basis.

Prove for the entropy of the combined ensemble

s(p) = 0s(p1) + (1 — 0)s(p2).

With equalityif 8 = 0, or 8 = 1.

The entropy of ensemble 1 is, the probabilities both % :
s(py) = —Xiprob;Inprob; = —%ln% - %ln% =1In2.
Furthermore Trp? = i.

For the ensemble 2 we find Trp3 = 1.

Consequently, ensemble 2 represents a pure state. Hence, s(p,) = 0.
The eigenvalues of ensemble 2 are 0 and 1,

s(p,) = —Y;prob;Inprob; = —0In0 —1In1 = 0.
Now, the entropy of the combined ensemble.

The density matrix of the combined ensemble

p=0p+(1-0)p, =035 N+a-oi(; =31, '79

The eigenvalues of the combined ensemble
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1, 1=

2 2 _ 1 _ 1 0 _

ﬂ 1_1—0:(5_1)—i(___):ll’2—
2 2

With these eigenvalues, probabilities, the entropy of the combined ensemble

0 0\ 6, @

s(p) = —Yiprob;Inprob; = —(1 — 5) In (1 - 5) —ZIn>.

s(p) in the preceding expression

for6 =1,s(p) =In2,andford =0, s(p) = 0.

We compare these results with the following expression

s(p) = 0s(py) + (1 —6)s(pz) =61In2.

Sofor8 =1,s(p) =s(p;) =In2,andford =0, s(p) = s(p;) =0.

Next we must prove the inequality.

We take the difference: s(p) — 0s(p;) + (1 — 8)s(p3)

4 0
9 0\ 6, 0 _ o\(13) 02 9
—(1—;)11’1(1—;)—;11’1;— 91n2——ln[(1—5) E 2]
This must result in a number larger than zero. Consequently

o\(1-2) o7
m[(1-2)" #2201 <1.

o\(172) o3 o\(1-3) g
For convenience , we rewrite (1 - E) S 29 - (1 - 5) (20)z .

So,

ni(1 -2 22 =19 0| = (1- D m(1-2) 4 Zmze
Then,
(1-2)in(1-2) +Zm20 < 1?

To find out about this inequality let us look for the maximum of
6 6 6 d 6 6 6

>m20-m(1-2)=0=>m5=0=0=2,
2 5

Consequently,

s(p) = — (1 — S) In (1 — g) —%lng = 0.500,

and

Os(p;) + (1 —0)s(p;) =01In2 =0.277.

The theorem is not contradicted.

6.19.17 Entanglement and the Purity of a Reduced Density Operator

Let 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal bases
{104),114)}, and {|0p), |15)}. Let |¥45) be the state

|Wap) = cos 0 |04) @ |05) +sin6]1,) & [15) .

With0 < 6 < g, |W4p) is an entangled state.

The purity ¢ of the reduced density operator

Pa = Trg|Pap)(WPasl,

is given by

¢ =Tr|pl.

This is a good measure of the entanglement of states in Hp.

For pure states of the above form, find extrema of ¢ with respect to 8. Determine ¢ for
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entangled states.
- Density operator p corresponding to |W,z). It is about two-dimensional spaces.

So, we could choose
0

|0,5) to be (1) and |1,5) tobe (3) . However, Boccio used a short hand notation:
AB AB

[Woo) = 104) ® |05), (Wool = (04] &® (0p], etc.

Then,

p = |Wap)(Wap| = cos? 6 [Woo)(Woo| + cos 0 sin O [Woo)(W11| + cos 6 sin 6 W1 )Wyl +

+ sin? 0 | Wy {(W14].

Back to column vector representation:

0 0 0 0 O
0

[¥oo) ool = [0) ® 105)(041 ® (051 = | o |@00D) =] O O D)
1 0 0 0 1
0 0 0 0 O
0

[Woo) 51| = [0,) ® 10a)(1L4l ® (a1 = | I |00y =(9 9 9 C)
1 1 0 0 O
1 0O 0 0 1
0

[%1:)(¥ool = 114) ® [15)(04] ® (051 = | ¢ (0001)=<8 ]
0 0 0 0 O
1 1 0 0 O
0

)1l = 1) @ 1)1 @ (151 = | & (1000)=<8 o0 of
0 0 0 0 O

Then

sin?6 0 0 cosfsinf
_ _ 0 0 0 0
p = |YapXWasl = 0 0 0 0
cosf@sinf 0 0 cos?6

Now, the reduced density operator:
Pa = Trg|Pap)(Wasl.

Note: Tz means: the system B is traced out to obtain the reduced density matrix on 4,
https://en.wikipedia.org/wiki/Quantum entanglement. Then, the summation of the trace is
over the base states of the Hilbert space Hjy. Caveat, this is about a 2-dimensional base,
whereas |W, 5 (Wyp| is about a 4 X 4 matrix.
Consequently,

Pa = Trg|Wap)(Wapl = (In @ (05]) [Wap){(Wapl (U4 ® |05)) +

+(Is ® (1) [PapXWapl (U4 &® [15)).

Pa = Trg|Pap(Wap| = (05 |Wap){(Wap|0p) + (15| WapWPap|lp) =
= c0s? 0 ({05 Woo X Wool0p) + (15|Woo X Wool15)) +

+ cos 0 sin 0 ({05 |Woo){(W11]05) + (15|PooWP11]15)) +

+ cos 8 sin 6 ({0g|W11{Wool05) + (15|¥11{Wool 1)) +

+5sin® 6 (05| W11 {W11105) + (15| W11){(W11]15)).

Now
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cos? 8 ({05|WooX(Wool0p) + (15| Woo){(Wool15)) =
cos? 6 ({0]04) ® [05){04] ® (05]05) +(15]04) @ [05){04] ® (05|15)) =
= c0s® 0 ({05]05) ® [04)(04] ® (05]05) + (15|04) ® [05)04] ® (05]15)) =
= c0s? 0 |04)(04],
and (15]04) ® [05){04] & (0g|1p) = 0, since (Og|15) = O.
Note |04) and |0z) are independent:
(05104) ® [05)(04] @ (05|05) = (05|05) @ [04)(04] & (05|05) = [04){04] -
So, we have one term of f,:cos? 6 ]0,){0,].
I leave out further details and the other term of 5, appears to be: sin? 8 |1,){(1,4].
Hence,
Pa = cos® 0 04)04] + sin® 6 |14)(1,4].
So,

.4
P = cos* 010,00, +sin* 0|11l = (70O, )).

Consequently
¢ =Tr|p5| = cos* 6 + sin* 6.
The extreme of ¢
z—; = —4cos30sinf + 4sin®0cosf = 0= cos3 Osinf = sin®f cosd =
= cosf (1 —sin?0)sinf = sinf (1 — cos? 0) cos@ = cos? § = sin?f = tanf =1
Then§ ==
4
cos? 6 =sin? @ =

N |-

1
Furthermore for 8 = %

|Wyp) = %(|0A) ® [0g) + [14) ® |15)), a highly entangled state.

For =0

|Wa5) = 104) ® |0p), a pure state,

and

¢=1.

6.19.18 The Controlled-Not Operator

Again let /4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal
bases {|04),14)}, and {|03), |15)}. Consider the controlled-not operator on Hp :
Usp = P @ 1P + P! ® o7,

where

P64 = [04){04] ’P1A = |14){(14l ,

and

oy = 0)1p| + [15){0p].

Note: in the preceding expression Boccio presented the second term to be |15)(0,].
A typo I suppose.

-Write a matrix representation for U,p with respect to the following (ordered) basis of H
104)®[05), 104)®[15), 114)R[05), [14)R|15).

- Find the eigenvectors of Uz and

- Do these eigenvectors correspond to entangled states?

The matrix representation of Uyg = P{ @ I? + P ® o5.

When | assume the column representation of |0,4) to be (2), etc, like I did in the foregoing
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problem, | find for Uypg

01 00
(1 0 0 0
Uss=\0 0 1 o/
00 0 1

Next, for the column presentation | choose |04) to be ((1)) etc, and with some more detail |

construct the matrix representation of Uyp.
A _ 1 _(1 0
Pi =100, = () A 0 =(; o)

0 0
1 0 0 O
A g_(1 O 1 0_(0O 1 0 O
Pe &1 ‘(0 0)®(0 1)_ 0 0 0O
0 0 00 0 0 O
A _ _ —
P = 1114l = (7) O 1)—1(0 D) : o
B _ — — —
of = 10s)(1s1+11:)0s1 = () ) O D+ (J)a 0 =(; )+ o)=( o)
Then
0 0 0 O
A g_(0 O 0 IN_(0 0 0 O
He=(, 1)®G o)={0 00 1)
0 01 0
1 0 0 O 0 0 0 O 1 0 0 O
_pAyBapAay~B_[0 1 0 O 0 0 0 0O}_(O 1T 0O
Usp =P @I"+PE®0ox =\ g 0 o)*|lo 0 0 1/7|0 0 0 1
0 0 0 O 0 01 0 0 010
This Uy differs from the earlier found U,z. Does it matter?
1 0 0 O
. _(0 1 0 O . . .
With Uy = 00 0 1 , the eigenvectors are, by inspection,
0 01 0
1 0
0 1
0 , and 0l
0 0
These two eigenstates can be obtained by the tensor products:
1
_ 1 1\ (O
1008105 = () ®(5) =| o |
0
and
0
_ 1 0y _(1
008115 = ()@ (7) = , |
0

The two eigenstates are not entangled.

Note: Let us choose the first obtained matrix of U, , the eigenvectors are
0 0
_ (0 1\ _(O _ (0 0\ _
108105 = ({)® () = ; | and 1t0®I1s) = (]) @ (;) =
0

==
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The two remaining eigenstates are found by orthogonality, normalization and simplicity.

These are
0

7|1 )= 5@+ e ()] =51wel0n + el =
1
= % |1,)®(]0g) + |15)), not entangled,

and,
0

=1 =0 -()e()] = Fawen) - 0si) =
-1

- % 11)®(|0p) — |15)), not entangled.

| conclude it does not matter whether
1 0 0 O

O RO O
oo O

_(0 1 0 O
Uss=\0 0 0 1)
0 01 0
is chosen.
6.19.19 Creating Entanglement via Unitary Evolution
Working with the same system as in Problems 6.19.17 and 6.19.18, find a factorizable input
state
WiE) = [¥a)®|¥s),
such that the output state
|lp;1)gt) = UAquJ/llg);
is maximally entangled.
That is, find any factorizable |[Wi%) such that Tr[p3] = %,
where the reduced density matrix is
Pa = Trp[|WoE HPLE"|.
Again let H4 and Hz be a pair of two-dimensional Hilbert spaces with given orthonormal
bases {|04), [14)}, and {|0g), [1p)}-
With these base vectors a general factorizable input state has the form
W) = (a0l04) + a1114)) ® (bo|05) + by]15)) =
= apbo|04) ® |0g) + agh1104) ® [15) + a1bo|14) Q [0g) + a1b1]14) ® |15),
where, with normalization
laol? +laq|* =1,
and
|bol? + 1be|? = 1.
We have, with |‘Pj’§), a product state. The main feature of which(Susskind) is that each
subsystem behaves independently of each other.
Now, apply the unitary operator
|‘P£gt) = UAB|1P£1§) =
= aobg|04) @ [0p) + aob1]04) @ [1p) + a1bo|14) & [0) + a1b1|14) @ [1p).
So, |W2¥t) is determined by |‘Pj’,§). Since, Susskind, we have the conservation of distinction
this is what we requires from Uyg. So, how on earth can we obtain entanglement after
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operating Uy ? Let us find out.
We use a simple method to find out about a maximally entangled output state by choosing
the following amplitudes to be:

Ay =a; = %,

and

by =1,0orb; = 1.

With

Ay = a4 =%,andb0 =1:

[U25") = 75 (bol04) ® 105) + byl 14) ® [05)).
With

a0=a1=%,andb1=1:

D25 = 5 (b1104) ® |15) + byl 14) ® |15)).
Next we determine the reduced matrix, with by = 1:

ﬁA1= Trg [|PRE N WIE | = (05| WEE NI 105) + (15| WoE NWEE | 15) =
=3 [(05(104) @ [05) + [14) & [05))({04] & (0| + (14] ® (0p])0p) +
+(15(104) ® [05) + [14) ® |05)) ({04] ® (0p| + (14| ® (05)15)] =

= 2(104) + 114D ({041 + (La]).

With [0,0) = (é) and |1,) = ((1’);

Pa=20102) + 11Ol + (LD =2 (T 7).
Hence
Trp, = 1,and Tr[p3] = 1, in stead of Tr[p3] = %
Now, we determine the reduced matrix, with b; = 1:
[UEEY) = = (104) ® |15) + |14) ® |15)).
ﬁA1= Tra[|Wes W WEE"| = (05| WAE N WAE [05) + (15| WoE N WE |15) =
=2 [{05(104) @ [15) + [14) ® |15)) ((04] @ (15| + (14| ® (15])05) +
+<113(|0A> Q 1) + |14 @ [1)) (04| ® (15| + (14| ® (1) 1p)] =
=2 (104) + [1a) ({04] + (14]).

With |04) = ((1)), and |1,) = ((1))
Pa=30102) + 1Ll + (LD =3 (1 7).

Hence

Trp, = 1,and Tr[p3] = 1, in stead of Tr[p3] = %

Hence, | conclude: no entanglement.

Let us find out about p* for ay = a; = \/%, and b; =1,

P = Trg[| Wi )(Wik| = (05 1WaE N WaB108) + (1aWaE Wk 115) =

= 2[(05(104) ® |15) + |14) ® [15))({04] & (15] + (14| ® (15)05) +

+<113(|0A> Q [15) + [14) ® [15)) (04| ® (15| + (14| ® (15])15)] =

=2 (104) + [1a) ({04] + (14]).

With [0,0) = ((1)) and |1,) = ((1’):
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pin = -(|0A> + 1) (04] +(1a]) = %(1 i)

Hence
Tr p? =1, and Tr( p9*)? = 1.
Entanglement?
6.19.20 Tensor-Product Bases
Let 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal bases
{104),114)}, and {|0g), |15)}. Consider the following entangled state in the joint Hilbert
space:
Hap = Hy®@Hp,
9a5) = 75 (10a15) + [1405)),
where [0,15) = [0,)®]|15) and |14,05) = |14)®|05) and so on.
Rewrite |W,p) in terms of a new basis
{10405),10415), 11405), |1a15)},
where
10,4) = cosg|0A) + sin£|1A)
|1,) = —sinZ |0A) + cos—|1A)
and simiIarIy for the set { |OB) |1B)}:
|OB) = cos—|OB) + sin— |1B)
|15) = —sinZ |OB) + cos—|1B)
Keep in mind: |0AOB) = |0A)®|OB), etc.
Is |Wyp) = %(|0A13) + |1405)) a special choice?
With some algebra we have
|0,) = cos> |0A) —sin—= |1A)
|1,) = sinZ |0A) + cos—|1A)
Furthermore
|0g) = cos> |OB) —sin—= |1B)
|15) = sin= |OB) + cos—|1B)
To rewrite |lIJAB) in the new basis, we have to express |0,415) and |1,05) in the new basis.
10415) = |04)®|15) = (cos— |0,) — sinZ |1A)) ®(51n |0g) + cos—|1B))

= cos¢sm |OAOB) + cos? = |0A13) —sin? = |1AOB) - smd)

cos—|1A13)
and
11,05) = [1,)®]05) = (sm |0A> + cos> |1A>)®( COS_ |OB) — sin— |1B>)
= sin%cos; |0AOB) — sin? > |0A B) + cos? > |1A03) - cos%sm; |1A13).
With these results, in the new basis
|Wap) = \/—(|0A13>+ |1405)) = 51n¢(|0AOB) 11415)) + cos d (10415) + [1405))].
The choice of

1
|Wag) = 5(|0A13> +[1408)),
is not considered special.
Suppose Boccio meant
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1
|LIJAB) = ﬁﬂoAlB) - |1AOB))?
Well, in that case:
1 1 ~ ~ ~ ~
|LIJAB> = ﬁ(loAlB> - |1A0B>) = ﬁﬂoAlB) - |1AOB))-
Now the state has the same coefficients in the old and in the new basis. Boccio considered

this to be unusual.
Let us look at the column representation of

10415) = |0,)®|15) = (é)@(g) _

(=l ]

10,4) = cos%|0A) + sin§|1A) ,
and

= —sin— |OB) + cos—|1B)

B) |0 )®|1B) (cos—|0A)+sm%|1A)) (sm |OB)+cos—|1B))

/—smzcosz\
2 2
¢ in? 28

2

This example illustrates the differences in coefficients.
6.19.21 Matrix Representations

Let 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal bases

{|0A>P |1A)}I and {|0B>J |1B)}
Furthermore

|0,05) = |04)®|05), etc.
These tensor products of the basis kets can be represented in column vector representation

1
10495) = 10)8105) = (1) ® (5) = ¢ |
0
Then,
0 0 0
10415) = o |- 1140p> = 2 Jand 11415) = | | |
0 0 1

In the following we will use the density operator:
3 1
Pap = glOA)<OA|®E(|OB) + 1) «0g| + (1)) +
5
+211,(1a1®5 (105) — 115 (03] — (131

a) The matrix representation of p,p.
Rewrite the expression in column vector representation.

pas = 210{041®3 (105)05] + [05)15] + [15)(05] + [15)(15]) +
§|1A><1A|® (102)0a] ~ 102)(1] — |12)0s] + [15){1]) =
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0 0
0 1

3(1 0 1 0 0 1 0 0
E(g 8)®[(10 00)+(00 1o)J’(O1 00)+(0 ;
5
+E(0 1)®[(0 0)_(0 0)_(1 0)+(0 1
3¢(1 0 1 1 s(0 O 1 -1
E(o 0)®(1 1)+E(0 1)®(—1 1
0 0 0 0 3 3 0 0
+ 5 0 0 0 0 _1/3 3 0 0
6{0 0 1 -1 t6\0 0 5 =5/
0 0 -1 O 0 0 =5 5
b) About partial projectors Problem 6.19.18:
Pg' = 1044041, P{* = [1,)(1,] .
Here we have P¢, and PZ.
Find the matrix representation of
1°QPE, and I'QPE.
With column representation:
1 1 0
PE=10s)051 = () A O = (5 )
and
B _ _ (0 (0 0
PP =110 = (1) 0 D=(; )
Then
1 0 0 O
AcpB _ (1 0 1 0_(O0O O O O
rerf = (5 1)8( o)={o 0 1 o
REX
AcpB _ (1 0 0 0_(O0O 1 0 O
rer? =5 1)@ 1)=lo 0 0 o
0 0 0 1
Now the matrix representation of:
- 1A®POB PaB IA@P(?
All the ingredients are there:
1 0 0 O 3 3 0 0 1 0 O
0 0 0 013 3 0 0 0 0 O
0 01 0Jie\O O 5 =5/10 0 1
0 0 0 O 0 0 =5 5 0 0 O
'1A®P1B Pap 1A®P1
0 0 0 O 3 3 0 0 0 0 O
0 1 0 0)1(3 3 0 0 01 0
0 0 0 0Jie\O O 5 -=5/\0 0 O
0 0 0 1 0 0 =5 5 0 0 O
Then
I'®Pg pap 1'QP; + I'®PF pap 1'QPF =1—16

c) The matrix representation of reduced density o

Pa =Trppas.
So in bras and kets, the density operator
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pap = 2104)(041® > (105) + 150 (05] + (15]) +

+2 1L{(141® 5 (105) — 1)) (0] — (15]) =

= 2104)(041® (10)(05] + [05)(15] + [15)05 + [15)(15]) +

+2 114414185 (105405 — [05)(15] — [15)05 + [1)(15]) =

= %(loAOonAOBl +10415)0,405] + [0405){0415] + [0415)0,415]) +

+%(|1AOB)<1AOB| — 11405 1415] — [141pX{1405] + [1415X1415].
Then,

Pa = Trgpap = (0glpasl0s) + (1slpasllp)-

For example:

2 (0510405)0405105) = =10,){041,

(05]0415){0,05]05) = 0, since (0g|15) = 0,

= (0511405)(1405105) = = [1,)(14],

3 3

1_6(13|0A13><0A13|13> = 16 |0A)<0A|,
and

5 5

1_6(13|1A13><1A13|13> = 1_6|1A)<1A|-
So,

~ 3 5

Pa =Trgpap = (0p|pap|0s) + (1plpapllp) = §|0A>(0A| +§|1A)<1A|-
Finally, p4 in matrix representation

=2p)a 0+ n=3(; )+ =il s

6.19.22 Practice with Dirac Language for Joint Systems
Let 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal bases

{|0A>l |1A>}I and {|OB>1 |1B)}
Furthermore

10,05) = [04)®|05), etc.
Consider the joint state
1
|Wap) = ﬁ(|0AOB) + [141)).
a) For this particular joint state, find the most general form of an observable 04 acting only
on the A subsystem such that
(WAB|0A®IB|WAB) = <LPAB|(1A®P(§?)0A®IB(IA®POB)|qJAB>r
where
P§ = [05)0p].
Note: here | used the usual notation for the basis vectors to prevent confusion with the
operator 04. Boccio used 07 for the base vector in the projection operator.
(qJAB|0A®IB|LPAB> = (lpAB|UA®P(§3)0A®IB(IA®POB)|WAB> =
= (qJABllAOAIA@P(?IBP(?lWAB) = <LPAB|0A®P§P§|WAB> = (WAB|0A®P(;3|LPAB)-
Plug into this expression the ket and bra representation of [¥,z):
1
(LPAB|0A®P(§3|LPAB) = E((OAOBl + <1A13|)0A®POB(|OAOB> + [141)).
Plug PE = |05){(0p| into the preceding expression:
1
(W40 ®PG |Wyp) = E((OAOBl +{1,15)04®|05)05[(|0,05) + [1,15)).
Hence,
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1
(Pap|0A®IP|Wyp) = (Wap| 0 ®PG |Wap) = 5<0A|0A|0A>-

On the other hand we know:

1
(Wap|04®I°|Wyp) = 7 ((0405] + (1,15D04®IP(]0405) + |1415)) =
1 1

=3 ({04]10410,4) + 5(1A|0A|1A)-

So, we are missing (1,4]04|1,4).

Knowing this we can finally formulate the most general form of an observable 04 acting
only on the A subsystem. In general the observable for system A with all the projection
operators and eigenvalues is:

04 = 21104)404] + 22]0,){1a] + A3]14)04] + A4]14){14].

Here A, and 4, are real and 4, = A3.

Having calculated the nonexistence of (1,]04|14) = 1, = 0.

Consequently

04 = al0,X04 + (b + ic)|04){14] + (b — ic) [1,04],

witha, b, c € R.

b) Consider the specific operator

XA =10,){1a] + [12){04],

which satisfies the general form 04 found under a).

Note: Note: here | used the usual notation for the basis vectors to prevent confusion with
the operators superscript.

Find the most general state vector |¥,5) such that

(Wis | XARIP|Whp) # (Wap| IA®PEIXARI® (1A @PF) | Wap).
The general form of a joint state factor is

|Wig) = C0010408) + c0110415) + €1011405) + c11]1415) -

Then

XARIP |Wap) = coo(104){1al + [14){041)10405) + o1 ([04X14] + [14){041)[0415) +
+c10(104X1al + [14X04)[1405) + c11(104){1a| + [14)04)[1a15)-

The term with ¢q:

oo (104014 + 114X041)[0405) = coo(104){14]04)®[05) + [14)(04]0,)®|05)) =

= Co0|14)®[05) = ¢0|1405).

The term with cgq:

Co1(|0aXLal + 114X041)10415) = o1 (|04){14104)®[15) + [14){04]0,)®[15)) =

= C01|14)®|15) = ¢co1|1415)-

The term with ¢q:

c10(10aX1al + [14X04)[1405) = c10(104X14]14)®[05) + [14)04|14)R|05)) =

= C10/04)®|0g) = ¢10]040p).

The term with ¢;4:

c11([0aX1a] + 1140041 [1a15) = €11 (|0, X 14| 10)®|15) + [14X04|14)®[15)) =
€11104)®|05) = ¢11|041p).

Collecting all the terms

XARIP |Wap) = co0l140p) + co111a1p) + €1010405) + €11[0415).

Hence,

(Wil XA®IP|Wsp) = (c0{0405| + c51{0415] + c1o{1a0p + c11(1415]) -

" (€00l1408) + €0111a1p) + €1010405) + ¢1110415)).

A combination of inner products and tensor products. For example:
€00€00§0405]1405) = c50C00(04|®{05|14)®[05) = c5oC00 - 0 = 0,

since (04]1,) = 0, or using the double Kronecker delta symbol {(ab|cd) = §,.0p4-
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Consequently

(Wi XARIP|W)p) = c50€10(0405|0405) + c51¢11041510,415) + c19Co0{1405|1405) +
+c11601{1a1p|1415) = cgoC10 + €o1€11 + C10C00 + €11C01-
By representing the complex coefficients ¢;'c; as complex numbers with a real and a
imaginary part, it follows

(Wap| XA®IP|W)p) = 2Re[cgoCro + CorC11l-
Now, let us calculated the projected form, with P¥ = |05)(05],

(IY®P3)|¥ap) = 1°®|05)(05](c00l0405) + €o11041p) + c10]1405) + c11]1415)) =
= €00]040p) + ¢1010514).
Then, W|th XA = |0A)<1A| + |1A>(0A|l

XARIP (I'®P5)|Wap) = coo(104){1al +114)(041)]0,405) +

+c10(104X1al + [14)041)[0514) = 00|14)®|0g) + ¢10|04)®[05) =

= (Cool1a) + €10/04))®|0g) = coo|1405) + €10]0405).
So,

(Wi XARIP (I'®P5 ) |Wip) = (c50(0405] + c51{04 15| + c1p{1405| + ci1(1a15]) -
*(C00l1405) + €10/0405)).
Let us use (ab|cd) = 8,.0,4 for the preceding expression.
As an example:

(0A0B|1AOB> = 5ac5bb = 0, etc.
This gives us:

(Wi XA®IP (I*®Pg )| Wip) = cooC10 + CioCo0 = 2ReCyoC1o-
Consequently

(Wis | XARIP[W)p) # (Wyp| (IARPEIXARIP (I*®PE) | Wy5).
c) Find an example of a reduced density matrix p4 for the A subsystem such that no joint
state vector |W,z) of the general form found under b) can satisfy:

Pa = Tra(|WasWag))-
The general form of a joint state factor is

|Wig) = €0010408) + c0110415) + €1011405) + c11]1415) -

(Wipl = €00(0405] + c51(0415] + c10{1405] + c11{1415] .
Under b) we obtained 2Recycqo # 0.
So,

|Was X Wap| = €00l0405)(c50{0405] + c51(0415] + c1o{1405] + c11(1415]) +
+¢0110415)(c50{0405] + c51(0415] + c10{1405| + c11(1415]) +
+¢1011405)(c50{0405] + €51(04 15| + c1o{1405] + c11(1415]) +

+¢1111415)(c00(0405] + ¢51(04 15| + c10{1405] + c11(1a15]).
Reminder

Pa = Tra([Wap{(Wagl) = (0p|¥apXWPap|0s) + (15| Was(Was|1p)-
Then to demonstrate this:

(05]c0010405)c00(0405]05) = co0l04)co0(04l,
and

(151c0010405)co0(0405|15) = 0.
So, keeping in mind orthogonality and tensor product:

Pa = Trg(WapX(Wapl) = (0p|WapXWipl0p) + (15| WipXWasl1p) =

= €00104)(c00{0al+c10{1al) + c01104)(c51€0a] + c11(1al) +

+c10l14)(co0€04] + c10{1al) + c11114)(c01(04] + c11(14]) =

= (lcgol?® + 1¢011)104)04] + (coocio + Co1€11)104){14] +

+(c10¢00 + 1166111404l + (Ic10l? + le11 1) [1a){(Lal.
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We have, with (W5|Ws5) = 1,

lcool? + lco1l® + le1o|® + le1q]? = 1.
Now the question: “Find an example of a reduced density matrix p4 for the A subsystem
such that no joint state vector |¥,g) of the general form found under b) can satisfy:

Pa = Trg(|Pae¥agl)-”
Choose the reduced density matrix to be:

Pa = |OA><OA|-
Then,

pa = (Icool® + 1co11*)104X04] + (cooCio + Co1€11)104)1al +

+(c10¢00 + €11€0111a)004] + (Ic10l? + 1111 [1a)(1al = 104)04].
Hence

lcool? + lcoq|* = 1.
However, with the result of normalization and 2Recyoc19 # 0
lcool? + lco1l? = 1 = [c10l® = lc11]® = legol® + cor? < 1 — leqq]?.
6.19.23 More Mixed States
Let 4 and Hp be a pair of two-dimensional Hilbert spaces with given orthonormal bases
{104), 114}, and {|0g), [15)}.
Furthermore
10,05) = [04)®|05), etc.
Consider the joint state
1

|W2) = TE(|0AOB> + [141)).
a) Suppose the A and B systems prepared in the state |¥J;) and give them to a person, who
then performs the following procedure. A biased coin is flipped with probability p for heads;
if the result of the coin-flip is a head the result of the result of the procedure performed is

the state

1

|WX%> = _2(|0AOB> — [141g)).

If the result of the coin flip is a tail, probability 1 — p, the result of the procedure performed
is the state

1
Wis-p) = 75 (10405) + [1415)),
i.e. nothing happened. After this procedure, what is the density operator to be used to
represent the knowledge of the joint state?

The resulting density matrix/operator p,p reads:
out out out out

Pag = g (B (Whas | + 1;_19 W25 G- (WhB(—p) | =

= §(|0A03) — (1410 ((0405] — (1415]) + I_Tp(loAOB) + [141)) ((0405] + (1415]) =
= g(loAOonAOBl —10405)X{1a15| — [1415)(0,0p] + [1415X1415]) +
+1;_p(|0AOB><OAOB| + 10405 1a1p]| + |1415)0,05] + |1, 15014 15]) =

= —p(10,0pX1415] + [1415)0,05]) +

+§(|0AOB>(0AOB| + [141pX1415| + 10,0514 15| + [14150,05]) =

=~ (10405)0405] + 11415)X1a15]) + == (10405)X 14 15| + |1415)(0405]).

b) Take the A and B systems prepared in the state |¥J;) and perform the alternate

procedure.
A measurement is made of the observable
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0 =I1QU,,

where Uy, = [05X05| — [15){(15],

and the result of the measurement cannot be known.

After this procedure, what density operator should represent the joint state.
Assume the projection postulate(reduction) for state conditioning(preparation) can be used.
The spectral decomposition of O:

0 = (+DI*®[05X05| + (—DI*®|15){15].

For value +1,

14®105){05%45) = 14®105)05] 75 (10405) + [1415)) = 510405).

For the projection postulate, we need

V(W1 (14®105)[W5) -

Then, with (1®]05)(05)['¥f5) = 7510405),

JEL TR0 50 = |= (04051 + (15D S 10,050 = =

Hence,
14®|0p)05|¥5)

[ a1a4e105)05)1¥5)
For the value —1,

1 1
I“®|15)X(15|¥4s) = 1A®|1B)<1B|ﬁ(|0AOB) + [1415)) = NG |141p).
Furthermore

V(W (14®[15)(15)|We5) = J%({OAOA + <1A18D% 1418) = %

Hence,
“®|1p)1p/¥%5)

\/(w33|(1A®|1B><1B)I‘P913)
Consequently

1 1
Pap = E |0AOB>(0AOB| + E |1A13)(1A13| .

= |0AOB>-

= |1A13>-

6.19.24 Complete Sets of Commuting Observables
Consider a three dimensional Hilbert space 5 and the following set of operators:

1 10 1 0 O 0 0 O
Og<|1 0 0),0<10 1 0],0,<(0 1 0]
0 0 O 0 0 O 0 0 1

Find all possible complete sets of commuting observables(CSCO).
So, determine whether or not each of the sets {}

{0a}.{08},{0y}.{0u, 05}, {0c, 0y}, {05, 0y}, {00, 05, 0, }
constitutes a valid CSCO.

Note: do not confuse {} with Poisson brackets.

It is about commutation:

1 1 0\/1 0 0y (/1 0 0\/1 1 0
- (04, 05] = 0,05 — 030, =1 0 0){0 1 0o)={0 1 of{1 0 0]=
00 0/\ 0o o o 0o 0o/\o o0 o0

1 1 0 1 10
={1 0 0)—(1 0 0)=0,
0 0 O 0 0 O
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1 1 0y/0 0 0 00 0y/1 1 0
-[oa,oy]=0a0y—0y0a=<100)(010—010)<1oo)=
0/\0 0 1
010 000 0 10
=10 0 0oJ]—|1 0 O -1 0 0]=#0,
000 000 0 0 0
1 0 0/0 0 0 00 0\/1 0 0
-[05,0,] =030, -0,05={0 1 0]{0 1 0]—]0 0jJ{o 1 0=
0 0 0o/\0 0 1 0 0 1/\0 0 0
000 000
=10 1 o)-(0o 1 0)=0.
000 000

The possible CSCO’s are

03,105},(0,}, (0 0}, {05,0,).
What about the eigenvalues of the operators?

—_

-0, .
1-14 1 0
1 -1 0|=0 -2A[-210-1)-1]=A[A0-1)+1]=0.
0 0o -4
Hence

A=0,andA(1-21)+1=0.

Therootsof A(1 —A) +1 =0 are

=245,

{0,} has three distinct roots: 0, % + % 5, % - % 5.

Then, {0,} is a valid CSCO.

So, {04, O} is a valid CSCO.

The eigenvalue equation of Og and 0, is:

—2(1—-21)? =0 = 1 = 0,1 = one nondegenerate eigenvalue, A = 0, and two
degenerate eigenvalues 1 = 1.

So,

{0p} and {0, } are no valid CSCO’s.

The commutator {Oﬁ, 0],} has the same eigenvalues: 0,1, in this case with A = 0 of two fold
degeneracy.

Consequently {OQ, Oﬁ} and {Oa, 0],} are valid CSCO’s.

With the eigenvalues of Og and 0,, we can construct a basis vectors, with normalization and
orthogonality:

(-6)

Consequently {Oﬁ, 0],} is valid CSCO'’s.

6.19.25 Conserved Quantum Numbers

Determine which of the CSCO’s in problem 6.19.24 are conserved by the Schrédinger
equation with the Hamiltonian

2 1 0

H=¢,11 1 0]=¢g, ({Oa} + {OB});
0 0 O

where
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1 1 0 1 0 O
0, < <1 0 0>, and Og © (0 1 0).
0 0 O 0 0 O

In general we have

d i

2(0) = —£([0,H]). d

Hence, when (0) is conserved (0) commutes with the Hamiltonian: - (0) = 0.
Now we need to establish;

11 0\/2 1 0 2 1 0y/1 1 0
-[oa,H]=e0[0a,0a+0,;]=eo(<1 0 o><1 1 0)—(1 1 0)(1 0 o)=

0 0 0/\0 O O 0 0 0/\0 O O

3 2 0 3 2 0
=&|2 1 0|—-12 1 0]=0,
0 0 O 0 0 O

or, with the results of problem 6.19.24,

[0, H] = €,[04, 0y + 0p] = €,(0,04 + 0,05 — 0,0, — 050,,) = 0.
- [0p, H] = €,[0p,04 + 0] = £,(0304 + 0505 — 0,05 — 0505) = 0.
- [0y, H], with the results of problem 6.19.24,

[0,,H] = &,[0,,0, + 0] = &,0,,0,] + ,[0,,05] # 0.

Hence (0, ), is not conserved.

Conclusion, the sets

{0,},{0p}, and {0,, O} are conserved.

7. How Does It really works: Photons, K-Mesons and Stern-Gerlach

7.1 Introduction

Polarization explained, classically, i.e., wavelike behaviour and quantum mechanically, i.e.,
wavelike and particle like behaviour.

Boccio analysed the particle behaviour of light(photon) with help of the polarization
experiment.

Note page 466: vecp = p .

Use is made of the quantized energy of light.

Boccio made a remark to be remembered on page 469:

In order for any theory to make clear predictions about experiments, we will
have Lo learn how Lo ask very precise questions. We must also remember that
only questions about the results of experiments have a real significance in physics
and it is only such questions that theoretical physics must consider.

The experimental result on a single photon and a Polaroid is: A single photon passes through
the Polaroid or it does not.

With this experiment the probabilistic point of view is introduced, page 470.

Remark: Dirac discussed the subject matter in chapter 1: The Principle of Superposition.
7.1.1 Photon Interference, page 472

In this section Boccio started with the well known two-slit experiment to visualize the
process of interference. It is about position and momentum of properties of photons.
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In this experiment, the only language to describe the measurement is the language of
probabilities. Conservation of energy is key.

Then, Boccio formulated some basic questions, pages 474-

- Is it really necessary to introduce the new concept of superposition and jump?

- Will this new theory give us a better model of the photon and of single photon processes?
- What about determinism?

The discussion on these questions presents some basic ideas about quantum mechanics.
Boccio concluded this section with a remark on hidden variables and the incompleteness of
guantum mechanics.

7.2 Photon Polarization, page 477.
In Eq. (7.14), the polarization states of the photon is presented as a ket vector in column
representation. The state vector contains all the information about the state of polarization.
At the bottom of page 477, Boccio presented four examples of polarization and the state
vectors representing these examples.
In Egs.(7.21) and (7.22) the two-dimensional vector space of polarization states are
presented in the basis vectors of the preceding examples.
The superposition principle is also illustrated by Eqs.(7.23)-(7.26).
7.2.1 How Many Basis Sets?
The first example shown by Boccio is the set based on the cartesian frame rotated over an
angle 6, Figure 7.1.
Note: Eq. (7.32)=Eq.(7.25).
Remark:
Eq. (7.35) should read, the matrix notation
((x’lll))) _ (<X’Ix> (x’ly)) ((xlt/)))

') 'lxy vy )/
a typo.
In the Eqgs. (7.37)-(7.42) the transformation matrix of a rotation in the x-y frame is derived.
To understand Eq.(7.53), | assume the following with Eq. (7.52)

'jz EA]zr
1 if, i
-5 GD0° = ——(00)°. A
- sin @A J, should read sin @ % .
The second line in Eq.(7.53) with "rac@33!" Is not clear to me. The final result in the third
line is.
In Eq.(7.56), | assume %sin 0 J,, to be read as %]AZ sin 6.
Eq. (7.60) is obtained by using Eq.(7.57) twice.
Eq.(7.67) is found using Eq.(7.62).
Then, on page 485, Boccio presented the standard way to do things in quantum mechanics.
Here, the effect of phase is shown. Not just an arbitrary thing but something that has real
physical meaning.
Are we allowed to conclude:
+(R|J. |LY(R|¢)" (L|¥) + (LI J. IRVL|¢) (R|¥) in Eq.(7.74) to be zero?
| suppose so, see also the matrix representation of J, in Eq.(7.76).
The Pauli matrix pops up: Eq.(7.77).
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7.2.2 Projection Operators

The subject matter of this section is projection operators and density operators.

In Eq.(7.80) the outer product, the basis for the projection operator is presented.

In Eq. (7.81) there are just two projection operators and the other two are outer products.
The trace of a projection operator is 1.

7.2.3 Amplitudes and Probabilities

An important note by Boccio: The probability interpretation we have been making follows
from the concept of superposition.

Then, Boccio stated the fact an x-polarized photon never passes through a y-polaroid and
discussed the related problem: a contradiction.

On page 489 under 4. Boccio writes: “A simple calculation ........
Well, | realized that the left hand side of (7.90) is zero:

(xly) = 0 = (y[RXR|x) + (YILXL|x) = (yIRXR|x) = —(y|L)}L|x).

Then, i.e., under 3 of page 489, take the expression

(YIRY(R|x)"(y|LXL]|x),

and use (y|R)}R|x) = —(y|L)XL|x).

we find

(YIRY(Rlx)"(YILXL|x) = —(¥|RY(R|x)* (¥ IR}R|x) = —[{R|x)|*[{y|R)|?.

Hence, using (x|y) = 0,

the probability under 3 page 489 is zero.

Remark:

On page 490, Boccio calculated (y|x) and did not mention this inner product of two
orthonormal states to be zero. Is it too trivial?

7.2.4 Pure States, Unpure States and Density operators, page 492

Boccio recapitulate the expression for the expectation value of an operator in terms of the
trace of the product of the operator and the density operator, Eq. (7.96).

Boccio use the basic set {|x), |y)}.

First, the photon is in state |x).

In this analysis use is made of:

I'=1x)x] + lyXyl. )

With Egs. (7.95)-(7.98), and the preceding expression for I,

it is proved |x) to be a pure state.

Next the photon is supposed to be in the state

[¥) = 5 1x) + 5 1y), Ea.(7.99).

With Egs. (7.100) and (7.101) it is proved [) is a pure state since the density operator W

appears to be equal to the projection operator [Y){y].

Note: W is found by assuming W = (Ccl Z), and |x) = ((1)) YY) = ((1)) Plug this into

Eq.(7.100) and Eq.(7.101) is obtained.

Furthermore, a more general state has been analysed

|¥) = alx) + bly), Eq.(7.102),

and

2 2 _1

jal? = |b|? =1,

with ambiguity about the phase of a and b.
To find out about (A) use is made of the average over the relative phase:

2 . .
fo " ez dz = 0, where z is the relative phase.
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This leads, using average of the relative phase, to the conclusion that [Y) = a|x) + b|y) is
a nonpure state with

W = |al*|x)x] + |b|*|y)Xyl.

7.2.5 Unpolarized Light

Boccio analysed an experiment with monochromatic light(photons) of two sources and
which source any particular photon come from.

Conclusion of this section: Unpolarized light has equal probability of being in any
polarization state.

7.2.6 How Does the Polarization State Vector Change?

In this section devices are considered where all the photons get through no matter what
their polarization state is, but during transit, the device changes the incident polarization in
some way.

Calcite is considered a crystal with preferred direction: the optic axis.

A orthonormal basis {|0), |e)} is chosen. Photons polarized perpendicular to the optic axis
are in the state |o) . Photons polarized parallel to the optic axis are in state |e). Photons
interacting with the crystal are written as superpositions of the aforementioned basis states.
Measuring device for the observable Q is used. The eigenvectors of Q are the basis for all
states.

| suppose Eq. (7.108) should read

A c '

The phase in Eq.(7.107) depends on the index of refraction. Passing through the crystal
means the relative phase of the set {|o), |e)} changes.

The initial state of the photon is given in Eq.(7.109).

The two basis states have different indices of refraction.

In Eq.(7.110) the state upon leaving the crystal is presented with a time development
operator U,, Eq.(7.111).

Then, Boccio defined two new quantities to be remembered:

- a transition amplitude,

- the corresponding transition probability.

Next, Boccio started to further analyse the time development operator, page 497.
Notice in Eq.(7.113), expressions like

etefle)(e|e™ |0} (o],

do not contribute.

Eq.(7.115) is obtained with Eq.(7.112).

Boccio obtained a differential equation, Eq.(7.112), similar to the differential equation from
the time devilment operator. Remember the Schrodinger equation.

With Eq.(7.123), the representation of the identity operator is used again:

I'= lx)x| + [yXyl.
Then, Boccio showed the operator K to be Hermitian.

Remark:

With Egs.(7.115) and (7.116), we can write

[Wzve) = Ueltp,) = (I + ieK) [1h,).

Furthermore

(lpz+e|l/)z+e> = (¢z|ﬁe*ﬁe|¢z)

To order €:
(I + iel?)*(f+ ieK) =1+ ielK — ieK™.
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Then,

(lpzl(i-l' iEfE - iEIK*) l/)Z) = <l/)z|lpz> + le(¢z|i1?|l/)z) - i6<lpz|11?*
= (lpzllpi) + i6<l/)zlk|x)<x|l/)2) + i€<l/)z|1?|:V)<:V|¢z> - iE(d’le?*
—l'E(I,ble* y)()’th)

Hence, with (Y, |Y,+e) = (W, |W¥,) , Eq.(7.114), it follows

lpz) =
x)(xlp,) +

(2 |Kx) = (2| K*|x) = 0,
or
(¢Z|E - K x) =0 = K = K* = K is Hermitian.

Note: K* = K.

U, a unitary operator:

Eq.(7.111):

U, = e *|e)(e| + e"°*|o){o|.

Eq.(7.117):

I = |e)e| + |o)o].

Then, orthogonality

US0, = (e~*ez|e)e| + e~*oZ|0)(o])(e*e?|e)(e| + e'*o?|o)(o]) =

= |e)e| + |o){o| = I.

7.2.7 Calculating the Transition Probability, page 498

At the bottom of page 496 the transition probability has been defined. And presented in
Eq.(7.126).

Boccio demonstrated the transition probability for the problem of a photon entering the
calcite crystal as an LCP photon. LCP: Left-Circularly-Polarized.

7.2.8 Some More Bayesian Thoughts, page 499

This section is about retrodiction: the outcomes of a test are known and then it is about to
guess the initial state. So, the opposite of forecasting.

Boccio presented an experimental setup in Figure 7.2, page 500, the inverse probability
problem. This situation is ideal for using Bayesian methods, see Chapter 5.

In Eq.(7.134), Baye's theorem is presented.

Note:

Eq.(7.137) should read P(B) = Y.; P(B|A;)P(4;).

This is about the principle of indifference or insufficient reasoning.

The results of the example are illustrated in Figure 7.3.

7.3 The Strange world of Neutral K-Mesons, page 503

The formalism as developed for photon polarization can be used to study K-mesons.

Note:

near the bottom of page 503, the sentence on K mesons should read: “For the K°, the
antiparticle is called K°. The K°-mesons have a strangeness equal to —1.”

On page 504 Boccio introduced a basis for the 2-dimensional vector space {|K°), |[K°)}.

In the Egs.(7.144)-(7.148) the strangeness operator and charge conjugation.

The similarity with polarization is demonstrated.

Then, Boccio presented the standard approach, 4 steps, for studying physical systems using
guantum mechanics. This standard approach is similar to the recipe presented by Susskind
page 124-125. The point here is to derive or guess an appropriate Hamiltonian. Susskind
presented an additional possibility: steal the Hamiltonian.
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In Eq.(7.154) the most general form of the Hamiltonian is constructed from all the relevant
operators. This is a matrix in the {|K°), |[K°)} basis. The consequences of the assumption of
the Hamiltonian is analysed in 4 steps. These latter 4 steps are related with the 4 steps of
the standard approach.

Step 1 Investigate the commutators.

For example, with Egs.(7.145) and (7.154),

[ﬁ,ﬁ]zﬁg_ﬁﬁz(MJfB A )(1 0)_(1 O)(M+B A )=

A M—-B/\0 -1 0 -1 A M—-B
=(M+B —A )_(M+B A )=(0 —ZA).
A -M +B —A -M +B 2A 0

Hence

[4,5] # o.
Step 2 Investigate special cases
-A=0.
Then, using what we found under step 1,

[4,5] =o.

Boccio underlined the following: H and § share common eigenvectors for this case.
What about [H, C]? With Egs.(7.147) and (7.154)

me]=(MHE 0 YO Ly_ (0 LyMEE 0y

o manv Fot Yuom Yoo i 8
:(M—B 0 )_(M+B 0 ):(—23 0)'
Hence
[A,C] #o.

B =0.

~ A M A\/0 1 0 IhyM A A M A M
[H’C]=(A M)(l 0)_(1 0)(,4 M)=(M A)_(M A)=0'
Hence

[4,C] =o.

Reminder:

- the eigenvalues of € are +1,
- the eigenvectors are Eqs.(7.151) - (7.153), page 505

+1: [Ks) = = (IK°) + |K°)),
—1:|K,) = i2(|1<°> —|K°).

Note: |Ks) = |K5), and |K,) = |K*). Why? The subscript is used in Eq.(7.164).

As mentioned by Boccio, H and € share a common set of eigenvectors.
The eigenvalues of H:

M—-A A . 2 _ 42 _

2 M—)I_O:(M_/D =A== A1=M+ A, Eq.(7.167).

Eq.(7.164), with Eq.(7.153),

H |Ks) = MI|Ks) + AC |Ks) = M |Ks) + A |Ks) = (M + A)|Ks),
H|K,) = MI|K,) + AC |K) = M |K,) — A |K) = (M — A)|Ks).
The eigenvalues are obtained.
The diagonalized Hamiltonian operator becomes:

A= (M;A MSA), Eq.(7.165).
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Boccio presented in Eq. (7.169) the time dependent state vector.

Step 3

Solve the general Hamiltonian problem.

The general Hamiltonian is given in Eq.(7.154), and presented here Eq.(7.170).
The eigenvector equation is written as:

H|¢p) = E|).

With Eqgs.(7.170)-(7.175), the energy eigenvalues E are obtained.

Note: Eq. (7.174) should read:

|M+B—E
A

:>|(M—§)+B A 0

A _
M—B—E|_O (M—E)-B

= (M — E)? — B? = A? = Eq.(7.175).

The eigen vector in column vector representation:

) = (22) Eq.(1.171).

Expressions for the elements of this column vector can be found by substituting the
eigenvalues E, into the eigenvalue equation, Eq.(7.176).
The ratio of the elements of the eigenvector are given in Eq.(7.177).

Note: this equation should read:

-4 -A B+VA2+B2
P14 = M+B—E; B+W¢2+ - T(p“ ’
and

-A -A B-VAZ+B?
P1- = MiB—E. _ B—A?+B? b2- = A Pa--

Applying normalization

¢%i + Cb%i =1,

results in the elements of the eigenvector expressed in A and B.

The results of normalization is presented in Eqgs.(7.183)-(7.185)

Next, Boccio analysed the effect of the special cases on the elements of the eigenvector:
-B =0 =Eq.(7.179).

-A=0= Eq.(7.181).

Step 4

A realistic physical system is considered.

In this case B < A.

Boccio mentioned in this case the states {|Ks), | K, )} to be almost energy eigenstates,
Egs.(7.168)-(7.169).

In Eq.(7.186) Boccio presented the approximation of B = 0 .The small quantity 8 is defined
as

6 = % = 25, Eq.(7.188).
Boccio presented the experimental results for B = 0 .In this case charge conjugation is
conserved.

Next, Boccio investigated Quantum Interference Effects in the K-meson system.
In Eq.(7.200) use has been made of Eqs.(7.151)-(7.152):
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At the end of this section 7.3, Boccio explained the physics.

7.4 Stern-Gerlach Experiments and Measurement, page 512

See The Feynman Lectures on Physics, Vol. I, Chapter 35 Paramagnetism and Magnetic
Resonance.

Boccio investigated the angular momentum component of a spin-1/2 particle.

This is done in a series of experiments. Some of the experiment are described by Susskind in
section 3 of chapter 1.

Experiment 1: This experiment is about state preparation.

Experiment 2: This experiment is about randomize a state.

Experiment 3: This experiment shows once more randomizing a state.

(K°|Ks) = =, and (R°|K,) = —.

Note about this experiment. Boccio: “We also block the | + X) ....”.
What | learned from Figure 7 is | — X) to be blocked.

Deriving the quantum mechanical expression for P({, | T,)

middle of page 518, use has been made of

I= [T Tl + | L)l

What constitutes an experiment?—A measurement is something that removes coherence.
Experiment 4: This experiment is about coherence. See Figure 7.8, page 519.

Experiment 5: This experiment is about confirming the result of Experiment 4.

Experiment 6: This experiment is again about randomize a state.

Note: “The incoming beam is from the first SGZ device, where we blocked the | — Z) path,
and therefore, we have N particles in the state | + Z).” In experiment 1: “N particles into a
SGZ device and select out the beam where the particles are in the state | + Z) (we block the
other beam) It contains N /2 particles.” Well, | miss a factor 1/2 .

In Chapter 79 Boccio will discuss the results of section 7.4 more rigorously.
7.5 Problems, page 523

7.5.1 Change the Basis, page 523
In examining light polarization light polarization in the text, we have been working in the
{|x), |y)} basis.

a) Just to show how easy it is to work in other bases, express {|x), |y)}, in the {|R), |L)}, and
s

{| Z>’ | %n>}, bases. See pages 466-468 and page 477 of the Course.

In the text: Two standard sets of orthonormal polarization vectors are often chosen when
one discusses polarization. One of the two sets is

1 0
ey = <0>,éy = (1), Eq.(7.3), = {|x), |y)} basis.
0 0

-{Ix), ly)} basis:
|x) = ((1)) — linear polarized photon

ly) = ((1)) — linear polarized photon
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-{|R), |L)} basis:

1 /1 . . .
|IR) = ﬁ(i) — right circular polarized
|L) = % (_11) — left circular polarized

Then,
{|R), |L)} expressed in the {|x), |y)} basis:

7 =5() = %(o) + i (D] = @+ i,

and
= 5(1) = 2[() -] = 500 -
Inverting:

IR) +IL) = Z1x) & |x) = S (IR) + IL)).

On the other hand:

|x} = a1|R) + a;|L) = (R|x) = a1 (R|R) + a;(R|L) = ay,

and similarly

(L|x) = ay(L|R) + ay(L|L) = a,.

So, with |x) = %QR) + L))

%) = (RIX)IR) + (L)L) = = (IR) + |L).

Now, the complex conjugate of

IR) = % (%) + ily) = (Rl = 5 (x| = ily]) = (Rlx) = f<<x|x> — ilylx) =
IL) = %(IX) —ily)) = (L] =%§(<x| +i{y]) = (Llx) = \/—((XIX) +i(ylx)) =

The expression for |v) .

R) = IL) = Z1y) = |y) = 5 (=IR) + |L)).

On the other hand

ly) = B1IR) + B2|L) = (R|y) = B1(RIR) + B(R|L) = B4,
and similarly

(Lly) = Bi(LIR) + By(LIL) = B,.

So, with |y} = = (=IR) + |L)) |

[7) = (RIVIR) + (LINIL) = = (IR} + |L).

Now, the complex conjugate of '
IR) = % (I0) + ily) = (Rl = % (x| = ily)) = (RIy) = }(<x|y> — ilyly) = —%2,
L) = 5 (%) = ily) = (L] =5 (] + lyD = (L) = 5 (xly) + iy ly) = 5.

)
0315

| E> % (i) — linear polarized photon at % to the x-axis

| %> = \/% (_11) — linear polarized photon at %’T to the x-axis

{| E> N T>} expressed in the {|x), |y)} basis:

4

sl

—_——

A

15 =00+ 1y,

4

1) = 200 - Iy,
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Then |x) and |y) expressed in the > %> basis
D+ 1) =F0 e 0= } 1)
=15 =20 = =%05-13).

Furthermore, completely S|m|IarIy to the analysis of the {|R), |L)} basis, we have

) = ([ 12) + (2 [)12) = 507+ 1),

and

= (2] )+ EE D)) - (12— 1),

b) If you are working in the {|R), |L)} basis, what would the operator representing a vertical
polaroid look like?

We know

pvert:Py:|Y)(Y|- ~

In the {|R), |L)} basis, the matrix representation of P, reads
b = ((Rly>(y|R> (Rly)(y|L>) _ 1( 1 —1)

Y \(LIyXyIR) (LlyXyIL)) 2\-1 1/°
On the other hand, Boccio,
Poere = By = [yXy = [ 55 (—IR) + ILD] [ 5 (—(R| + (L] =

= %(|R>(R| — [RXL| — [LXR| + |LXL]) =

111 =iy 11 i\ 11 =i\ ,1/1 i 0 O

= E[E(i 1 ) _E(i —1) _E(—i —1) +E(—i 1) - (0 1)
Now what?

7.5.2 Polaroids, page 523

Imagine a situation in which a photon in the |x) state strikes a vertically oriented polaroid.

Clearly the probability of the photon getting through the vertically oriented polaroid is 0.
- Now consider the case of two polaroid’s with the photon in the |x) state striking a polaroid

(D) © D=yl

oriented at %, and then striking a vertically oriented polaroid.

Show that the probability of the photon getting through both polaroid’sis 1/4 .
As a base we use {|x), |y)}-

For the state |@) of the photon polarized at an angle 68 we have in the {|x), |y)} basis:
|6) = cos O |x) + sin b |y).

So,

1 1

In/4) = % |x) + 5 1y).

Consequently

P(x=1-2) =13 =G @ =1

- Consider now the case of three polaroid’s with the photon in the |x) state strikes a
polaroid oriented at% first, then a polaroid at % , and finally a vertically oriented polaroid.

The probability of the photon getting through?
We have two new states:

|/6) = —I )+ 1y,

and
|t/3) = Ix) + = Iy)
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Consequently
T ow _ n\ [r|n\ [r 2 A3BV3V3., 27
P(x=5-5-2) =10l E1R R =T =5

with, i.e.,

<z | z> - G (x| + ?(ﬂ) (g ) + > |y)) = §<x|x) +=(xly) + > (ylx) + ?(ylw =

316
V3 V3 V3
= S0 + 2y =3

2
7.5.3 Calcite Crystal

A photon polarized at an angle 6 to the optic axis is sent through a slab of calcite crystal.
Assume the thickness of the slab to be 1072 cm, the direction of the photon propagation is
the z-axis and the and the optic axis lies in the x-y plane.

Calculate, as a function of 8, the transition probability for the photon left circular polarized.
Let the frequency of the light be given by% = 50004, and let n, = 1.50, and n, = 1.65, for
the calcite indices of refraction.

Course page 495: “Photons polarized perpendicular to the optic axis are called ordinary and
are in the state |o), and photons polarized parallel to the optic axis are called extraordinary
and are in the state |e). The set {|0), |e)}, forms an orthonormal basis and general photon
states interacting with a calcite crystal are written as superpositions of these basis states.”
Furthermore, see page 496 of the Course.

Now, with Eq.(7.109):

|in) = (el|in)|in) + (o|in)|o).

The two components of this state have different indices of refraction n, and n,,.

|in) = cos B |o) + sinf |e) .

Using the time evolution operator T, Eq.(7.111)

lout) = Tlin) = (e™*o!|o){o] + e*e!|e)(e])|in).
The photon being left circular polarized, Eq.(7.127)

[final) = |L) = 7 (|0) = ile)).

Note : compare this with Eq.(7.129) for a RCP photon, |R) state, page 499.
The probability P of emerging in the |L) state, the left circularized state,

P = |[(L|out)|?.

lout) = T|in) = (e"*!|o){o| + e*e!|e)(e|)|in) =

= (e'ko!|o)(o| + e*el|e){e|)(cos O |0) + sin O |e)) = cos @ e'kol|o) + sin O etkel|e).
Then,

(L|lout) = \/%((0| + i{e])(cos @ etkol|0) + sin @ etkel|e)) =

= \/if (cos @ etkol + isin @ etkel),

Hence

P = |(Llout)|? = %(cos 6 e~ol —isin @ e~kel)(cos O el + isin @ e'kel) =

= ~[1 + sin 20 sin(ko — k)1 .

With the numerical values, we can calculate (k, — k)l >

Given 1A = 1078 cm:

kol = Ln,l = ——1.65-1072 = 330,

c 5000
and
k,l=%2n,l=—15-10"2 = 300.
c 5000

Then
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sin(ky — k)l = sin30 = —0.988.

Consequently

P= %(1 — 0.988sin 26).

Below the probability dependency of 8 is illustrated:
y = (1 - 0.988 sin 2x)

7.5.4 Turpentine
Turpentine is an optically active substance. If we send polarized light into turpentine then it
emerges with its plane of polarization rotated. Specifically, turpentine induces a left-hand
rotation of 5° per cm of turpentine that the light traverses. Write down the transition matrix
that relates the incident polarization state to the emergent polarization state. Show that
this matrix is unitary. Why is that important? Find its eigenvectors and eigenvalues, as a
function of the length of the turpentine traversed.

We know

lout) = R(6)|in),
where, see Eq.(7.41),

R(H) = ( cosf  sin 9) = rotation operator.

—sin@ cos@ .
Per cm —5°left-hand rotation=per cm — ?;T = — :—6 rotation.
So, per [ cm —%l = 0 rotation.
R(0) unitary? R(O)R(O)T = 1?
( cos @ sin@) (cos@ —sin 9) _
—sin@ cosf/ \sind cos @
( cos? 8 + sin? 6 — cos 6 sin 8 + sin 6 cos 0) _ (1 0)
—sin@ cos @ + cos @ sin O sin? @ + cos? 6 0 1/°

Unitarity is about the conservation of distinction(Susskind): so the length of the vector and
the probability of the length squared is conserved.

Eigenvalues of R(60):
cosf — 1 sin 6

—sin @ cosf — A
Then,

cosf —A==isin@ = A, =cosf tisinf =e
The eigenvectors in column representation

=0 = (cos@ — 1)? +sin?0 = 0.
+i6

a
(bi)' and with A, = cos 6 + isin 8, we obtain

bi = iai.
With normalization

(ZD = O+ (J_rll) = vii(ilz)
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So,

20 =1e) = 2(1) = 1R,
and

—i 1 (1

) =lem®) == ( ) =10
The emergent polarization state as a function of the length of the turpentine traversed:
lout) = R(6)|in) = R(0)]|in) = e®|R)R|in) + e |L)L|in) =

= e 56 R)(R|in) + e'36! | L)(L]in).

7.5.5 What QM is all about — Two Views

Photons polarized at 30° to the x-axis are sent through a y-polaroid. An attempt is made to
determine how frequently the photons that pass through the polaroid, pass through as right
circularly polarized photons and how frequently they pass through as left circularly polarized
photons. This attempt is made as follows:

First, a prism that passes only right circularly polarized light is placed between the source of
the 30° polarized photons and the y-polaroid, and is determined how frequently the 30°
polarized photons pass through the y-polaroid. Then, this experiment is repeated with a
prism that passes only left circularly polarized photons instead of the one that passes only
right.

a) Show by explicit calculation using standard amplitude mechanics that the sum of the
probabilities for passing through the y-polaroid measured in these two experiments is
different from the probability that one would measure if there were no prism in the path of
the photon and only the y-polaroid.

We have

in = RO = (S50 3006) (o) = (Sg) = cos6 (o) —sine (7) =

= cos @ |x) —sin @ |y).
Note: | have here the minus sign. With probabilities this is not important.
Pry, = |{y | R) (R | in)|* = probabilityof [out) = |y) via|R)
Pr, = |y | L) (L | in)|* = probabilityof |out) = |y) via |L)
P, = |(y | in)|* = probabilityof |out) = |y)
(independent of internal (unmeasurable properties))

NlH

Now

¢

Py =y im)l* = |l T lin)| = Iyl (1R) (BRI + |R) (R)) lim)*
= I(y | R) (R | in) + (y | L) (L | i)
where

(y | R) (R | in) = amplitude for |out) = |y} via |R)
(y | L) (L | in) = amplitude for |out) = |y) via |L)

With these expressions we can write
Py = Pgy + Ppy + 2Real[((yIRXR]in))" ((y|ILXL|in))] .
We have, page 477,

IR) = %(D and |L) = %(—11)
then
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(yIR) = L

Il =-5%,
(Rlin) = (RIR(8)|x) = e®(R|x) = e,
(Llin) = (LIR(8)|x) = e"(R|x) =
Consequently the classical result is:
1 1
PRy:Z:PLy:PRy-l'PLy:_
The quantum mechanical result is
P, = 1 + 2Real[(<y|R)(RIin))*(<y|L)<L|in))] =

——+2R al[(ffe ) (- \/_T e”i0)] = ——ECOSZH
A result dependent on 6.
b) Repeat the calculations using density matrix methods instead of amplitude mechanics.
The outer product or projection operator

Pin = lin)(in. o ; 1 .

. cos sin cos :
|m)=R(9)|x)=(_ ) )(O)=(_ ) )=cos€(0)—s1n9(1)=

—-i0

§|Hﬂ|

sinf cosé@ sin @
= cos 6 |x) —sin 8 |y),
or
|in) = cos O |x) + sin @ |y), Eq.(7.39)?
| choose

|in) = cos 0 |x) —sin O |y).
So, with 8 = %,

, V3 1
lin) = = 1x) =2 |y)-
From Problem 7.5.1 Change the Basis, we learned:
1
|x) = S (IR) + L)),

) = = (=IR) + |L).
So,

lin) = |x>——Iy) (\/_+z)IR)+((\/_ i)IL)] .

n = Im>(m| = (7|x> —;Iy))(7<xl —g(yl) =

=2 Poyx] = 2yl = Syl + 2 y)yl =

3/1 0\ v3/0 1\ v3/0 0\ ,1/0 0\ _1({ 3 —V3
Z(o 0)_7(0 0)_7(1 0)+Z(0 1)‘2(_\@ 1 >

Comparing this result with the result obtained by Boccio, it appeared Boccio used
|in) = cos @ |x) + sin 6 |y).
However, this result contradicts

lin) = % [(V3 + )R + (V3 = i)|L)].
Then you will obtain

lin) = = [(V3 = D)IR) + (V3 + D)IL)].
With the matrix representation of p;,, we have
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Prob(x) = %, and Prob(y) = % . A quantum result.

Alternatively, we can think of a measurement taking place in the zy basis.
This measurement cannot be done in the quantum world without destroy-
ing the phase relationships and hence eliminating any interference effects,
that is, measurement separates orthogonal states making them classically
distinet and all interference between orthogonal states (represented by the
off-diagonal terms in p) is destroved.

Summarize: measurement diagonalizes p;, in the basis of the measurement.
Then, in the xy basis

1( 3 —\/§) 30
<_\/§ after measurement = (O 1)

4
To see what happens if we attempt to find out whether the photons are

passing through the apparatus as R or L photons, we must first rewrite
pin in the (R, L) basis, so that

n = lin)in] = < [(V3 + D)IR) + (V3 = )ID][(V3 — i)(RI + (V3 + i)L[] =
= Z[RXRI + (1 + iV3)[RXL| + (1 — iV3)ILXR| + 3 [LXL].
Din Matrix representation, in the (R, L) basis, |R) = ((1)) and |L) = ((1)),
A 1 0 +iv30 1 -w3/0 0 0 0
Pin = %(0 o) +14—3(0 o) +¥(1 o) +%(o 1) =
_ 3( 2 1+ i\/§)

1-iV3 2 /)

Hence
Prob(R) = %, Prob(L) ==

Now we measure in the (R, L) basis (since we are trying to determine if
the photon passes through the apparatus as a R or L photon). Again,
this measurement cannot be done in the quantum world without destroy-
ing the phase relationships and hence eliminating any interference effects,
that is, measurement separates orthogonal states making them classically
distinct and all interference between orthogonal states (represented by the
off-diagonal terms in p) is destroyed.

Summarize: measurement diagonalizes p;, in the basis of the measurement.
Then, in the (R, L) basis

A 1 2 1+ i\/3) ~ 1/1 O
== , after measurement == .
Pin 4 <1 — i\/§ 2 Pout 2 ( )

0 1
The measurement changes
~ _1/1 0y_1/1 O 0 0
Pout = 3 (O 1) =3 (0 O) + - (0 1) |R)(R| +- |L)(L| — a mixed state.
This represents a mixed state.
We change back to the (x, y) basis.

IR) = % (Ix) + ily),

L) = 5 (Ix) = ily).

pout =5 (1) + i|y>)<<x| — i<y|> +=(|x) - i|y>)(<x| +iyD) =
|x>(x|—-IX)(y|+ [y} x|+ = |yMy| + - Ix)(xl+ Ix>(yl—-ly>(xl+ Iy)(yl—

> |x)(x| +3 |y)(y| = E((l) (1)) — a mixed state.
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Prob(x) = % , Prob(y) = 1/2 - classical result.

The measurement turns pure states into mixed states with coefficients
equal to measurement probabilities!

This problem is the same as the two-slit diffraction experiment if one tries
to determine which slit the photon went through - that measurement will
destroy the interference pattern!

7.5.6 Photons and Polarizers
A polarization state for a photon propagating in the z-direction is given by

= (210 +E0).

a) What is the probability that a photon in the above state will pass through a polaroid with
its transmission axis in the y-direction?

YIy === B = () = .

b) What is the probability that a photon in the state |y) will pass through a polaroid with its
transmission axis y' making an angle ¢ with the y-axis?

[y’) = —sing |x) + cos ¢ |y).

(y'|[Y) = (—sin@ (x| + cosp (y|) <\/§|x} +\/i§|y)> = —\Esingo +\/i§cos Q.

Py =|y'|)|* = gsin2 @+ écos2 Q= %(2 — cos? ).

c) A beam carrying N photons per second, each in state |1}, is totally absorbed by a black
disk with its surface in the z-direction. How large is the torque exerted on the disk?
Reminder: The photons states |R) and |L) each carry a unit i of angular momentum parallel
and antiparallel, respectively, to the direction of propagation of the photon.

In the {x, y} basis:

IR) = (1) + ily) = (RIY) = 5 (x| = iy]) (\ﬂ %) + % |y>) =51+5).

T T AN S _1_p =1_Y2
PR_|\/§(1+\/§)|_2+3:>PL_1 PR—2 S
Th toque on the disk is the angular momentum transferred per second which is the amount

transferred by |R) per second plus the amount transferred by |L) per second:
N[A(P(R) — hP(—=h)] = N[R(P(R) — hP(~L)] = 22 Nh .

3
7.5.7 Time Evolution
The matrix representation of the Hamiltonian for a photon propagating along the optic axis
(taken to be the z-axis) of a quartz crystal using the linear polarization states |x) and |y) as a
basis is given by

~ (0 —iE,
A=(i5, 0"
a) The eigenvalues:

-4 —iE

|iEo _lAO =0= A —Ef=0= A = Eo, A, = —Eq.

For the coefficients of the eigenstates with the given basis we have with 4; = Ej:
(y|A1) = i{x]A;) , with normalization:

A1) = Z[1x) + ily)] = R).
With 4; = —Ej:
(¥|22) = —ix|4q).
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Then with normalization:
1 )
2) = [1%) = ify)] = |L).
b) A photon enters the crystal linearly polarized in the x-direction, i.e.,
[Po) = |x). What is [{(t)), the state of the photon at time t expressed in the {|x), |y)}
basis?
[Wo) = lin)= |x) = (A11x)|41) + (A2|x)|42) .
With expressions above , we learned:
1 . 1
(Aalx) = [l — ilylo] ==,

(Aolx) = Z[(xlx) + iyl0] = 5.
Hence
o) = lin)= [x) = (A110)|A1) + (A2|%)122) = Z[122) + 122)]

With the Hamiltonian, the eigenvalues and the time development
Egt

—ift/h|; 1 (- Eot 1, -
jouty = e /Miny = (e 12, + e 122)) = 37 T1x) + il

=3 (et + ) + ¢ 11 - 1) = cosE ) + sin 2 [y) = ().

¢) What is happening to the polarization of the photon as it travels through the crystal?

In general we know that a linearized state with polarization along x’ is

|x") = cos O]x) + sinO]y).

Compare this with the result for | (t)), we see with the progress of time the direction of
polarization rotates when the photon propagates through the crystal.

7.5.8 K-Meson Oscillations

An additional effect to worry about when thinking about the time development of K-meson
states is that |K; ) and |Ks) states decay with time. Thus we expect the states should have
the time dependence

Ky, (8)) = e~ teLt=t/2m K )

and

|Ks(t)) = e~t0st=t/2%s | K),

With

_EL_ 22 2 ans
C‘)L—f—(p c®+mic)z,

ws =L = (pc? + michyz,

75 ~ 0.9-1071% sec, and 7, ~ 560 - 10719 sec.

Suppose that a pure K; beam is sent through a thin absorber whose only effect is to change
the relative phase of the K° particle and the K° antiparticle amplitudes by 10°.

Calculate the number of K decays, relative to the incident number of particles, that will be
observed in the first 5 cm after the absorber. The particles have momentum mec.

Note: the subscript S indicate Strange of the strangeness operator of which |K°) and |K°)
are eigenvectors, page 504 of the Undergraduate Course.

Before the absorber we have

[Wberore) = K1) = 1K) = [K°)], Eq.(7.152)

The effect of the absorber is expressed by the development operator represented by the
sun of the projection operators and the relative phase shift 1_118 :
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A = |K°KK°|e® + |K°NK°|e' "9,
Therefore, the absorber state is
1

a . — — i(o R —
|¢after) = Al¢before> = (|K0)<K0|ele + IKO)(KO|31( +18))_2[|K0) - |K0>] =
i0 i
%(U{O) — e18|K0)).
Above, the time dependence of the |K;) and |Ks) states are given. So, we rewrite |1Pafter>

in the {|K.), |Ks)} basis.
With Egs.(7.151) and (7.152)

IKs) = K% + 1K),
1K) = 1K) — K],
we find

K = S [1Ks) + 1K),

= 1
IK®) = = [IKs) = |K,)].
Then,
et 1

o (1 i
Wareer) = 2 (S 11Ks) + 1K0)] = SewllKs) = 1K,)]) =

- %([1 - e%] IKs) + [1 + eg] |KL)).
Att = 0, we have [P(0)) = |1/)after), just after leaving the absorber.
We have
KL () = e™i@rt=t/2m K, ),
and
Ks(t)) = e~Hst=t/2%5 | K).
Then,
i0
2

|¢(t)) = e—([l - e;_z] e_iwst—t/Z‘EleS) + [1 + e;_:;] e_int_t/zrleL))-
Next, the probability amplitude

Kslp(6)) = S (1 — ea)eiost=t/2ms

The probability

i0 T\ _jwet——t o—i6 —IT\ i ct——
Ps = [(Kslp ()| =67<1—els)e s ZTS-eT<1—els)e OSTs =
t

=11 - cos®ye s
—2(1 coslS)e s.

The numerical example, Boccio:

d=5em —tg = ;—I ~ ‘% = 1.6 x 10719 gec

75 = 0.9 10710 sec — £ = 10

Now the number of transitions per sec at time ¢ is given by N(0)Ps(t). This
says that the
tq
total number of transitions(0 — t4) = N= [N(())P_q(i)dt
]
tq
N = % (1 — cos 1) N(0) /e“ﬁ—-‘dt = % (1 — cos %) 7eN(0)(1—e~18/9) = 0.006375 N (0)
0
where we assumed N(0) = constant since the total number of decays is very
small compared to N(0). Therefore,

N )
fraction = —— = 0.00637s = 5.69 x 10713
N(0)
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7.5.9 What Comes Out?

A beam of spin % particles is sent through a series of three Stern-Gerlach measuring devices
as shown in the Figure(Boccio) below(see also page 513 of the Undergraduate Course):

s, 4 1
s A 5 SGz
=T B e
S0On
S - -t
— ®  sCz :

Figure 7.1: Stern-Gerlach Setup

h

. . . . & _h . . 8
The first SGz device transmits particles with S, = 5 and filters out particles with §, = — 7

The second device, an SGn device transmits particle with §, = g and filters out particles with
§Z = — Z , Where the axis 1 make an angle 6 in the x-z plane with respect to the z-axis.
Thus the particles passing through the SGn device are in the state

| +7) = cos§| +2)+ei¢sing| —2).
The phase shift angle ¢ is set equal to 0. A last SGz device transmits particles with S, = —Z

and filters out particles with $, = g
a) What fraction of the particle transmitted through the first SGz device will survive the

. . - . . . oA h
third measurement? It is about the probability of having particles coming out with S, = — >

The diagonal basis | + Z). With the projection operator we have
M(+2) = | + 2){(+2].
With this projection operator, | + Z) is projected out.

Remark: The incoming beam of spin particles is described by the normalized state:
s 1 s, L,

| + 2) _\/El +Z)+ﬁ| 2).

Then,

M(+2) |22 = |+ 2)(+2l (Fl+ D+ 51— 9) = 5] +2)
Z|_Z—|ZZ|\/E|Z\/E|Z—2| Z).

Is there a contradiction? %| + Z) is measured with a probability% . However, we know the

device transmits particles with S, = gand particles with S, = —g, are filtered out.

Consequently, the probability to measure | + 2) is 1. Meaning, M(+2) | + 2) = | + 2) .
This answer is found when neglecting normalization.
In the experiment 1 on page 515 of the Undergraduate Course, this probability is translated

into the fraction of particles passing through the device. So, the fraction is % with probability
1 coming out of the first device.

With the second measurement and the basis | + 1), we have the projection operator
M(+#7) = | + A)(+7|, with the given angle 6
|+ ) = cosZ| +2) +sinZ| — 2).
Then,
B = |+ A+l = (cos2l + 2+ sin® 1 — 2 (cos (42 |+ sin® (—z]) =
M(+7n) = | + AN +A| = (cos > | +2) + sin~ | z)) (cos > (+2 |+ smz( z|) =

= cos? §| + 20 (+2

o . 0 N A R 20,
+cososinz (| + 20(=21+] — 2X(+2]) + sin? 1= z)(—z|.
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The third measurement and the basis | £ Z) gives us for the operator

M(=2) = | - 2¢{-2|.
For the combined measurement we have the product operator

My = M(=2)M(+2)M(+2).
Hence the fraction f of the particles transmitted through the first SGz device that will
survive the third measurement is

Alcsr ascrr o oanl . A2

f= |(—Z|M(—Z)M(+n)|+z)

In the preceding expression, the operation of M(+2) is already incorporated into | + Z).

With the expression for

M(+7) = cos? 2 | + 2)+2 |+ cos Zsin 2 (| + 2X—2|+| — 2)(+2]) + sin? % | — 2)(~2],
we obtain for

M(+R)| +2) = coszgl +2) + cosgsin§| — 2).

So,
(—2|M(~2) M (+7)|+2) = <—2|1\71(—z“) cos? |+z> + <—2|1\71(—2) cos sin’ |—z> .
With

(~2|f(=2) = (=] - 2)(~

] A 0 . 6 A 6 3 6
cos? = |+Z> + <—Z| cos=sin= |—Z> = cos—sin-.
2 2 2 2 2

Hence,
the probability of measuring | — 2) after the third device is equal to the fraction

= = 2
f= |(_2|M(_2)M(+ﬁ)|+f>| = cos? gsinzg = isin2 0.
b) How must the angle @ of the SGn device be oriented so as to maximise the number of

particles that are transmitted by the final SGz device? What fraction of the particles survive
the third measurement for this value of 67?

f= isin2 6.

Hence, to maximise the fraction = 6 = g .

Then, f = i.

c) What fraction of the particles survive the last measurement if the second SGz is removed?

With SGn device particles in the state | + 1) are transmitted.
The probability of measuring these particles is:

f = |(+A|F(+7)|+2)|”

(+A|M(+R)|+2) = <+ﬁ| cos? 2 |+2> + <+ﬁ| cos 2 sin 2 |—2>
2 202

With

" 0, 4 .6, 4
|+n)=cos;|+z)+sm;|—z):

(+7|M(+7)|+2) = cos® g + cos%sinzg = cosg.

The surviving fraction f is now:
f= coszg = (1+cosh)/2.
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7.5.10 Orientations
The kets |h) and |v) are horizontal and vertical polarization, respectively. Consider the
states

2y ——-(Ih)+\/—|v))
|12) ——-(Ih) V3[v)),

and

[¥3) = |h).
What are the relative orientations of the plane polarization for these three states?
For a generalized polarization state at angle 8 we learned the state vector to be
|Y)) = cos B |h) + sin 6 |v).

-|y) = ——(|h) +3|v)) = cos 6 = —%, and sin6 = ——\/— 3= 6 = 210°.

-|,) = ——(|h) V3|v)) = cos 6 = —%, andsin @ = 5\/— = 6 = 150°.
-|JY3) = |h) = cosf =1,andsinfd =0 = 6 = 0°.
7.5.11 Find the Phase Angle
If CP ©is not conserved in the decay of neutral K mesons, then the states of definite energy
are no longer the |K,), |Ks) states, but are slightly different states |K]) and |Kg).
One can write, for example
K[} = (1+&)|K% — (1—&)|K°),
where ¢ is a very small complex number ( |g| = 2 - 1073) that is a measure of the lack of CP
conservation in the decays. The amplitude for a particle to be in |K; )(or |Kg)) varies as
e—ia)Lt—t/ZrL (or e—ia)st—t/ZTs)’
where
hw, = (p?c? + mé?cH1/?,
hwg = (p%c? + mic*)/?,
and
T, Tg.
a) Normalized expressions for |K]) and |K;).
Use the normalization factor 4; , then
IKi) = AL[(L + ©)[K®) — (1 - ©)|KO)].
With (K |K/) = 1, we obtain:
(K{IK7) = 1AL IP[(1 + e )K= (1 — e XK + ) |[K®) — (1 — &) [K°)] =
=ALP[A+eNA+e)+ (A -1 —e)] =2]4, 21 +]e]?) = 1.
So,

1
1ALl

= 2t leR)

and we choose
A _ 1
L= fa+ep)
In addition we have:
(K$|Kg) = 1,and (K§|K[) = 0.
For |K¢) we write:
|Ks) = [a|K°) + blKo)].
Then with normalization
(Ks|Kg) = [a*(K°| + b*(K°[][a|K®) + b|K°)] = |a|* + |b|* = 1.

6 CP: Circular Polarization(Polarized).
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With orthogonality

(KSIKL) = [a*(K°| + b*(R°[JAL[(1 + £)|K°) — (1 — &)|K%)] =
=Aa(1+e)—b*(1—-¢)]=0->a"(1+e)—-b*"(1—¢)=0.
For a and b we choose

= 20+’ 2D

For the perturbed states we have

ki) = s [+ 1K) = (1 - )[RV

With a and b
_ o* 0 *\| 10
IK) = o= [(1 = £7)K®) + (1 + £D]KO)].
Now we use
1
K%)= = (1Ks) + 1K1,
and

= 1
IK®) = = (1Ks) — [K,)),
to rewrite |K/) and |Ks) in the {|K}), |Ks)} basis

IKE) = s | (L + ) 5 (1Ks) + 1K) = (1 =€) 5 (1Ks) — KD =

= ﬁ(m) + £|Ks)).
IK§) = === [(1 = €)= (IKs) + [Ki)) + (1 + £ (1Ks) = K] =

= W(I Ks) — &*|Ks)).

Including time dependency
|K£(t)) = W( e twrt= t/ZTLlK )+ ce twst- t/erlK >)
and

, 1
|K5(t)) = m

b) Calculate the ratio for a long-lived K-meson to decay to two pions (a CP= +1) = |Ks)

state to the amplitude for a short-lived K-meson to de cay to two pions (a CP= —1) = |K})

state.

It is about the perturbed states.

So, we work with |K]) and |Kg).

The ratio R of the square of the amplitudes:

_ I{¢Ks[KE @)
I(KL|KL (D)
Note Boccio:

( —lwgt t/2T5|K> c* —let t/ZTLlK ))

Notice that if |[K}) — |K ), then the probability for it to behave like a
|Kg) would be zero. This means that if we see any effect (any CP = +1
decays), that is, if £ # 0, this result implies non-conservation of C'P.

(sl (6) = i Kl (™ LK) + e TES|K)) =

_ 1 _lwst__ZTs

e ¢

and
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LK) = T Kol (7 TG + 2o S Ky ) =

_ 1 —l(J)Lt—E

~Janem ©
Then,

e e
<KL|KL(t)>|2 I el ’

(1+|s|2)e

with 7, > 75

t
R =~ |e|%e °s.
MeasuringR = ¢.
c) Suppose that a beam of purely long-lived K mesons is sent through an absorber whose
only effect is to change the relative phase of the |K°) and |K°) by &. Derive an expression
for the number of two pion events observed as a function of time travel from the absorber.
How well would such a measurement (given §) enable one to determine the phase of €7
The probability for the long-lived K mesons(see b)) to decay to two pions
(a CP= +1) = |Ks):
Pyi g (t) = [(KsIKL ()]
We know, before the absorber

|l/)before> = |Kll,> = \/ﬁ[
After the absorber

[Warter) = o) = W[
Changing the basis

K%)= = (IKs) + [K.)),

and

IK°) = 2 (1Ks) = |KL)):

o) = === (1 + ) S (1Ks) + K1) — e7(1 = &) 7 (1Ks) — [KL)].

Include time dependency, oscillations and decay

|K; (1)) = {( +e)—e 16(1 _ 8)} ﬁ|Ks) 4
+{(1+¢)+ e—l6(1 — g)}e ZTLlKL)] .
(Ks|K[ (D) = Z\/ﬁ{(l +e)—e (11— g)}e—lwst—a'

and

1( _>K5(t) |(KS|KLI(t))|2
Next, evaluate
|(14+&)—e ¥ -¢)2=2(1+]el?) —2(1 —|e|?) cos § + 2i(e* — €)sind =
=2(1 —cos8) + 2|€|?>(1 + cos §) + 2Im(&) sin b.
So,

Pyt i () = KKsIKL(O)]? =
After a measuring R giving us €.
Then measuring Py: —>K5(t) =Im(¢).

(1+8)K% — (1-aIK°)].

(1+&)|K% —e (1 - &)K.

2 (1+| |2

t

[(14+¢&)—e (1 —¢)|%e s.

4(1+I8I2)

t
2 . I
2(1+|8|2)[(1 cos ) + |&]“(1 + cos §) +Im(g) sinb] e 7s.
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We finally obtain phase (¢) = tan™! %.
where Re(¢) = /|¢]2 — [Im(&)]?.
Note: the preceding expression is based on the complex number a + ib, where a and b are
real numbers:
2=\a+ib|*-

7.5.12 Quarter-Wave Plate
A beam of linearly polarized light is incident on a quarter-wave plate(changes the relative
phase by 90°) with its direction of polarization oriented at 30° to the optic axis.
Subsequently, the beam is absorbed by a black disk. Determine the rate angular momentum
is transferred to the disk, assuming the beam carries N photons per second.
In the {|x), |y)} basis, the operator

0 = |x)x| +e™?|y)yl,
changes the relative phase byg .

The incident wave, input state
|in) = cos 30° |x) + sin30°|y) = |x) + = |y)
After the Y-wave plate
Al in V3 1
jout) = Qlin) = ()l + = 1) (210 + 2139) = L) + L 1),

Now, see Problem 7.5.6 c),

IB) = 5 (12 +ily) = (R|¥) = & (1+ F)
/3 . /3
Pr=|R|) =3+ 5 PL=1-Pp=j-¢
The torque on the disk is the angular momentum transferred per second,
which is
amount transferred by |R) per sec + amount transferred by |L) per sec
or .
N (RP(h) — hP(—h))
N (RP(R) — hP(L))
Ni(§+2) - Ni (3 - 4) = 22 Nn
Thus, the torque is positive, which implies that the disk will rotate CCW
as viewed from the positive z—axis.

the photon state |R) carry a unit i of angular momentum parallel to the direction of
propagation of the photon.

IR) = (1) + ily).

Then,
1 , V3+1
(Rlout) = = (x| — ity]) (Sl +£1y)) = 2.
Pp = I(Rloun)? = 225,
and
2+vV3  2-V3
PL =1- P3 =1- 2 = T
Or
_ L : et
(Llout) = 3 (x| +ityD (T 1) +519)) = 5=,
and
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Py = |(Llout)|* =
The rate at which the angular momentum is absorbed by the black disk

NR(PR —P) =2 N

The torque is positive and will rotate counter clock wise as viewed from the positive z-axis.

7.5.13 What is happening
A system of N ideal linear polarizers is arranged in sequence. The transmission axis of the

2—3
-

first polarizer makes an angle % with the y-axis. The transmission axis of every other

polarizer makes an angle % with respect to the axis of the preceding polarizer. Thus, the

transmission axis of the final polarizer makes an angle ¢ with the y-axis. A beam of y-
polarized photons is incident on the first polarizer

a) What is the probability that an incident photon is transmitted by the array of polarizers?
Photons exiting the last polaroid are in the state

[y ().

So, after the first polarizer a photon is in the state |y'(¢/N)) = cos% ly) .

Consequently, the probability passing through the first polaroid

b Gl = ot

Then, the probability of being transmitted through the entire array is

N
2®
(cos N) .
b) The probability of transmission for% K 1.
We expand cos%
® . q1_1(2) 2P _ 1 _ (92
cos-~ 1 Z(N) =cos” - =1-(3)

N
Using this result we expand (cos2 %) :

N 2 2
Jim (cos?5) " = hm (1 - Y = hm 1 N (7)1 = Jima -,
c) Now, consider the special case with the angle 90°.
For ¢ = 90°,
lout) = |y’) = |x).
So, one could think the probability could become 0:
(xly) = 0.

2
However, look at the result under b). The probability becomes Al]im 1- %) = 1.

7.5.14 Interference

Photons freely propagating through a vacuum have one value for their energy:

E = hv. This is therefore 1-D quantum mechanical system, and since the energy of a freely
propagating photon does not change, it must be an eigenstate of the energy operator. So, if
the state of the photon at t = 0 is denoted as [1(0)), then the eigenstate can be written as
HI¥(0)) = E1(0)).

To see what happens to the state of the photon with time, we apply the evolution time
operator

[B(®)) = UO[P(0)) = e /M 1p(0)) = e ™ 1h(0)) = e~ |1h(0)) =

= e~/ y(0)),

where use has been made of v = ¢/4 and the distance travelled is x = ct. Furthermore, the
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probability of finding the photon at various points is homogeneous distributed, i.e., no
dependence on the position.

Consider the following situation: Two sources of identical photons face each other and emit
photons at the same time. The distance between the sources is L. The setup is illustrated in
the Figure below.

w(0)> [(0)>

- -

Figure 7.2: Interference Setup

Notice that we are assuming the photons emerge from each source in state [1(0)). In
between the two light sources we can detect photons but we do not know from which
source they originated. Therefore, we have to treat the photons at a point along the x-axis
as a superposition of the time-evolved state from the left source and the time-evolved state
from the right source.

a) What is the superposition state |((t)) at a point x between the two sources? The wave
length of the photons is A.

The super position of the two sources at x is:
i2(L—x

i2mx )
W) =( "2 +e 2 )P)).
b) Find the relative probability P(x) of detecting a photon at point x by evaluating

(D) [Y(1))]? at point x.
i2mx i2m(L—x)
P(x) = [(p@OIp)*> =le" 7 +e7 1 [P p0)|yp(0))|* =
i2mx i2m(L—x) i2mx i2m(L—x) i2m(2x—L) i2m(2x—L)
=(e/1 +e 2 )(e 2 +te 2 )=2+e 2 e 2 =

=2+ 2cos[27n(2x -] = 4cosz[27”(x —%] ,

where use has been made of
2cos? @ = cos2¢ + 1.

c)4 cosz[zf (x — g] describes an interference pattern between the two sources. Dark and
bright spots.
7.5.15 More interference

The interference result above draws our attention to the two slit experiment. The situation
is illustrated below:

-axis
Yl

Figure 7.3: Double-Slit Interference Setup

The distance between the slits, d is quite small (less than a mm) and the distance up the y-
axis(screen) where the photons arrive is much, much less than L( the distance between the
slits and the screen). In the Figure above, S; and S, are the lengths of the photon paths from
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the two slits to a point a distance y up the y-axis from the midpoint of the slits. The most
important quantity is the difference in length(PLD) between S; and S,. The path length
difference(PLD) is shown in the Figure above.

PLD:

St=- 12
and
S2=(y+5)%+12%
With the approximations applied:
§2 - S2 = 2yd = (S, —S$)(S, + S;) = 2yd =PLD~

With the approximationy K L = S, + 5; = 2L,

2yd d
PLDx —— ~ 2%,
S,+S; L

2yd
So+8.

With the classical interference of light waves, Fitzpatrick page 21 Undergraduate Course,
the light intensity 1(y) on the screen a distance y from the center-line is

1(y) « cos? (%Ld).

What do we find for the relative probability P(y) of detecting a photon at various points
along the screen).
Now, we use the result of Problem 7.5.14 with the two wave functions:

i2nSq i2mS»

|screenaty) = [y(») = (e~ 2 +e” 2 )[(0)).
Then

2 i2mS1 i2mSy 2 27T
P) = WM ON"=1(e 2 +e 2 )" =2+ 2cos[-(S; =S| =
= 4 cos? [% (S, — SD].
We obtained above
(S2 —S51)(S2 +S1) = 2yd,
and with S, + §; = 2L,
Sz —8)) = yL_d .
So,

P(Y) = [ (? = 4 cos? 27,

7.5.16 The Mach-Zehnder Interferometer and Quantum Interference

Background information: Consider a single photon incident on a 50-50 beam
splitter (that is, a partially transmitting, partially reflecting mirror, with equal
coefficients). Whereas classical electromagnetic energy divides equally, the pho-
ton is indivisible. That is, if a photon-counting detector is placed at each of the
output ports (see figure below), only one of them clicks. Which one clicks is
completely random (that is, we have no better guess for one over the other).

e

Figure 7.4: Beam Splitter

The input-output transformation of the waves incident on 50-50 beam splitters
and perfectly reflecting mirrors are shown in the figure below.
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g E V2 u’l,u«l - -lpl.m
Ao w Ve %

Figure 7.5: Input-Output transformation

a) Show that with the above results, there is a 50-50 chance of either of the detectors,
shown in Figure 7.4, to click.

1 1
wjin) = NG |¢1,out> + 7z Ilpz,out)-
Then,

1 1
|lp1,out> = N |¢in)r and |7~/)2,out) = NG Ilpin) .
The probabilities

1 1
Pl,out = |<1/)1,out|1/)1,out>|2 = Py |(lpin|¢in)|2 = 27
or in terms of wave function

1

Pl,out = f |1/)1,out|2dx =3
and

1 1
PZ,out = |(1/)2,out|l/)2,out>|2 = Py |<l/)in|l/)in)|2 = 27

or in terms of wave function
1

PZ,out = f |1/)2,out|2dx = 5
Note Boccio:

NOTE: The photon is found at one detector or the other, never both.
The photon is indivisible. This contrasts with classical waves where half
of the intensity goes along one way and half the other; an antenna would
also receive energy. We interpret this as the mean value of a large number
of photons.

b) Now we set up a Mach-Zehnder interferometer, Figure below,

-
Ay

ml

Yiin /\/‘/
bl m2

Figure 7.6: Input-Output transformation

The wave is split at beam-splitter bl, where it travels either path bl-ml-
b2(call it the green path) or the path bl-m2-b2 (call it the blue path).
Mirrors are then used to recombine the beams on a second beam splitter,
b2. Detectors D1 and D2 are placed at the two output ports of b2.

a) Assuming the paths are perfectly balanced(i.e., equal length), show that the probability
for detector D1 to click is 100% - no randomness.

The wave function is split at b1, sent along two different paths, and recombined at b2. To
find the wave functions impinging on D1 and D2 the transformation rules are sequentially
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applied.
- Beam splitter bl

Then propagation over a distance L /2 giving a phase of etkL/2,

- Bounce of mirrors m1 and m2

1 ikLi2
1y e
1."2 in

1 .
y e ikL/2

—

1 ikL/2
wtn®

4 )
__Lpin E|kLﬂ2

V2 /
ikL

- Then propagation over another distance L/2 giving as total phase e***,
and
- Beam splitter b2

Sty ik ¥ou, 2
le n

"I'l in
1 /
I.i"cu..ll:. 1

_\j?quneikL

Remark: | copied the above Figure from the Undergraduate Course

1 .
ikL
Yin = _\/_Elpine .
Now 1y oy is the sum of two wave functions:
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wm 1+1pln2 _ _ikL
I/Jout 1~ NG =e l/Jiru
and

wln wln
lpout 2= % = 0.

Consequently,

Pouty = fllpml dx =1,
and
Poutz = f w)inlzdx =0.
c) Classical reasoning would predict a probability for D1 to click given by
Pp, = P(transmission at b2|greenpath)P(green path) +
+P(reflection at b2|blue path)P(blue path).
We know there to be a 50-50 probability for the photon to take the blue or green path
which implies
P(blue) = P(green) =
Along the green path at b2 we have a 50% chance of transmission(similarly for reflection of
the blue path):

P(transmission at b2|green path) = P(reflection at b2|blue path) = % .

NIH

Hence

1 1 1 1 1
Pou=53%2:7%
Conclusion: the chance of D1 firing is 50-50 = Random.
Now the quantum case:
The two paths leading to D1 are indistinguishable, so there is interference and the wave

function is

l/)total (\/—lpmelkL \/—lpmelkL)/\/_
Then,

Pp1 = J [Wrotarldx = 5 (4 [ [hin|?dx = 1.

With the path to D2 we have: Pp, = 0.

d) How to change the set up so that the detector D2 clicked with 100% probability?
How to make D2 click at random? The basic geometry remains the same.

Now we want constructive interference for the paths leading to D2 and destructive
interference for the paths leading to D1.

The only possibility we have to do the job is changing the relative phase by changing the
length of the path by moving m1 or m2. Resulting in the following two expressions:

lpout,l = (\/_Elpinelk(L—FAL) + \/_ElpinelkL)/\/E ’
and

1 .
1nbout 2 = (\/—lplnelk(L-FAL) - \/_ElpinelkL)/\/E .

For the probabilities we have,
1 . .
Ppi = f |l»bout,1|2dx = Zf |¢inelk(L+AL) + Y, elkle dx =

= L(2+ o8 4 o70k80) [y, Pdx = L[+ cos(kAL)] = cos?(“2L).
Similarly
. o kAL
Pp, = f |¢out,2|2dx = sz(T) )
To obtain
PDl =0 )

176



and

Pp, =1,

we have to set, with sinz(kzﬂ) =1,

kAL = mm, m odd, = AL = mA/2.

In the figure below the probability of detecting a signal in D1 and D2 as a function of AL is
presented, Boccio,

0 -

7.5.17 More Mach-Zehnder

An experimenter sets up two optical devices for single photons. The first, (i) in the figure
below, is a standard balanced Mach-Zehnder interferometer with equal path lengths,
perfectly reflecting mirrors (M) and 50-50- beam splitters (BS).

PS 4 D
M N |
BS

1

Figure 7.7 Boccio: Mach-Zehnder Setups

A transparent piece of glass which imparts a phase shift (PS) ¢ is placed in one arm.
Photons are detected (D) at one port. The second interferometer, (ii) in the figure above, is
the same except that the final beam splitter is omitted.

Sketch the probability of detecting the photon as a function of ¢ for each device.
Interferometer (i) is similar to Problem 7.5.16 d). There, the phase shift ¢ is obtained by a

difference in path length AL.

Two cases in 7.15.16 d), let us denote kzﬂ = ¢,

-Inphase ¢ =0, m, 2m, .....

- Out of phase ¢ = %,3?” ) e

In (ii), without the final beam splitter, there is only one path that leads to D ( the top path).

. . 1
Consequently there is no interference. Hence, Pp = >
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8 Schrodinger Wave Equation 1-Dimensional Quantum Systems, Page
533

8.1 The coordinate Representation

The steps to form a representation are presented:

- a complete orthonormal set of basis vectors,

- the identity operator,

- an arbitrary vector presented as a linear combination of basis vectors.

An important representation is by the eigenstates in position representation.

This is illustrated in Egs. (8.3)-(8.6), pages 533 and 534.

The wave function is defined, Eq. (8.6).

The bra vector and normalization condition are given in Egs.(8.7) and (8.8).

Position eigenvectors are not normalizable. For this reason Dirac introduced the delta-
function to be used for normalization. Top page 535.

In addition to the position operator Q , we have the linear momentum operator P, see
Eq.(8.14) leading to the momentum representation.

Note: The second line of Eq.(8.19) should read

1 = 2 d — 1 —>- 2 d

For normalization in the momentum representation, §-function normalization is applied,
Eqg. (8.22). In Eq. (8.23), the last line, (py) should read (p|y).

At the top of page 537, Boccio referred to Eq.(4.413) where the connection between the
position and momentum representation is introduced.:

(X|p) = eP*/" Eq.(8.25).

The relation with Fourier transform is rehearsed.

In Eq. (8.30) use is made of

p = —ihV.

Note: Eq.(8.30) = second line (X|P|y) = (2:@3 [(—iaV)(X|p)P|Y)dp =

= o [EPB)AP = —ihv(E).

Next the momentum operator as the generator for displacements is discussed, Eq. (8.33).
then, with the results Schrodinger’s wave equation is derived.
In Eq. (8.38) the time independent Schrddinger equation is presented using the Hamiltonian.

Note: Eq. (8.41) |X)T (t)|¢g) should read (¥|T(t)|vx) -

The time dependent Schrodinger equation is presented in Eq. (8.42).

8.2 The Free Particle and Wave Packets

Boccio started this section with the potential energy in the one-particle Schrédinger
equation to be zero: the free particle.
The eigenfunctions for this case are given in Eq. (8.45), the plane wave.

Note: Eq. (8.47)— |%,t) = e Et/M|%,0).
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Then, (X, tlg) = e V™%, 0[yg),

or should it be (%, t[yz) = eF/"(¥, 0|1 )? Does it matter?

At the bottom of page 541, Boccio started the analysis of the wave packet with a width of
Ap, illustrated in Figure 8.1 :

.

a®) |

A

L

=

Figure 8.1: Weight Function

where g(p) is the weight function.
d -2

—p
Deriving Eq.(8.54) use has been made of V;(E) = % =
wave packet.
In Eq.(8.55): —— (Et) = vt = x.

0Dy

This analysis resulted in the Heisenberg uncertainty principle, top page 544.

= 7, the group velocity of the

8.3 Derivation of the Uncertainty Relation in General

A new operator is introduced: the difference between an operator and its expectation
value.

The mean standard deviation is derived, Eq.(8.59), where

%Zé\;l(‘h Qaverage) = Gaverage '%Zévzl q; = (Qaverage)z-

In Egs.(8.61) en (8.62), Boccio used the two new operators as defined in Eq.(8.58).
In Eq. (8.64) use has been made of

[D, B] = [A— (A),B] = AB — (A)B — BA + B(A) = [4,B],
since —(A)B + B(A) = 0.

In Eq.(8.70), the anti-commutator has been used:

(A,B}=AB +BA.

Finally, (8.71) is obtained using Eqs(8.69)-(8.70).

Boccio concluded this section with:

..... commuting observables do not have an uncertainty principle!”
Commuting observables can be measured simultaneously.

8.3.1 The Meaning of the Indeterminacy Relations

The significance of indeterminacy relations with respect to experiments is discussed.
Boccio showed the results of measurement of the position observable Q and the
momentum observable P. The results of these measurements are shown in Figure 8.2 page
547. The standard deviations AQ and AP are given.
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Boccio paid attention to the difference between the standard deviations and the errors of
measurement.

8.3.2 Time-Energy Uncertainty Relations

In Eq.(8.77) the relation for any operator in the Heisenberg picture is given. See also chapter
6 of the Undergraduate Course.

Then, Boccio explained the so-called Time-Energy Uncertainty Relation as presented in
Eq.(8.85) not to have any meaning.

8.4 The Wave Function and Its Meaning

Boccio started this section with the time dependent Schrodinger equation and made the
remark this equation not to be representing a real wave. This misinterpretation results from
working with a simple one particle system.

Then, Boccio started working with a more complicated case of a system of N particles, page
550. At the top of page 551, Boccio explained why in a N particle system we are not dealing
with N individual interacting waves. Furthermore the statistical interpretation of N- particle
wave function is demonstrated with the experimental setup as shown in Figure 8.3.

8.5 One-Dimensional Systems, page 553

The time-independent Schrédinger equation in 1-D is given in Eq.(8.97).

In this section Boccio analysed the general continuity properties of derivative of the wave
function Yz (x).

Boccio summarized a range of physical systems which can be studied using 1-D potential
functions. In the following sections some examples are presented.

8.5.1 One-Dimensional Barrier
The potential energy function is in this case a step, presented in Eq.(8.110).
Figure (8.4), page 556 Boccio

V=Y,

x=0

Figure 8.4: Finite Step barrier
The general solution for region | for V = 0, is presented in Eq. (8.117).
The solution in region | can be thought of as to be an incident wave in the positive x-
direction and a reflected wave in the negative x-direction.
In region Il we have the case with V' # 0.
To find the unknown amplitudes of the travelling waves, the continuity conditions at x = 0,
come into play.
In Eq. (8.126), the relations between the amplitudes are presented.
Keep in mind: the subscript I and II in Eqs. (8.132) and (8.133) referstox < 0,and x > 0
respectively.
Next, Boccio introduced the reflection and transmission probabilities at the barrier,
Eqg. (8.134).
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Egs. (8.126) and (8.134) = Eqs.(8.135) and (8.136).
Then, Boccio analysed the wave packet case for E > V.
After the wave packet analysis Boccio investigated the case E < V.

8.5.2 Tunneling

In this section the potential is a kind of Hat function: a potential barrier.
The case E >V, is similar to the case analysed in section 8.5.1.

With E < V,, quantum tunneling is introduced.

8.5.3 Bound States

Infinite Square Well

Sometimes also called Infinite Potential Well.

This case is illustrated in the Figure 8.6 below (Boccio).

Y= 00

1 1I 11

V=0
X:-% x:%
2 2

Figure 8.6: Infinite Square Well /

Note: Eq.(8.190) should read
2 2
_ A Eyy;,

2m dx? ) vy
ek

where E = 2 = .
2m 2m

Eq.(8.198), normalization gives

So, Eq.(8.(202) reads

2 .
Y (x) = \ESIn k, (x + %) .
On page 569 the parity operator is introduced and defined in Eq.(8.214)
(Z|Pl) = (=2lp).
The Finite Square Well

Sometimes called the Square Potential Well.
SetV=00=V=0,andV=0=V =-V,,inFigure 8.6.

Note:
-in Eq.(8.230) fracph = %
-in Eq.(8.231) fracphk = ;ik.

The solutions for the finite square well, E < 0, are transcendental equations Egs.(8.227)-
(8.232).

Next, Boccio discussed the possible solutions of the transcendental equations.

- Graphical solutions are presented in Figure 8.8.
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- Numerical solutions.
Eq. (8.239): fraca? coszg =

a?

COSZ% ’

Transmission Resonances

This sub section is about E > 0, the particle is unbounded. When the particle encounters
the well it is either reflected or transmitted.

Boccio presented the wave equations for the three regions and calculated the transmission
coefficient by applying the continuity conditions for the wave functions.

In Figure 8.9 a plot of the transmission coefficient over the square well is presented.
Boccio presented the results of a particle for the case given in Eq.(8.245)=no reflected
wave.

What do wave packets say?

In this subsection Boccio discussed the results of a wave packet of-resonance and near-
resonance.

Time Delay at a Square Well

The transmission of a wave packet through a square is considered., Figure 8.10.

The time delay of a wave packet has been discussed in section 8.5.1.

8.5.4 Delta Function Potentials page 581

The delta function potential energy is presented in Eq.(8.266).

Now the derivative of the wave function is not continuous at the delta function. The
resulting discontinuity is found by integrating the Schrédinger equation over a small region
at the position of the delta function potential.

Transmission Problem.

A delta function barrier is assumed.

The transmission probability, Eq.(8.275), and the reflection probability, Eq.(8.276), are
derived.

Bound-State Problem

Now,

V(x) = —-A6(x — a).

The bound state energy is presented in Eq.(8.285).

Double Delta Function Potential

— . l
The potential is constructed from two delta functions, one at x = — o and the other at

x = é . Boccio investigate first the barrier potential.

Transmission problem

Now, there three regions to be considered.

Boccio calculated the transmission probability defined as the ratios of square of the
amplitudes of the incoming wave from the left and the transmitted wave at the right of the
duo barrier.

Here Boccio used the expression “Much algebra gives....”

The Bound-State Problem

The strength of the duo delta function u < 0.

The solutions in the three regions are presented.

Graphical Solutions

In this subsection Boccio presented the graphical solutions of the transcendental functions
of the double delta function bound states.
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8.6 Harmonic Oscillators

The potential energy function is presented in Eq.(8.313).

Boccio analysed the system in position representation and solve the Schrédinger equation
using differential equations techniques.

8.6.1 Differential Equation Method

With the polynomial expansion used, Boccio arrived at the Hermite polynomial represented
by the differential equation Eq.(8.377).

The Schrodinger wave functions are given by Eq.(8.346).

Eq.(8.348):

f_"oooe—sz+25q—t2+2tq—q2dq = g2st J‘_°°ooe—sz+25q—t2+2tq—q2—25tdq —

= p2st f_°°ooe—(q—s—t)2 dq = eZst\/E )

8.6.2 Algebraic Method

The algebraic method is based on two new operators given in Eq.(8.354).

Eqgs.(8.354)- (8.356) are explained in more detail in Chapter 10.6 of Susskind.

At the bottom of page 595, the raising and lowering operators are introduced.

Coherent States

Boccio used the ladder formalism in an exercise.

The eigenstates of the lowering operator are looked for.

The result is presented in Eq.(8.390).

To derive Eq.(8.395) use has been made of Eq.(8.355).

On page 600, Boccio presented the results of the investigation into the expectation value of
the position operator. The expectation value behaves like a classical oscillator.

Next, a term is added to the Hamiltonian, representing a charged oscillator in an electric
field, Eq.(8.400).

Using the Translation Operator.

8.7 Green’s Functions

This section is about the Green’s function technique for solving differential equations.
The wave function solution with the Green’s function technique is presented in Eq.(8.428).
Then two examples are discussed:

Example #1- Single Delta Function

“A very important lesson to learn”, Boccio.

Here contour integration is used.

Example #2 — Double Delta Function

Here two integrals need to be evaluated.

8.8 Charged Particles in Electromagnetic Fields.

Boccio started with the classical representation. Then, with this information the Lagrangian
and Hamiltonian are constructed.

On page 611 gauge transformation has been introduced.

The Aharonov-Bohm Effect

In Eq.(8.472) the AmpereOs law is presented.

Boccio illustrates: “.... most powerfully it is the electromagnetic potential, rather than the
electromagnetic fields, ......., that are the fundamental physical quantities in quantum
mechanics.” The vector potential is the fundamental physical filed.
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8.9 Time Evolution of Probabilities

It is about the fundamental question: If the system is in the state |a) at time t = 0, what is
the probability that it will be in the state |B) at time t?

The answer to this question is given by Eq.(8.473). As usual, the time evolution operator
comes into play.

Then, Boccio presented the most important rule in quantum mechanics:

Evaluating an amplitude involving a particular operator switch to a basis for the space
corresponding to the eigenvectors of that operator.

Boccio presented the procedure in four steps and applied the procedure to the infinite
square well.

Note: this procedure compares with the recipe which can be found in Susskind section 4.13.

Note: In Eq. (8.481) the results of the infinite well, [—%,%] are presented. The results in
Eq.(8.482)-(8.484) are a mixture of a well [— %,%], and [— %,%]. A bit confusing.

8.10 Numerical Techniques

A numerical scheme for solving the 1-D Schrddinger equation is presented.
The procedure is illustrated with the harmonic oscillator potential.

The steps of the solution method are presented on pages 620 1nd 621.
MATLAB language has been used, pages 621-622.

8.11 Translation Invariant Potential-Bands page 623

A potential which is periodic in space is considered. Think of an electron in a 1D crystal
lattice.

Example

Boccio illustrated the analysis with a 1D periodic array of delta functions.
8.12 Closed Commutator Algebras and Glauber’s Theorem

The commutator algebra of the harmonic oscillator potential is presented in Eq.(8.524).
This equation represents a closed set of operators: a closed commuter algebra.
On page 628 Boccio proved Glauber’s Theorem.

Note: In the proof the assumption Eq.(8.525) instead of (8.526) is used.
Deriving Eq (8 528) use has been made of:

(- 1)n — Al =xY(— 1)” iy =—xy(-D" 1 x A” 1. This becomes

(n-1)! (n—-1)!

with a “new” n : —xZ(—l)n%A” = —xe~Ax

Note: Egs. (8.528) and (8.529) — [B,e™#*] = B e 4% — ¢=4*B = —¢~4*[B, A]x.
Multiply Eq.(8.529) to the left with e and Eq.(8.530) is obtained.

Boccio demonstrated the Baker-Hausdorff identity for x = 1, Eq.(8.534), top of page 628.
8.13 Quantum Interference with Slits page 630

In this experiment the y-component of momentum of a particle passing through a system of
slits is measured.

8.13.1 Introduction
Boccio presented some of the history of the double-slit experiment.
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8.13.2 Probability functions and quantum interference

In Figure 8.20 a schematical representation of scattering from slits is shown.

Th basis vectors used by Boccio are the momentum eigenvectors |py).

Boccio evaluated in the following section the integral of the amplitude equation.
This is done for a four source-slit system, including the double slit.

8.13.3 Scattering from a narrow slit

The eigenfunction of position after emerging from the slit is the Dirac delta function,
Eq.(8.541).

8.13.4 Scattering from a double slit(narrow)

The state vector for this experiment is given by Eq.(8.544).

The angular distribution of scattered particles is shown in Figure 8.21.

8.13.5 Scattering from a slit of finite width

A slit of finite width is, Boccio, “.....an imperfect apparatus for measuring position.”

8.13.6 Scattering from a double finite-width slit

The angular distribution of scattered particles is shown in Figure 8.24
8.13.7 Conclusions

Boccio concluded the results obtained are in agreement with wave optics.
8.14 Algebraic Methods- Supersymmetric Quantum Mechanics
8.14.1 Generalized Ladder Operators

The question to be answered in this section is: Can the commutator algebra used for the
harmonic oscillator be used for other Hamiltonians?
Eq.(8.564) follows from:

ﬁowo(x) = Eqho(x).
| explain the step in Eq.(8.572) between the second and the third line.

| assume Y to be :—xtpo :
af ) = £ (%) ) ¥ (L) £ ),

(%) ;
where + ™ (w is part of the operator &.

0
So, operate

a (v
i dx ('(/)0)
on f(x), and we have
vhd @ (b
2L f 00 £ £ 00 5 (32)
The second line of Eq. (8.572) becomes
Vo d pon 5 () a (b
£ 505 0 F(R) G £ (7)
Next, | assume the square brackets to represent the commutator notation.
Hence

[5Gl - (e (D7 (D 2 -+ 50D 0% () e -
= 8L f0) 1 0 2 (2) F (L) L),
and the second line of Eq.(8.572) is obtained from the third line.
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On page 639 the supersymmetric partner and the supersymmetric potentials are
introduced.

Then, Boccio introduced a new operator B = ;—x, Eq.(8.578).

8.14.2 Examples

Boccio presented some examples of generalized ladder operators of section 8.14.1.

1) Harmonic Oscillator

The ground state is recovered, Eq.(8.610).

Iteration using the raising and lowering operators is illustrated in the Book by Susskind.
2) Refection-Free Potentials

In Eq.(8.613), Boccio introduced

®(x) = tanhx .

| suppose @ to be defined in Eq.(8.592):
o/

d=-=
0

and Eq.(8.599)
ayg

d(x) =—7.

) =0

To obtain Eq(8.614), Eqs.(8.594) and (8.595) are used.

8.14.3 Generalizations

Boccio raised the question: “...how does one find the @ (x) functions relevant to a particular
Hamiltonian H that one wants to solve?”

8.14.4 Examples.

In this section examples of the generalization method are dealt with. It is about not guessing
the function ®(x).

1) Harmonic Oscillator Revisited.

Boccio showed the procedure to work for the Harmonic oscillator. Then, the procedure is
applied to some more examples.

2) One-Dimensional Infinite Square Well.

Boccio showed the procedure to work for this case.

3) Hydrogen Atom.

The correct wave functions are obtained. Well, some knowledge about the correct wave
functions should be available.

8.14.5 Supersymmetric Quantum Mechanics

Here the results of the study of the relationship between pairs of super partner potentials
are presented.

Quantum mechanical systems are studied of which the Hamiltonian is constructed from
anticommuting charges. Boccio showed the charge to be a conserved observable, using
Eqs.(8.728) and (8.729).

8.14.6 Additional Thoughts

The unitary operator is expressed in the charge operator, Eq. (8.737).

In this section Boccio illustrated spontaneous broken symmetry.

8.15 Problems page 660

8.15.1 Delta function in a well

A particle of mass m moving in one dimension is confined to a space 0 < x < L by an
infinite well potential. In addition, the particle experiences a delta function potential of
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strength A given by A6 (x — g) located at the center of the well as shown in Figure 8.26, page
660.

V(®)

B

1] L2 L X

Find a transcendental equation for the energy eigenvalues in terms of the mass m , the
potential strength A and the size of the well.

From the picture above, we conclude to consider two regions:

Region: 0 <x <L/2.

A general solution as found in the Undergraduate Course looks like:

Y;(x) = Ay sinkx,

where the boundary condition at x = 0 is included, ¥,;(0) = 0.

Region II:% <x<L.

A general solution for this region is

Y (x) = Ay sin[k(L — x)].

Additional information is generated in the middle of the well at the potion of the delta
function potential.

As we learned from the Course, there is continuity of the wave function

Y (x = ‘) Y (x = ‘) A=Ay
Furthermore we know the first derivative at the delta function potential to show a jump.

The strength of which has been derived in the Course:

d’l)u ayr 2ml
|L/2 dx |£ — Th2 1/J1|L
2

So

dw KL KL
|12 = —Ak cos (— 7) =—A kcos(;),

dw’ |L = A,k cos (— —) A kcos( b,

dx
Then
d d 2ma KL KL 2ma KL
w"|L/2 ¢I|L=12¢I|L:—A1kCOS( ) Akcos( )= TLA;s sin— =
dx '3 h 3 2

kL h2k

=tan—=——-.
ng’t

So with k2 oz We have the system of equations to solve for the energy eigenvalues in
terms of the mass m , the potential strength A and the size of the well.
Note:

We could have set

Y (x) = Ay sin[ k(x — L)].
Then, continuity of the wave function at the delta function potential gives:

L L . kL . . kL
lpl (x == E) == lp” (x = E) = AI SlIl? == A” Sin [k( - L/Z)] == _A” Sln; o AI = _A” .
Hence,
dlll kL kL
- =12 = —Ajk cos (— 7) = —Ak cos(3),
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ay;
E%—Akcos( ) Akcos(—)

Consequently, leading to the same transcendental equation and conclusion.

8.15.2 Properties of the wave function
A particle of mass m is confined to a one-dimensional region 0 < x < a ( an infinite square
well potential). At t = 0 a normalized wave function is:

8 X\ . TX
Ylx,t=0) = \/%(1 +cos—) sin—.
a) What is the wave function at a later time t = ¢,,.
For the infinite square well we obtained in the Course 8.5.3, page 566’.

an(x)—\fSI n=-,

with
= —( ) = 1,2,3,...
The time evolutlon is imported by the factor e

Now, we can formulate an arbitrary wave function by expanding the arbitrary wave function
with the eigenfunctions as basis multiplied by the time development factor:

ll)(x, t) = Zn Ay e_iEnt/hwn(x)-
To relate
Ylx,t =0) = \/g(l + cos Z—x) sint—x and P (x,t) = ¥, A, e Ent/My (x),

we use sin2a = 2sina cos «.
So,

8 X\ . TX 8 . mx 2 . 2nx
Y(x,t=0) = /§(1+c037)31n7— /;sm7+ /ESIHT'

It becomes clear withn = 1,2 in (x,t) = ¥, A, e "Ent/Myp (x):
PY(x, t) = Aje Ert/h, (x) + Aze~E2t/ M, (x).

Hence, usingwn(x)=[51 naﬂ
Wt = [0y, () + [FemiEaiiy, ).

b) The average energy of the systematt = 0andt =t, .
The average energy, expectation value, is time independent. Consequently, the average
energy does not change.

(E) = (Y|H[p) = Zn A7 e M (1) T Ap e 0P HYp (1) = B |An]? Entpntpn () =

nwhy o

—iEqnt/h

4 1 1 1 2mh
=Y |Anl? En = |A112Ey + |A5|?E, = CEy + By = E%(;)z ()= Sm(;)z-
c) What is the probability that the particle is found in the left half of the |nf|n|te well at
t = to?

The probability is:
P0sx<55t0) = [;7" i to)]? dx.

WGt = | (et () + [LeiEaa/ty, (o =

a/2

7the x-axisisata = 0.
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LElto 27X
=| / h sm—+ ’ e~ tE2to/h gjn =— - 2.
a 2 lEltO
P(0<x<— to / | ’ h 51n—+ /5 e~ iE2to/h gjn 2% |2dx

After some calculus and algebra, we find the probability to be constltuted of a constant

1 _—
equal to 3 plus an oscillating term. As te be expected.

8.15.3 Repulsive potential
A repulsive short-range potential with a strongly attractive core can be approximated by a
square barrier with a delta function at its center, namely,
2,42

V(x) = Vo0(lxl - &) = “=5(x) .
a) Show that there is a negative energy eigen state, i.e., the ground state.
We have two regions:
|x| > a,
|x] < a.
For convenience we define the following quantities:
_ k2 — 2m|E|

nz 7

o _ 2m(|E|+Vp)
==

And
2mV0

2 _
_’8 =

For the two regions we have the two Schrodinger equations:
dZ
-lxl > ar =y =k*p,

2

d
x|l <@y = g2y

The delta function at x = 0, gives the discontinuity relation
d d

a¢|x=+0 - alplx=—0 = _gzlplx=0-

For the region |x| > a the solution for the wave function is:

- (x) = Ae ¥*l the wave function must vanish as |x| = o,
for the region |x| < a the solution for the wave function is:
-P(x) = Beldlxl 4 ce—alxl,

With (dis)continuity relations we have at x = a

-Bel9% + Ce™9% = pe~Fa,

-Bqel% — Cqe™9% = —Ake™ "4,

Atx =0

d d

alplx=+0 _a¢|x=—0 = _gzlplx:O = Zq(B -C) = _gz(B +C)=
B-0 _ _g*
(B+0) ~ 2q°

Bed%+Cce~499

— _l 2qa —_ 2qa 2qa — _
aeTi—Cqo T k:>k(Be + C) = —Bge“1* + Cq = Be“1“(k+q) =C(—k + q)

B-0_ _g* = % N (1) Bl
=L —p-C= 2q(B+C)=>B(1+2q)—C( 2q) c=—t
2q
2qa = C(— B _ p—2qa”k*d
Be“1%(k + q) = C( k+q)=>c e vl

. B
Equate the two expressions of =
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2 2

g
1—= R
g _ pm2q0 KM p2g0 g _ b,
1492 k+q 1+9- k+q
2q 2q

With a vanishing V/,we have the delta function potential
_ _nrg?

V(x) = S 0(%).

The wave function is for x # 0

P(x) = De~?™l, 3 cusp type of wave function,
2mE

where a? = — = JE <O,
withE < 0.
Atx =0:
d d
Elplx=+0 - Elplx:—o = _92¢|x=0-
Then,
gZ
—aD —aD = —g?D =a==.
. 2 _ 2mE _ 2MmE,
WIthO( __flz - - hzol
2 2 4
Ey=—-1-q?=-19
2m 2m 4
Or, W|th q =k - the vamshmg potential:
_g 9 _rg
1 q—0=>q ,orE, = A

b) If E, is the ground-state energy of the delta-function potential in the absence of the
positive potential barrier, then the ground-state energy of the present system satisfies the
relationE > Ey + V.

What is the particular value of V;, for which we have the limiting case of a ground-state with
zero energy?

The right hand side of the eigenvalue equation is positive.

Hence
2
1-Z>o0.
2q

Include the potential V, in the preceding expression:

2 2 4
1-L>0=q¢2L=q¢2>%.
2q 2 4

.p.

. . s .2
the right hand S|de of the Schrédinger equation h—? (mE+Vy) == g = —-E+V, > —=

hZ
E<V,-— —Z,
2m 4
The eigenvalue equation
2
1-92
e2da _ 24 — —k+q
1+£ k+q
2q

can be investigated graphically . It follows one solution to exist.
To find out, it is convenient to use the following substitution and plug these into the
eigenvalue equation

E=gqa, 1= —b pa,B? === andq? =
The elgenvalue equation becomes.
p2§ §7A _ §-EP-b?

§+A §-fez4p?’

Necessarily, A = b.

2m(|E[+Vo)
h2
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ForA = b, we have

_gla 2 _ 9" _ 2my
pa=Lt=pr=L =200,

8.15.4 Step and Delta Functions
Consider a one-dimensional potential with a Heaviside step-function component and an
attractive delta function component just at the edge of the step, namely

h%g
V(x) =V,0(x) — EMX)
a) For E >V, compute the reflection coefficient for particle incident from the left. How
does this result differ from that of the step barriers alone at high energy?

The wave function for x < 0
lp(x) — eikx + Be—ikx'

forx >0
P(x) = Celd* .
with

2mE 2m(E-V)
k=5 4=
Continuity at x = 0:
ef* + Be~* = Celd* = 1+ B = C.

Now the effect of the delta function at x = 0, a discontinuity of the derivatives

h? ~+0 , d? h? (d d 0 h?

[ dx Y =i (ZPlrmsro = = tlemmo) = [y dx[E = VOTp(x) = Z29(0) =
d . .

= alplx=+0 - Elplx=—0 = —gl/J(O) = lk(l - B) = (lq + g)C =

=1-B= —i(iq+g)C.

With the two equations for B and C

The reflection coefficient R is defined as
R=|
J1
where j,. is the particle current(probability current) reflected to the left and j; is the
incoming particle current from the left.

==

2m
Hence, with the wave function 1(x) = e™** + Be~tk*

7

02 2 2
g = || = 27 _ g o || () +@)
e ()

To find out about the difference between the refection coefficient above and the reflection
coefficient for the step barrier (without delta function) at high energy, E > V

(-9 -(1-F) =(-1+3 -39

and

(1+%)2=<1+ ’513;")25(1“—%%)254.



Then
1 (V\?
n=2(z)
b) For E < 0 determine the energy eigenvalues and eigenfunctions of any bound-state

solutions.
The following numbers are used:

_ |2m|E| _ [2m(V+|E])
k = / —.and q = /T

The wave function for x < 0

P(x) = Ae™,
forx >0
Y(x) = Ae 7%,

The effect of the delta function at x = 0, a discontinuity of the derivatives

h? 0 d? % (d d 0 h?
D S dx Y =i (S ¥lems0 = 3= Wlammo) = [y dx[E = VO Ip) =229 (0) =
= S Plrmso — o= Plico = —gP(0) > g +k = g.
So

2m(V+|E 2m|E h2
Jm(hj' ')+\/’;L = g = VT IE + Bl = g 2.

With the preceding expression E is found, using with k and q.
With normalization

* 0 o - 101, 1
1= % de [y = 42 (f°, dxe?® + [ dre %) = 421 (1 +2) =

k q
k+q g
the prefactor A is determined.
8.15.5 Atomic Model
An approximate model for an atom near a wall is to consider a particle moving under the
influence of the one-dimensional potential given by
x> —d
V(x) = —Vo6(x),
with V, > 0,
and x < —d
V(x) = oo.
a) Find the transcendental equation for the bound state energies.
The Schrodinger equation for x > —d:

d?y  2m
—+ 5 (E+Vo8())yp =0.

2mE
Use k = ’—h—z,

where E < 0.

In the region —d < x < 0, the solution is

P, = ae* + be F*,

In the region x > 0, the solution is

l,bz — ekx.

Continuity of the wave function at x = 0, gives with 1, (0) = 1, (0)
a+b=1.

The discontinuity at the potential well
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— +00 dx‘:llef h _h_z(dxwlx +0 dx¢|x=—0) - f_+00 dx[E = V()] (x) =

2
" h? +0
= =2 (S Wlemro = 3= Pleemo) = [y dX[E + VoS (0)]p(x) =
2 d d

= L Plimso awx__o = -2V, (0) = 22(0) - 22 (0) = - vy =
= —k—k(a—»b) = ——Vo
In addition we have at x = —d an infinite potential. Consequently,
P,(—d) = ae %@ + pek?d = 0.
We have three expressions for a, b and k.
Start with the simple one:

= —be?**? and a = 1 — b, gives:

ede
= 1ea 4T T gma
Next
k(1+4a—-»b) = —Zh—TVO =k = gVo(l — gm2kdy,
21,2
With E = —hz" ,
E=—-2y2(1-e2kd)2,

2h2
b) Find an approximation for the modification of the bound-state energy caused by the wall

when the wall is far away. A careful definition of faraway is needed.
The wall is faraway= kd > 1.
Hence,

— -2kd\2 ~
E—_ZhZVO(l 2 )2:_2h2VO
This is the bound state energy from a delta function potential well, without a wall(see
Mahan, pages 46-47).
A better approximation is
(1 — e 2kd)2 = 1 — 2¢72kd,
Then

e—2kd)2 ~ e—2kd

Consequently, the correction of bound-state energy of to the solitary delta function
potential well by the wall faraway is:
m —
yge2kd,
Without a wall,
k _'__L%
With a wall

~ m
k= ﬁVO
So the reciprocal of k is a measure of the distance
1 h?

~

kK mvy’
gives an idea of faraway.
c) What is the exact condition on V; and d for the existence of at least one bound state?

We can examine:
-k = —V0(1 — e~ 2kdy,

or
-FE = — e VO (1 —de)zl
We choose
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k = —Vo(l — e 2kd),
The solution for k can be obtained by, precollege mathematics, graphical iteration. So,
use x = k,and x = —Vo(l — e~ 2kdy,
However, for to use iteration you need to know a few numbers.
What we are basically looking for is the existence of a solution: is there a point of
intersection of x = k and x = %Vo(l — e 2k2)? |f 50, a section of x = gVO(l — e 2kay
should be above x = k. In other words the slope of x = %Vo(l — e~ 2k should be above

the slopeof x = k,atk = 0.

Hence:

—2kd
dkleVO(l_ez )>
or

g%m>1.
Consequently, the exact condition on V, and d for the existence of at least one bound state
is:
Vod > 1
2m
8.15.6 A confined particle
A particle of mass m is confined to a space 0 < x < a, in one dimension by infinite high

wallsat x = 0 and x = a. Att = 0 the particle is initially in the left half of the well with a
wave function given by

-0<x<%: 1/)(x,0)=\/§,

and

-2<x<0: P(x0) = 0.

a) Find the time-dependent wave function ¥ (x, t). The eigenfunctions and eigenvalues for
the Hamiltonian H for the above presented system are:

Y, = fsmﬂ and E, ( )2 = 1,2,3 ( section 8.5.3 page 566).

With the basis ,,, we have the general expansion

ll)(x, t) = Z?:l an lpne_iEnt/h-

Next we use the initial condition:

ll)(x, 0) = Z;o:l an Y.
Orthogonality:

foalp(x: 0)¢dx = Yy an foa Ynhrdx = Xp_q anbnp = ax =

22 |2 .k Sk 2 k
= ay = [ P (x, 0)ydx = foz\/g \/gs ﬂdx = —f02 sm%dx =—(1- cos;n) .
So, P(x,t) = fz;‘:;l ay sin—— e~ Ent/
Y(x, t) = on 1-(1- cos—) sin— g~ iEnt/h

b) What is the probability that the partlcle is in the n'"* eigenstate of the well at time t?
The probability is:
2 nm
b = |an|2 = [E(l - COST)]Z
c) Derive an expression for the average value of particle energy.
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The expectation value:
(E) = (W|H|[p) = W| Zn Enthn) = ZnE [n|? = ZnE lan|? =
= 3R (1 - cosS? = 23,1 - cos ™)’

ma2
This quadratic expansion does not converge.

8.15.7 1/x potential

An electron moves in one dimension and is confined to the right halve space, x > 0, where
it has potential energy

2
V(x) = _Z_xl

where e is the charge of the electron.
The 1-D Schrt')dinger equation

for bound states.
a) What is the solution of the Schrodinger equation at large x?

2
Since it is about bound states :—xz/) - 0,
and the differential equation becomes

d?y  2mlE|
dx?2  #? ¥ =0,
with solution:
. 2m|E|
Pp=e N =emax
2m|E
forx > o anda = hll

b) What is the boundary condition at x = 0?
The potential of the charge becomes infinite, consequently 1(0) = 0.
c) Use the result of a) and b) to guess the ground state solution of

————— =y =—IEl,

with the ground -state wave function being zero at the boundaries.
A trial function is used:

Y =flx)e ™.
The boundary conditions:

f(@0) =0,
and

lim f(x)e™®* =0.

X—>00

dz_l/)_iﬂ—ax_ —ax)_df _ ﬂ—ax_ af e~ ax —ax _
dx2:dx(dxe afe a2 Xax€ Xax€ +a’fe o
— u_ ﬂ 2 —-ax

_(dx2 Z(de+0£f>e

—ax - hZ dZy  e?

Plugy = f(x)e™**, into —ﬁﬁ——lﬂ = —|E|y,

h? (d%f af _ e? _ -

2—(@— 20l +a?f) e + S f()e™ = |E| fx)e™ ™ =

f df _ 2me? _ 2m -
:>(d - 20+ aPf) e + T femar = 22| femox,

With 2 " 2 |E| = a?, the preceding equation becomes
2 2
(ﬂ_z af , 2me f)e‘“x:O.

dx? dx 4xh?
Now, an educated guess of f(x) = x .
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The boundary conditions are complied with.
So, the solution for the wave function reads:
Y = Axe™ ¥,
where A is the normalization constant.
Normalization:
A% [T 1p)Pdx = A2 [ x?e 2 dx = 1.
Using integration by parts:
A2 =1-A=2a%2

4a3
d) The ground-state energy

. 2m|E| h2a?
With a = = FE,=— .
tha h2 0 2m

Furthermore
d>f ar 2me?
Y 2a )=0
(dx2 dx T 4xh? f ’
gives with f = x
__ me?
T 4p2”
Then
2
E :_hzazz h(4h2> :_me4
0 2m 2m 32h2

e) Find the expectation value of the position operator (X)
Using the position projection operators, we obtain

IR = [, f, @l x| 2]x) (xlpydadx’ = [7 [ @pla)x8 (xc — x') (x|)dxdx’ =
= fooo(tplx)x(xltp)dx = foooxll,l}|2dx = 4¢3 fooox3e‘2“xdx.

With integration by parts
foooxh/)lzdx = 4q3 fooo x3e 2% dx = 4a3 -;7 = %

8.15.8 Using the commutator
Using coordinate-momentum commutation relation prove that
Yn(En — Eo)[{En|R|E,)|? = constant,

where E| is the energy corresponding to the eigenstate |E,). Determine the value of the

constant. The above expression suggets the use of the projection operators |E, ){Ey|.

Yn(En — EQ)KER|RIEQ)? = Xn(En — EQ){Eo|X|E,XE || Eg) =
= Yn En (Eo|X|Ep XER || Eo) — Xn Eo (Eo|X|En XEn|R|Eo) =
= YlEo|XEn |[EnNER|X|Eg) — Eo (Eo|XX|Eo) =
= YolEo|2H|E ER|RIEe) — Eo (Eo|RRIEo) = (Eo|RHR|E,) — (Eo |22 H|E,) =
= (Eo|2H% — 22H|E,) = (Eo|2(H% — H)|E,) = (Eo|R[H, £]|Eo)-

The same procedure can be used,slightly differently, giving
Yl Eo|R1En X En|EnZ|Eq) — (Eo|EgRRIEo) = (Eo|RHR|Eo) —
= (Eo|2H% — HRR|Eo) = (Eo|(RH — HR)Z|E,) = —(Eo|[H,
= Yn(En — E)) {En|RIEo)|* = —(Eo|[H, £]%|Eo).

Adding both expressions of Y.,,(E, — Eo) [{E,|X|Ey)|?:

2 Y (En — Eo)KEn|RIE? = (Eo|2[H, 2] |Eo) — (Eo|[H, £]%|E,) =
= (Eo|%, [H, 2] | Eo).

5
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Below, commutators of the momentum and position operators are derived, resulting into
T2l 2l= —Prp 2=~ iy = -1
[[H,x],x] = m[p,x] =—— (—in) = —.
Consequently
o ~ 5 - A2
2 ¥n(En — Eo)(ERIRIEo)* = (Eo|%, [H, £]|Eo) = —(EolEo) =

. h2
= Yu(En — Eo) {EL|R|Ep)|* = ——, aconstant.

Commutators of the momentum and position operators:
Since the energy and eigenstate are general, we work with the general Hamiltonian

—~ p? ~
H= % + V(X)
The commutator

—~ 52 A2 A
[A.2] =L 2+Vv®2 -2 2 -2V () = L 5,

2m 2m
since V(%) can be written as a polynomial of X.
We know
1ora o iR
a [p,X] - om "
Then

PR — P& = ihp = PP — P2R + XPp% = ihp + £P* = pRP — XP
Combining the terms in the preceding expression:

(% — 2p)p — [p* %] = ihp = [p,2]p — [p* X] = ihp = [p* %] = —2 ihp.
Plug [p2,X] = —2 ihp into

—~ A p2 .
[A,2] = [, 2],

giving
qzl=—%°
[,4] = -2
Next,
it 2] o ihraA A ih 3 I
[A.2]%] = —=[p%] = - (=ik) = -~

8.5.9 Matrix Elements for Harmonic Oscillator
Section 8.6.2 Harmonic Oscillators and Algebraic methods.
Compute the following matrix elements:
(n'|x3|n), and (n'|XP|n) .
| assume orthonormality:
(n'In) = Spm.
We use raising and lowering operators as developed for the harmonic oscillator.
From the Course
X =xo(@+at"), Eqs.(8.355)
where xy = S
2mw
The lowering operator
@ln) =vnln—1).
The raising operator
atlny=vn+1jn+1).
So,
(n'[2n) = xo(n'[(@ + @%)In) = x,({n’[@|n) + (n'|a"|n)) =
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= xo(‘/zan’,n—l +vVn + 16n',n+1)'

Using the preceding result and the projection operator

(n'|22|n) = Tm(n'|X|mN(m|%|n) =

= xo(\/ﬁan’,m—l +vm+ 16n’,m+1)x0(‘/56m,n—1 +vn+ 15m,n+1) =
=x§[Vn(n — 16,y +Vn+ 1IVn+ 26,7 1, + @n+ )6, 8.

We can derive the preceding expression also in the following way:

(n'|2%|n) = (n'|2%In) = xo(n'12(@ + @*)In) = xo({n'|%dIn) + (n'|2@*|n)) =

= xo((n'|2a|n) + (n'|2&*|n)) = xo((n'|2Vn|n — 1) + (W'|2Vn + I|n + 1)) =

= x¢[(n'|[Vn@+ah)|n - 1)+ (n'[Vn+ 1@+ aH)|n+ 1) =

= x2 [<n'|\/n(n — 1)|n — 2> + (n'|[Vnvn|n) + (' |[Vn+ Tvn + 1|n) +

+(n’|\/n + 1vn + 2|n +2)].

Then, using orthonormalization

(n'|%2%|n) = x2[n(n — Doy pptnéy,+(m+1)86,, + \/(n + 1D+ 2)8, 4] =
=x3[ynn— 16 pp+ @n+ D8y, + (4 D+ 2)8,7 o]

With the preceding results, we can compute the matrix element (m|%3|n).
(n'|2%|n) = (n'|%X%|n) =

= X3 [(n’|>?vn(n —Dn- 2> + (n'[#vnvnln) + ('|#Vn + TVn + 1|n) +
+(n'|2Vn + TWn + 2|n + 2)] .

We investigate the terms of the preceding expression:

- <n’|>?\/W|n — 2> = X <n’|\/mm + d+)|n — 2> =
= x0[<n’|\/n(n —1(n- 2)|n — 3> + <n’|\/m|n — 1>].

-(n'[#vnvn|n) + (n'|2Vn + TWn + 1|n) = 2n + 1)(n'|2|n) =
= xo(2n + 1)(n'|a + @*|n) = x,2n + D[(n'[Vn|ln — D) + (n'|Vn + 1|n + 1)).

-(n'[g#Vn+1Wn+2|n+2) = Xoy/(n+ D(m+2)(n'|@ + at|n +2) =
=xpy(n+ D+ 2)[(n'|Vn+2|n+ 1) + (n'|\/n+ 3)|n + 3)]

Collecting all the terms and using orthonormalization:

(W1%3n) = G — D = 2)8y s + (1= DVRSyrpy +

+2n+ DVnb, p + Cn+ DVn+ 16,7 g + (n+ 2Vn+ 18,7y q +
+/(+ D +2)( +3)8,y 3] =

= x3[Vn(n — D(n = 2)8,1 53 + 308 g + B+ 3)8p yq +
+/(n+ D+ 2)(n+ 3)8,7 nasl.

& An example of Kronecker delta multiplication: Vm&,/ ,,,_1Vn&m 1.
0 m-10mn-1 = Lforn'=m—-1,andm=n—-1.S,m—-1=n-2.

Hence, 8,7 n_20mm = On’ n_o- Consequently, Vim8,s . V&1 = Jn(n — 18, .
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The next matrix element:
(n'|xp|n).Two methods:

- with projection operators

- multiplication of operators.
| choose for the last method.
The momentum operator:

With p = —i |™ (@ - a*)

(n'|pIn) = —i |7t (n'|2(a — a*)|n) = =i /me [(n'|2vnln — 1) +
—(n'|2Vn + 1|n + 1)].

-(n'|2Vn|n — 1) = xepvn(n'|(@ + @) In — 1) = xeVn[(n'[Vn —1|n - 2) +

+(n'|Vn|n)]. .

- (n’|3?\/n + 1|n + 1) =xoVn+ 1(n'|(@+aH)n+ 1) =

= xoVn + 1[(n'|Vn + 1|n) + (n'|Vn + 2|n + 2)].

Collecting all the terms and using orthonormalization:

(n'12pIn) = =i 2 [ = Dby oy + 16,15 = (1 + D8 =+ D+ 281 2.
So,

(n'12pInY = =i 2 [\ (0= DSy oy — St =/ + D+ 26y ).

8.15.10 A Matrix Element

Show for the one dimensional simple harmonic oscillator
o k2(0|%2|0

(Olelkx|0> =exp[— M]’

where X is the position operator.

We know, using the series expansion

iK% N (19 PPN
(0le*|0) = ¥y E2(0127]0).
Use raising and lowering operator
X =xo(@+at"), Eqs.(8.355)

h
where Xo = % .

The lowering operator

aln) =+Vnln—1).

The raising operator

atiny=vn+1jn+1).

The matrix elements in the series expansion:

(0[2°]0) = (0]0) = 1,

(0]£1]0) = x0(0](a@ + a*)|0) = x0(0|@|0) + x,(0]@*|0) = 0 + x¢(0[1[1) = O,
(0]%2|0), can be obtained with the projection operator Y;|m)(m| , or
(@+at)(@a+avr) giving x3(0|1]0) = x2.

(0]x3]0) = x3(0]@ + a*|0) = 0 = (0|£™|0) = 0, for nis odd,
(0]x*]0) = (0|%22£%]|0) = x5(0|2*(a + a*)(a + a*)|0),

using the results of (0|%2|0)
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(012*]0) = x2[(0|22|0) + V2(0|22|2)] = x¢[1 + V2(0l(a + a*)(a+ a")|2)] =
= xg[1 +2(0[(@+ a")|1) + V6(0|(a + a")|3) = x¢(1 + 2) = 3x7 .
(0]x°]0) = (0|%*x%|0) = x§(0|x*(a + +)(a+ anloy =
= x2(0|2*(@ + a*)(@ + a*)|0) = x2(0|2*[|0) + V2|2)] =
= x5(0|22[3]0) + 6v2|2) + 2v6]4)] = x§(0|[3]0) + 6v2|2) + 2V6]|4)] =
= x8(0|(@ + a*)(a+ a*)[3]0) + 6v2|2) + 2vV6|4)] =
= x§[(0112 + 3|0) + 45v2|2) + 30vV6|4) + 12V5|6)] = 15x§
Is there already a pattern to discern?
We have to show
2 £2

(0]e™*|0) =exp[— il <0|2x |0>].
The series expansion of
(0le™7]0) = (0] zio X2 270} = £i2-o 2 (012" 0)
Four terms are obtained

k2 0152 kY 0104 kS (015610 —
1—2-(022|0) + == (0]2#|0) — = (0[2°]0) =

k2 2 kY 4 K 6
1_2!x0+4!3 x0_6! 15 xo—
3

k2 R 1 (k2 ~ 2 1 (k2 a
=1-20122/0) + 3 (£(01220)) — = (5-(01%210)) .

Nota Bene:
1 111
6! T 1246 12323 31237
and
6 — (23
xo = (xg)°.

(0]28]0) = (0]x22°|0) = x§(0|(a + a*)(a + &*)[15|0) + 45+/2|2) + 30v/6|4) +
12V5]6)] = x8(0|[105]|0) + 420v2|2) + 420V6|4) + 236V5|6) + 12v/70|8)] = 105x§.
The next term in the series expansion:

105 =K. 1x§—z( (OIAZIO))

4] 24
For the expansion so far, we have

K2, . 1 (k2 , . 2 g k2, 31k, 4
1—7(0|x2|0)+5(7(0|x2|0)> —5(7<0|x2|0)) +z<7(0|x2|0)).

So, we showed the first 5 term to represent the series expansion.

Hence,
| assume
- ¥*(0|%2|0)
(0]e™*|0) =exp[— ] to be correct.
Remark:
(0]2*]0) = (0|22£2]0) = X72o(0I%2]){jI%?]0) = (0]2*|0){0|%?]0) + (0|2?|1)(1|2*|0) +
+(0]22|2)(2|%2]0) + (0]|%?|3)(3]|%?|0) + ---.= xg +

+x5(0](@+a*t)(a+ah)|iy1|a+at)@a+a+)|o)+
+x5(0|(@a +a*t)(@+ a2y 2|(@+a*t)@+at)|oy +
+x5(0](@+a*t)(@a+ah)|3)3|@a+at)@a+av)o)y+--.=x3+0+

+x3(1|V2[1)(1]v2[1) + 0 ....= 3x¢ .
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8.15.11 Correlation Function

Consider a function, known as the correlation function, defined by

C(6) = (2(6)%(0)),

where X(t) is the position operator in the Heisenberg picture.

Evaluate the correlation function explicitly for the ground-state of the one-dimensional
simple harmonic oscillator.

Reminder:

-the Schrodinger picture is about the dynamical variables(operators) remain fixed during a
period of undisturbed motion, whereas the state vector evolves with time.

-the Heisenberg picture is about the dynamical variables(operators) depend on time,
whereas the state vector does not evolve with time.

We evaluate the position operator in the Heisenberg representation.

x(t) = xpla(t) +a* ()],
and

JUR O
07 \2mw "
Hence we have to find out about a(t).

We write, see section 6.7 The Heisenberg Picture, Eq.(6.137),
iAt iAt

ait) =ena(0)e n,

where

A= ho ( a+ ) Eq.(8.356).

Use will be made ofthe Baker-Hausdorff Lemma:

et he=0 = 3> = - ([G,)kA(])k, See www.leennoordzij.me Quantum Mechanics in Texas

Graduate Course.
The Baker Hausdorff Lemma has been also been used in an earlier problem

alt)=e 5 a(O)e 5 = =4+= [H al+- (lt) [H (A, a]] ,[ﬁ, (A, d]] + e
With H = hw ( a+ ;),
[A,d] = ho (a+aa + 55‘ —aata — %a) = hw(a*taa — aa*a) = —hwd,

where use has been made of [a*, d]= —1.
[ﬁ, A, d]] —hw[H,a] = (hw)?a .

Then,
A, [ﬁ A, a]] - —(hw)3a.
So,
iAt lHt 1 .
a(t)=ende n =a—itwd +- (Lta))2 - ;(itw)%? + o = et q(0).

Similarly, we find for a*(t), with [H,a | = hw(ataa* — atata) = hwat,
at(t) = etat(0).
We have
2(t) = xola®) +at(t)] = xo[e lwtg(0) + e“*’“*(O)]
The momentum operator, see problem 8.15.9,

With p(t) = —i /’"T“”l(a —a*) -
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p(t) = ixymw([a* () — a(t)] = ixomw[e“tat(0) — e~ta(0)].
Next, we express the raising and lowering operators into the position operator and
momentum operator:

£(0) = x0[a(0) + a*(0)],

and

p(0) = ixomw[a*(0) —a(0)] =

=

a(0) = 5~ [#(0) ~ o= B(O)],

and .

a+(0) = i [2(0) + — 5(0)].

Then

2(t) = xo[a(t) + a* ()] = xo[e~*ta(0) + e'“ta*(0)] =

= {em@t[2(0) - — p(O)] + et [2(0) + — p(0)]}

Plug the following expressions into X(t)

e'®t = cos wt + i sin wt,
and
e 't = cos wt — i sin wt =

ary o IOW
= X(t) = x(0) cos wt ——sinwt.

Back to the correlation function

C () = (2(6)%(0)).

It is about the ground-state |0).

Hence

C () = (2(©)2(0)) = (0|2(t)x(0)|0).

C(t) = (Olxo[a(t) + a* (t)]xo[a(0) + a*(0)]|0) =

= x3(0|[e'ta* (0) + e~*ta(0)][a(0) + a*(0)]|0).

Make use of the raising and lowering operators, operating on the ground state.
This results into:

C(t) = x2e~t(0]a(0)a+(0)|0) = x2e~t(0]|0) = x2e~'*t,

8.15.12 Instantaneous Force

Consider a simple harmonic oscillator in its ground-state.

An instantaneous force imparts momentum p, to the system such that the new state vector
is given by

) = e~Po%/7|0),

where |0) is the ground-state of the original oscillator.

What is the probability P(0) the system will stay in the ground-state?

The probability

P(0) = [{0[)|* = |(0]e~Po*/"|0)|2.

We learned the identity for operators, real and complex numbers(a c-number), the
GlauberQs theorem Eq.(8.409),

eA+B = oAgBo-[AB)/2

which holds for [A, E] represents a real or complex number(c-number).
We have

% =xla+at],
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and [a,a*] = 1.

PPN ] At
Then, with [a*,a] = —1,and [4,B] = [~ ‘po’;‘)a ‘poxoa] poxo)

R . R . . ) PoXo
e~ Pok/h — e—LpoxO[a+a+]/h — e—1p0x0a+/he—1p0xoa/h ( " ) /2.

Hence
PoXo

) Loloy? = (57,

P(0) = e—(%)z|(O|e—ip0x0d+/he—ipoxod/h|0)|2 = e_(pohx
h

with Xg = m

Reminder: the first term in the series expansion of, i.e., contributes, Eq.(8.412):

] ~ . , A . ~\ 2
e—Lpoxoa/h|0> — [1 + (_%) +%(_%) + ] |0) = |0)

Furthermore, a* = aft.
8.15.13 Coherent States

Coherent states are defined to be eigenstates of the annihilation or lowering operator in
the harmonic oscillator potential. Each coherent state has a complex label and is given by

|z) = eza+|0).

a) Show that @|z) = z|z).

a|z) = @e?d"|0):

use series expansion of the exponential and using d”|n) vn+1jn+1),
alz) = Ge*'|0) = T, = a(@*)"10) = N = a2 |0).

Then:
n A+\yn—2 ~
(a ) |0) = (a\/)n—_ 1) = %\EIZ) = (a\/)— = |n), see Eq.(8.372).
So,
alz) = Sz aln) = T Fevailn = 1) = 255 s i — 1),

With a “new” n :
n
alz) = 2551 = In).
As derived above, Eq.(8.372)
ny =2 o)
N .
Hence

alz) = 2350 =22 |0) = 255, 2 (@)"[0) = ze**"|0).
Each coherent state is given by

|z) = e24"0).

Consequently

dlz) = Z€Zd+|0) = z|z).

b) Show that (z|z,) = eZ172,

With |z) = eza+|0) and (z| =(0|e* 2, we have

(21]25) = (0]e%e720"|0) .

With the series expansion of the exponential, and the results under a):

o ) ( ) (zD™ (z)"
(Z1|Z2> = [Zm 0 22 ( |] [Zn 0 -2 | )] Zm Ozn 0 Zlm \Z/Zn—, (Smn =
_ v @M @E)" (z1z2)™
— Zn—o \/1n_| \/zn_ Zn o 1n'2 82122
where use has been made of (n — 1|a@ = vn{n|, Eq.(8.365).

’
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c) Show that the completeness relation takes the form:

~ [ dxdy |z)(z|e™*% = = [ dxdy e?3"|0)(0]e* e 7*'Z =
= Smas J dxdyZ- @) |0x0| £5 @re 7.

Now , change to polar coordinates:

z=r1e®, z=x+iy,r =, x2 +y? andtang =2

o
The summation over the integral becomes:
1 o 1 p2m o m RSN oA _2
L[ dxdy |2)(zle™ 7 = Zpnt [ dg [} rdr T emie @y 0) (0] 5 e (@) e T
We make use of Dirac delta function, in general:
_ 1 27 kg
5(q) = ano etkadp.

So,
% Ozne(m_")i"’ dp = §(m—n) = 8.
Plugging the delta function into

1 -z%z _
- [ dxdy |z)(z]e ™ =
[o'e) .2 m ~ n ~
= 28, Jy T dr [Em = @)™(0)] |01 2 2 (@01,
Due to the delta function, the cross products are 0, resulting into

* 09} a+)" a)r
%fdxdy |Z)<Z|e_z z _ ano rane—rzdr (an!) |O>(0| %

At
Making use of |n) = (C:/F)'n |0), the integral becomes:
%f dxdy |z)(z|e ?'? = Zn%fooo rr¥te=""dr |n)(n|.
The integral

fooo rréte " dr,

with substitution 7?2 = p - fooo rrine~"’dr = fooo p"e Pdp = n!,
where use has been made of integration by parts.

Hence

~ [ dxdy |z)(zle™'% = Ty — [, rr¥te ™ dr [n)(n| = Zyln)(n| = 1.

8.15.14 Oscillator with Delta Function

Consider a harmonic oscillator potential with an extra delta function term at the origin, that
is,
— 12,2 P20
V(x) = SMwx” +— 6 (x).
a) Using the parity invariance of the Hamiltonian, show that the energy eigenfunctions are

even and odd functions and that the simple harmonic oscillator odd-parity eigenstates are
still eigenstates of the system Hamiltonian, with the same eigen values.

Since V(x) = V(—x)?, we have parity conservation and thus only even and odd
eigenfunctions. The delta function term in Schrédinger’s equation is proportional to

Y (0)6(x) , which vanishes for any odd function that satisfies the rest of the equation, such
as harmonic oscillator odd eigenfunctions.

968(x) = 6(—x), Dirac, page 60
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Thus, the odd eigenfunction of the harmonic oscillator alone are still eigenfunctions of the
new Hamiltonian.
b) Expand the even-parity eigenstates of the new system in terms of the even-parity
harmonic oscillator eigenfunctions and determine the expansion coefficients.
We have
Ye(x) = 2iv=0 Coy Y2y (%),
where Y, (x) represents the even eigenfunctions of the harmonic oscillator which satisfy
2 42
— L D000 4 2 nwx s, () = By () = ha(2v + Dy, (1),
The Schrodinger mcludlng the delta function potentlal reads
2 42
~ D850 4 L mawtx e () — Evpp () = — 2L 600 (x).

2m  dx?
With the above series expansion of eigenfunctions:
o hZ d?
2veo Cov ( Py += -mw’ ) Yoy (x) = — —5(96)1/)15(96)
Multiply the precedmg expre55|on with lpzﬂ(x) integrate over x and use orthogonality
h? az

[ dx 8520 Cay (= o 2mas® = E) 0 (02 (0) = = [ dx 2L 800 (0 ().

Then,
with — %—dzlzi’;(x)
[ (2v +3) = E| oy = = L2450, (0) -

h? 0 0
- cy - -Ertregs,
c) Show that the energy eigenvalues that correspond to even eigenstates are solutions of

the equation

+ %mwzxzt/)m, (x) = hw(v + %)zpw (x), we have

2 (2k)! 1 E. 4
- Zk 0 22k (k1)2 (Zk + E - E) .

g mnw
We use the expansion of the wave function in Hermite polynomials, H,, where:

¥, (0) = [Vr(n))2"] 2H,,(0).

So
Ne
Yo (0) = VA=

h2g PE(0)Pay(0)

With the series expansion Yz (x) = Y=o Coy Yoy (x) and €y, = — 2 hao(zv D)t
2

Vo) = = L0060 T 25— U ()
Atx =0, we have
Ve(0) = = L2e(0) Bt 2B Yo (0)

Consequently,
_ _hz_g I P2v(0)
o 2o oy V(0.
Furthermore, using the Hermite polynomial expansion

P2 (0) = (Cy/ L2

RSV
Plug the preceding result into
_ Pgge Y0 2_ _ 2K 1_Eya
=~ m 2v=o ho(2v+3)-E Y2y (0) = g Nmrw Zk =022k (k1) CL v
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d) Using the given gamma function expression we get the following cases:
(1)g >0,E >0,
(2)g <0,E >0,
(3)g<0,E<O.

The given gamma function expression?
In problem 8.15.7:

(k) = [ x*le *dx,

or as indicated by Boccio

1 x

ek 1 wr()
4k(kD2 2k+1-x 2 F(1—’2—C)'

See for gamma functions: Abramowitz, M., and I. A. Stegun Chapter 6.

Also,

F(n+1)=ﬂ

2 nl-22n’

forneN.

furthermore,

l'z+1)=2zI(z) =2z =z(z - 1)!

See for gamma functions: Abramowitz, M., and I. A. Stegun Chapter 6., and
www.nl.wikipedia.org

Show that for

(1)g >0,E >0,

(2)g<0,E>0,

there are an infinite number of energy eigenvalues.

We have

2 _ | h qo (k) 1 ENTE
5 - mnw Zk:o 22k (k1)2 (Zk + 2 hw) )
Then with

Zoo (2K)! 1 _ = F(E_E)
k=0 gk(k1)2 2k+1-x ~ 2 r(l_f)

1 E
s [2 )

1 .
g mo r(3-55)
The right-hand side of the preceding expression has poles at
o2 —n, n=012..=E=hon+2),
4 2hw 2
and zero’s at the points

E_L=n’ n=012,...=2E = hw(2n+§).
4  2hw 2
We use

I'(z+1) =2I(z),and z = —¢, withe > 0
[(1—¢) = —el(—¢) = I(—g) = — =2
Using a plot of

")

shows for g > 0 an infinite number of points E,, < hw(2n + %).

<0.

Conclusion
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The positive energy eigenvalues are in correspondence with those of the even harmonic
oscillator eigenfunctions, lying lower or higher than those in the repulsive or attractive delta
function.
Forg <0
1 |E|
4 _ [ Gy
g mw [‘(§+ﬂ) or
4 2hw
E
s fmo _ MGry)
T oAl R T(3LIELY’
gN h ()
is @ monotonic function of |E| that starts from the value
rQ
—5 =~ 2.96,
')
at E = 0 and decreasesto 1 at |E| — oo.
. 4 |mw F(%*'Zlhil) . . .
The left hand side of A = Fg—lE‘l" , is a horizontal line.

(4+2hw)

There is a single solution for

ré 2
) < <L
NG

8.15.15 Measurement on a Particle in a Box.

Consider a particle in a box of width a, prepared in the ground state.
| assume the configuration:

Yv#0,0<x<a,

and

Y =0,|x| = a.

Another possible configuration:

p#0, x| <2,

and

P =0, x =7

What are then the possible values one can measure for:

a) and b)

- energy,

- position,

- momentum?

The system is prepared in the ground state.

The boundary conditions for the wave function are: Y(x = 0) = 0 = Y (x = a). A particle in
an infinite well.

The wave function for this system is:

Y(x) = \/gsin% .

Note the wave function for the other configuration and the particle prepared in the ground
state is

withn = 1.
The possible values one can measure for any observable are its eigenvalues,
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With the probability

P = (g l)]?.
- the energy

PY(x) = \/%sin =,

is the energy eigenfunction in the ground state.
The energy measured in the ground state is:
h?k?  R?m?
E, = 2m1 - 2ma?’
k4 is the ground state wave number.
There is just one value of the energy. Consequently, the probability to measure this
observable is equal to one.
- the position
The probability density P(x) = |y (x)|?.
Remark: | continue with the ground state

Y(x) = \Ecos%,

the second configuration.

The probability is

P(x) = —cos2 ;x

- momentum

For a particle in a well, the eigenfunctions are plane waves.

Momentum

p = hk.

So, we express the wave function in wavenumbers. We use Fourier transform for
transformation of the position into p or k.

The plane wave function in position representation
ikx

U (x) = \/%—ne

The Fourier transform of the plane wave function
~ 1 oo —i

Y(k) = (uly) = \/T_n-f—oolp(x) e~ xdy.

The probability density

P(k) = ()12

The momentum space wave function,p(p) , is the wave number wave function times a
constant:

¢() = ZP(k) .
Next, we evaluate

Pk) = (wely) = \/%fjomlli(x) e tkxdx.

Plug the expression for Y (x) = \/Ecosﬁ into the preceding integral:
i m ka
k 2 |sin ——— +—
Pl =5 ff el \H z_k_a z(iEZ) =
2
. 71' a . 77.'
= \/; [Sll’lC E - 7 + sinc (E + 7)],

where

. sinx
sincx = —.
x
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The momentum space wave function becomes

?(p) = %l[;(k) = \/:l [smc (— — k?) + smc( + %)],

and

P(p) = |p(@)|*.

c) At some time (call it t = 0) we perform a measurement on position. However, our
detector has only finite resolution. We find that the particle is in de middle of the box(call it

the origin) with an uncertainty of Ax = %,that is, we know the position is, for sure, in the
range —% <x< %, but we are completely unsure where it is within this range. What is the
(normalized) post-measurement state?

The particle is in the range —% <x< %with 100% certainty. Meaning, there is a

homogeneous distribution for the probability density. And with probability equal to
a 2

2 a ,

So, the height of the probability density is ~ over the interval —% <x< %

P(x) = [p()? =2 = P(x) =
and

Y(x) = 0,—§<x < —%,and%<x <§.

d) Immediately after the position measurement what are the possible values for the energy,
position and momentum with what probabilities?

-energy eigenfunctions
In general

l,l)(x) = Zn Cplin (X).

Then, mathematically we are expanding the “hat function” in its Fourier transform:

- Uy () =\/7cosnaﬂ n is odd,
nmx .
-u,(x) = fsmT nis even .

The coefficients ¢,

=

a a
e <x<-,
4 4

= [u} Ppdx .

Since the hatfunction is even, only the cos terms contribute to the integral:
4 . .
——fa/ 0s = dx = sinc=, nis odd.
a/4 a 4
The energles are the same as found under a) and with the odd value of n
2
= 5 (2,

The probability is, for the odd values of n
8

n2mg2’

|c,|? = sinc? % =
. . 2N 1

using sin® — = -

4 2
- possible positions
With the uniform probability distribution
2

P(x) = Z .

- momentum

With Fourier transform
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D) = (ul) = 7= [, () e *¥dx,
with p = hk

4 _ .
D) = 7= [0, W) e Px/dx = / SO "”‘/hdx%\/%m%-

With this Fourier transform the probability density is:
1%(p)|* = —=sinc2 =

4Th 4h
e) What we found at t = 0, we will find at any later time, since there is nothing special

choosing t = 0.

8.15.16 Aharonov-Bohm Experiment
Consider an infinitely long solenoid which carries a current I sothat there is a constant
magnetic field inside the solenoid, Figure 8.5, Boccio.

l ooienud
T,
source j A~ I ,
“Z- )

screen
d

Tl

(’,I‘—

Figure 8.5: Aharonov-Bohm Setup

Suppose that in the region outside the solenoid the motion of a particle with charge e and
mass m is described by the Schrédinger equation.

Assume that for I = 0 the solution of the Schrédinger equation is given by

Yo (7, t) = e'Eot/ Mo (7).

a) Write down and solve the Schrodinger equation in the region outside the solenoid in the
case of I # 0.

There is a magnetic field and we use the vector potential A and minimal
coupling(nonrelativistic), so momentum is written as:
- e 2
pb— ZAI
where VX A = B.
The Schrodinger equation reads in this case

X N2
G [i(ﬁ—gA) + V(D] o (7, 1).

at 2m
Let us try the following approximation for the wave function

l[)(f, t) = eiEot/hl/JO(f))eﬁfEA'd?,

b) Consider the two-slit diffraction experiment for the particles described by Y (7, t) shown
in Figure 8.5 above. Assume that the distance d, Figure 8.5, is large compared to the
diameter of the solenoid.

Compare the shift AS of the diffraction pattern on the screen due to the presence of the
solenoid(/ # 0). Assume L, Figure 8.5, much larger than AS.

For I = 0, for any point onthe screen, the probability amplitude is

f=fi+f,
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where

f+ is the probability amplitude from the upper slit path,
f_ is the probability amplitude from the lower slit path.
When! # 0

fr= AL |

Using (7, t) = eiEOt/hlpo(?)e%ng'dF:

F'=fLtfl = fremlen Ty p onle S

In the first term on the right hand side of the preceding expression, the integral is along the
upper path, C,. In the second term, the integral is along the lower path C_. See the Figure
above.

Next rewrite the preceding expression:

F = fl 4 f = (f, + fenSch iy rle, JA o (r | ¢ prfehary

The upper path and the lower path together represents a closed path integral surrounding
the solenoid: gﬁ%ﬁ-d? = fc__fgil)-d? — fclfgff dr.

This results into a phase factor

ep _ e$Adr

hc hc
We worked on a problem of Young’s interference (in optics) we get the interference pattern

be shifted by AS and L>>d and L>> AS,

d; _¢e®
ASZk " e’

, remind Stokes Theorem.

or,
epL
AS = .
J hedk
Th ith B = h%k? k= [#mEo
en, with £y = Py =K = hZ
epL epL

AS =

hedk ~ cdy2mEg

8.15.17 A Josephson Junction

Introduction

A Josephson junction is formed when two superconducting wires are separated by an
insulating gap of capacitance C. The quantum states 1; , i = 1,2 of the two wires can be
characterized by the numbers n; of Cooper pairs (charge= —2e) and phase 6;, such that
Y, = \/Eeiei (Ginzburg-Landau approximation).

The small amplitude that a pair tunnel across a narrow insulating barrier is —E; /n, where
ny = ny + n, and E; is the so-called Josephson energy.

The interesting physics is expressed in the differences

n=n;—n,,p=0,—0,.

We consider a junction where

n; = n, = ny/.

When there exists a nonzero difference n between the numbers of pairs of charge —2e,
where e > 0, on the two sides of the junction, there is a net charge —ne on side 2 and a net
charge +ne on side 1. Hence a voltage difference ne/C arises, where the voltage on side 1
is higher tah that onside 2 if n, — n; > 0. Taking the zero of the voltage to be at the center
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2
of the junction, the electrostatic energy of the Cooper pair of charge —2e on side 2 is %,

2 2 2
and that of a pair onside 1 is —ne?/C . The total electrostatic energy is —— ( 2 g—c = % .
The equations of motion for a pair in the two-state system (1,2) are

d
ih S = Uy — i, = ="y, — Ly,

and
d
_1l12 = Uy, __1/)1 = _¢2 (])1/)1

a) Discuss the physics of the term in both equations.

-Uis, and Uy, '

these two terms give the usual solutions of the form e'®! representing steady-state
behaviour of the probability amplitude on side 1 and side 2.

JE Ej .
o~ Y, , and o~ 2%
These two terms represent the tunneling. A probability current flow across the boundary

between regions, i.e., change in region 1 due to a current proportional to the amplitude on
side 2 and vice versa.

b) Using ¢Y; = \/E-eiei, show that the equations of motion for n and ¢ are given by

2ne?

¢—92_91~__hc ,
and

. . . E] .
n= le —Tl1 z7511’1('0.

With l/)l' = ,/nieiei,
e By et _Ey,
and ih Tl Ui nolliz =-7 21 nolpz-
. n . . . . Ey .
ih (T;_lelel + 191\/n_19‘91) = Upniet® — n—o\/n_zelez,
and

dy ne? E
_2— U, — (])77[)1 =T¢2_n_i¢1:

2_pifa 4 i65) — i0, _E1 i0
ih (N_ 2 + i0,4/nze 2) = U,\n,e'"2 o Jn,et’t.
Multiply ik (Zzz_eiel + iélw/nlewl) = U;y/netfr — ?\/nzeiez, withy/n; and divide by
1 (0]

elf1, giving

N . E oo E .
lfl;l — hn, 0, = Ujn; — n—] nyn,e'@2=0) = y,n, — n—] nn,e'?.

(] (]
Similar for the other differential equation
7 . E (0 E _
lfl;z — hn,8, = Uyn, — n—i nynye {0270 = y,n, —n—(]) nnye '®.

Let us present these two differential equations in their real and imaginary partsand use the
expression for U; and U,

ih% — hn,6, = Uyn, — fl—]\/nlnz(cos @ +ising),
o
ih% — hn,0, = U,n, — ?w/nlnz(cosgo — [ sin ).
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The real part

. 2 . 2
0, =%+%Jz:jcos¢, 0, = —%+%\/Z::COS<P'
and the imaginary part
ny = —%MSin<p, n, = %MSin¢ .
The four preceding equations can be written as:

. . 2ne? E n n
p=0,—06 == _-1 = - —1COS .
4 2 1 hC hAng nq n, ¢
A . ZE] .
n—nz_nl —E\/nlnz Sln(p.

With n; = n, = ny/2, both preceding equations can be approximated by

. 2ne?
P "

and

. Ej .
n=7]sm<p =0

c) Show that the pair (electric current) from side 1 to side 2 is given by
]S = ]0 sin ®,

TE
with J, = —L.
We identify a pair(electrical current) from side 1 to side 2, with the results under b)
Ej .
n 2e=-sing i

]S = —Zez = —hT :]0 Sln(p.
So, the maximum current is

E] TL’E]

=e—=—,
mh

where ¢g = -

d) Show that

2E

2ne? .. 2ne?  2e%E; .
AC ¢ hC AC
., . 2e%E; . . A
For E}, positive show that ¢ ~ — E?j sin ¢ implies there are oscillations about ¢ = 0,

whose angular frequency ( called the Josephson plasma frequency) is given by

2e2E 2e2E
w = |2 = \/_1

hC h h2c
for small amplitudes.
We have the differential equation:

.. ZezE] . _
¢+-—-"sing = 0.

For small amplitudes the preceding equation becomes
Pracn? =0
Hence the frequency of the oscillations is, for E; positive,
2e2E;
h2c °
When E| is negative , the small oscillations are near ¢ = m, with the same frequency.

(1)]:
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So, T — ¢ is the small amplitude.
e) If avoltage V = V; — V, is applied across the junction(by a battery), a charge

Q. =VC = (-2e) (— g) = e - n, is held on side 1, and the negative of this on side 2, then

show we have

¢r-—m =
with the result under b)

. 2ne? (—23)(—2)9 VCe 2Ve _
I A

which gives ¢ = —wt .
The battery holds the charge difference across the junction fixed at V'C = e - n, but can be a
source or sink of charge such that the current can flow in the circuit. In this case, the current
is given by

. Ej
Js = —2e§ = —@ = Jpsing = —J, sin wt,

where use has been made of the results under b) and c).

8.15.18 Eigenstates using Coherent States

Obtain eigenstates of the following Hamiltonian
H=hwata+va+Vv-at

for a complex V using coherent states.

A new set operators
d=b+4+a, a"=>b*+a’, seepage601,the harmonic oscillator.

The new set of operators has the same commutation relations:
[a,a*]=[b+ab"+a’|=(b+a)(b*+a*)—(b*+a*)(b+a)=
bb* —b*h + ba* —a*h +a bt — b*a+ aa* — a*a.

Since a is a complex number, the preceding expression reduces into
[a,a%] = bb* — 5*b = [B,5*] = 1.

Since the operators cummute, they have the same eigenvalues and eigenvectors:
a*taln), = a*Vnln — 1) = vnat|n — 1) = Vnvn|n) = n|n), ,n = 1,2,3, ...

and
b*b|n), = nln)y, n = 1,2,3, ...

Substitute the new operators into the Hamiltonian
A=hobt*+a)b+a)+V(b+a)+V*(b*+a") =
= hwb*b + hw(bta+a'b+a*a)+V(b+a)+V*(b*+a*) =
= hwb*b + ho(bta+a’b+ a*a) + Vb +V*b* + Va+ V'a* =
= hwb*b +(hwa* + V)b + hw(B*a + a*a) + Vbt +Va +Va .

Her | used the procedure used by Boccio on page 601 for a new set of raising and lowering

operators.

When | choose
hwa = =V7,

the Hamiltonian becomes:

H = hwb*h.

Therefore

214



H|n), = hwb*b|n), = hwn|n),.

Thus the energy eigenvalues are

E,= hon,n=0,12, ..

The ground state of the system corresponds to E, = 0.
In addition:

b|0), = 0 = (@ - @)|0), = —al|0), =
The groundstate is a coherent state.

V*
hw

10)p.

8.15.19 Bogliubov Transformation

Suppose annilation and creation operators satisfy the standard commutation relations
[a,a*] = 1.

Show that the Bogliubov transformation

b = dcoshn + a* sinhy,

preserves the commutation relation of the creation and annihilation operators, i.e.,
[5,5%] = 1.

Use this fact to obtain eigenvalues of the following Hamiltonian

A= hwata + %V(dd +atah).

There is an upper limit on V for which this can be done.

Also show that the unitary operator

. (aa+ata*)n

U=e 2

can relate the two sets of operators @, a* and B, B+, as
b="Uau.

We have

b = @ coshn + a@* sinhy,

o}

b* = a* coshn + dsinh.

The, multiply b with coshn and b*with sinh 1, respectively subtract the resulting
equations, giving,

d = b coshn — b* sinh1.

Similarly

a* =b* coshn — bsinhn,

where use has been made of cosh? p — sinh?n = 1.

Furthermore
cosh2n = cosh?n + sinh?n,
and

sinh27n = 2 sinhn cosh7.
| suppose 1 to be a number.

—

ht
,b
=aa
—at

-With [@,a%] = 1,[b,b*] = 1?
[

—
S

[S—

= [@coshn + @* sinhn,a* coshn + asinhn] =

+

cosh? n + dd coshn sinhn + @*a* sinhn coshn + a*asinh?n +
dcosh?n — ata* sinhn coshn — ad sinhn coshn — a@a*sinh?n =
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= da* cosh®?n + a*asinh?n — a*acosh?n —aatsinh?n =

The commutation relations are preserved.

- The eigenvalues of the Hamiltonian?

H= hwa*d+ %V(dd +a*a*) = hw(b* coshn — bsinhn) (b coshn — b* sinhn) +
+ % [(b coshn — b sinh 17)2 + (b* coshn — b sinh 71)2 =

= hw [B+l3 cosh?n — (B+)2 coshnsinhn — (3)2 sinhn coshn + bbh* sinh? n] +
+%[(1§2 + B+2) (cosh?n + sinh?n) — 2(bb* + b*b) sinhn cosh 77] :

Now use the hyperbolic relations and the commutator:

A = hw(b*b cosh2n + sinh?7) — hTw(EZ + 5*2) sinh27n + % (132 + B*Z) cosh2n +
— % (bb* + b*b) sinh2 7.

How to proceed?

In problem 8.15.18 we have chosen a relation between V*, @ and hw.

Inspecting the Hamiltonian of this problem 8.15.19 suggests to get rid of the squared

operators. To this end we use:
sinh x

coshx’

Hence, choose

V = hw tanh 27.

Then, the Hamiltonian becomes

H = hw(b*b cosh2n + sinh?n) — % (bb* + b*b)sinh2n =

= hw(b*b cosh2n + sinh?n) — % (14 2b*h) sinh2 7.

Rearrange the operatorterms

H = b*b(hw cosh2n — V sinh27n) + hw sinh?n — V sinh 7 cosh 7.
Use the usual expressions “Capital w" = Q = (hw cosh2n — V sinh2 )
and the potential

V' = hwsinh?n — V sinhn coshn,

we have

H=Qbth+V'

Compare this with the eigenvalues of the harmonic oscillator and keep in mind
[B, 13+]commutes with [@,a*], the energy eigenvalues are:
E,=Qn+V', n=0,123,.

This leads to the conclusion, using the expression for ()

. hw
Q>0= (hwcosh2n —Vsinh2n) >0=V <tanh2n.

tanhx =

w

h
=V < hw.
tanh 29

Next, plug V = hw tanh 25 into V' <
- Show that the unitary operator

N (aa+atat)n
U=¢e 2
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can relate the two sets of operators @, d* and 5, 5*, as
b=U0a0".
We use
Ap,—-A _ 1
e’Be™ = B+ [A,B] +—[A,[4 B]] +
In addition we make use of:

[atat,d]l =atata—aatat =atata—ataat +ataat —aatat =
=a*t(ata—aa*t)+ (@ta—aa*t)a*t = -2at+.

Similarly

[aa,a*] = 2a.

Substitute

A= (aaratat)y into the Baker-Hausdorff expression:

b=Ual0* =d(1+ Z+--~)+&+(n+;+---)=dcoshn+&+sinhn.

8.15.20 Harmonic Oscillator

Consider a particle in a 1-dimensional harmonic oscillator potential. Suppose at time t = 0,
the state vector is

¥(0)) = e~Pa/h|0),

where p is the momentum operator and a is a real number.

a) Use the equation of motion in the Heisenberg picture to find the operator X(t).

The equation of motion
dx

s [H x],

this equatlon is shorthand for

(] |w) = £ (I, 21[).

The operators are time dependent, i.e., the Heisenberg picture.

. 2 . .
-—xzi[”— x| = = (ppx — xpp) =ﬁ(ppx—pxp+pxp—xpp) =

- —th (p(px —xp) + (px — xp)p) = —(p[p. x] + [p, x]p) = ﬁ (=2ihp) = pg) .
_dp _
pri [H p]-

For completeness, the Hamiltonian of the harmonic oscillator is

2
1
H=2 4+ >mw2x2.
2m 2

So
%=%[H,p]= — xpx + Xpx — pxx) =
imw? imw? ..
W(X[X,p] + [x,p]x) = 721hx =
= —mw?x(t).
The two equations of motion are:
dx_p®
a  m '’
_dp _
- = —mw 2x(t).

Solutions of this set of equations are:
x(t) = ¢, cos wt + ¢, sin wt.
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Att =0,

x(t) =x,and

x(t) = x cos wt + ¢, sinwt .
Furthermoreatt = 0

ax _ _p@_»p
dt 2 m ~ m’
So, we have

%(t) = x cos wt + ——sin wt,
mw

and similarly

p(t) = p cos wt — mwx sin wt .

b) Show that e "?%/" js the translation operator.
See also problem 6.19.12:

The last step to prove the operator

ﬁ(a) — eiﬁa/h

is a translation operator.

Now A = e'Pa/h

So we have:

P/ Mxe=Po/N = 5o - O Py - o] )
Let us demonstrate what will happen by /ooking at the first three terms:

[p,x] +— (la) [p, D, X ] =x+= (—lh) + (la)

=x+a.

The translation operator T(a) = e~?%/"_(See also Fitzpatrick, Graduate Course Chapter
2.8, Displacement Operators).
Then,

T(a)|x) = e~/ x) = |x + a) .

c) In the Heisenberg picture calculate the expectation value {(x) for t > 0.
We have, with the translation operator and the identity operator,
o).

. e -
(2) = WOROPO) = (0 0) = (ofe  2(0)e
Now we use the continuum representation:
iva ipa
() = [dx' [dx" (O]x')x'|en 2(t)e ™ n |x"")x"]0).
With (t) = x cos wt + %sin wt

ipa

ipa _ipa ipa
enx(t)e = h

I

_ 1] 17 r r b " "
(x) = [dx’ [ dx" (0]x"}x" + a|(x cos wt +—sinwt)|x"” + a){x"|0).

We make use of:

WOIplp©) = (0
and

%(0) coswt [x" + a) = coswt (x" + a)|x" + a) = (x" + a) cos wt |[x" + a).
Then,

(R(®)) = [dx' [dx" (0]x'Wx" + a|(x"" + a) cos wt |x" + a){x"|0).

Using

ipa _ipa
et pe”n [0) = (01pl0) = 0,
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[dx' (x" +a|lx" + a) = 5,,m,

and dropping the prime

(1)) = [ dx{0]x) (x + a) cos wt (x|0) =

= cos wt [ dx (0|x)x(0){x]|0) + a cos wt [ dx{0]|0) = a cos wt.

8.15.21 Another Oscillator
A 1-dimensional harmonic oscillator is , at time t = 0, in the state

1
[t = 0)) = = (10} + 1) + |2)),

where |n) the n'" energy eigenstate. Find the expectation value of position and energy at
time t.

- The expectation value of energy:
With the results of chapter 6, we have for the state vector attime t :

1 ( _iEot _IEgt _IEpt
W) =5(e T 10+ e T D+ 12)

where for the harmonic oscillator we have

E, =hw (n+%)

Energy attime ¢

(l/)(il)lE(t)Il/J(t)) = (WOI(Ey + Ey + E)[Y(0)) = (Eo + Ey + B[P (1)) =
—2h
whzerz use have been made of (i|j) = &

3
=Ehw,

- The expectation value of position:
we know the state vector, so it is helpful to express the position operator in raising and
lowering operators:

X=xgl@+a*],andx, = ﬁ

Then
(%) = xo(Y(la + a* () = . .

=2 (0 e A e @) @+a) (TR0 e ) +eT T [2) =
- ?(eTl(Ol +VZ- eTZ(1|) ( e~ 1) +VZ - e‘iE—fft|2)) -
=?((%OMD+J"e“ 02 +VZ e
=2VZ-e ) = 2y7-ei2ot,

Consequently, the real part of el2wt

(x) = ?\/Ecos 2wt.

_iEgt _iEgt _iEpt
Next, let (4 + a*) operate both on (e n|0)+e n|1)+e n |2)).

Ay 426 uuﬁ:

We obtain for (X)
i(Eg— E t) i(E1—
@ =2(e T 0l e T A +VE e

Eqat) i(Ex—-E1t)
T +vzee T 21) =
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=% (2 cos wt + 2v2 cos wt) = = /ﬁ(l +2) cos wt,
3 mw

3

where use have been made of E,, = hw (n + %)

8.15.22 The Coherent State
Consider a particle of mass m in a harmonic oscillator potential of frequency w.
Suppose the particle is in the state

la) = Xn=oCn In),
where

¢, = %e—mwz_
As has been discussed this is a coherent state or alternatively a quasi-classical state.
a) Show that |a) is an eigenstate of the annihilation operator, i.e.,

ala) = a|a).

We have

ala) = Yizocndln) = LiiocnVnin — 1) = Lo cnsr Vn + 1),

i a® o—lal?/2
Furthermore, with ¢,, = ﬁe

an+1 _ 2 an _ 2
CnpVn+ 1= ——se a2\ +1 = a=e lal*/2 = qc,,.

We finally obtain

ala) =Xp—onraVn + 1|n) = X g acy|n) = a |a).
b) Show that in this state, |a),

(X) = x.Re(a),

and

() = pcIm(a).

With the raising and lowering operators

~ _ _ a+at | 2n
X =xc——, and x, = —
A a-a*

p= ch,andpc =+V2mwh.
Furthermore
ila) =a|a) = (a|at = a*(a|.
From this we conclude
(ald|la) = alala) = a,
and
(a]l@t|a) = a*{a]a) = a*.
With respect to the expectation values, we than find:

(al#la) = (afx. 2 |a) = x,

Just for completeness, with & a complex number, a + ib say, we have

a+at at+a

= x.Re(a).

Xc

a*;a _ (a—ib;-a+ib) —g= Re(a)
Similarly

Aot
(@lpla) = (afpe 5 |a) = peim(a).
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c) Show that, in position space, the wave function for this state is
pox
Yo =€k ug(x —xp),
where u,(x) is the ground state gaussian function and (X) = x, and (p) = py.
We have with @ |a) = a |@)and d@ = = + =
Xc  Pc

_ elalay = (| 242
alx|a) = (x|d|a) = <x|xc + -,

x h d
@) = Z (xla) + 2L (xa).

With (x|a) = ¥, (x) , we obtain the differential equation:

c

2

=X Y d‘l’a_&( _i) _&( _x_)
m/)a—xclpa+pc rrainderani el Gl dx = Inppy = =~ ax ™ + constant =

x2

Yo _ Pe gy x_) _ i)
= In v = B\ T = Y, = Pye xc/,
Now, let us use the imaginary part of a and the real part of « :

Pe(qx-X) e ) DE(xRe(a) )
Yo =Poe "\ Fe/ =1pge h er e

Use
(®) _ x )

Re(a) ==, and Im(a) =p£:%;

c Cc Cc Cc

. 2 . .

ipox Pce, X0 X7 PoX _PC [(y_n 2 2 ipox _Pc (y_, 2 __Pc ,2
Yo =1Ype n e 7 C xc 2%’ =, = Pe t ethc[( o) =] — l/)oe_h ethC( 0) g 2hxc X0
Hence

ipox
Yo = Poe m up(x — xop).
d) What is the wave function in momentum space? Interpret x, and p,.
Summarize some results, we have,

(X) = xy = x.Re(a) = Re(a) = %,
c
and
A P
(P) = po = pcIm(a) =22
Consequently
a=2+i%,
Xc Dc
and x, and p, are the mean position and momentum respectively.
Pox . . . .
Yo (x) =1Pge » uy(x — xp) is the wave packet, Gaussian, centered at x = x, with carrier

wave momentum pj.
The momentum space wave function is the Fourier transform of ¥, (x)

- 1 N
F(he(0)) = Pa(p) = 7= [ dx P (x)e =¥/,
Now we will use the convolution theorem
~ ipox
Ya(p) =F(e » ) ® F(uo(x — x0)).
The delta function:
ipox
.7:(8 h ):5(p_p0).
The shift property
—ixo(P=po) _
T(uo(x - XO)) =e n uO(p _ pO)
Then

ipoXg —ixpp

lﬁa(P) =e h e h Uy(p—po)-
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In momentum space i, is centered at p,.
The mean position x, appears as a phase in momentum space.

e) Explicitly show ¥, (x) is an eigenstate of the annihilation operator using the position
space representation of the annihilation operator.
This is demonstrated under c).

f) Show that the coherent state is a minimum uncertainty state. With equal uncertainties in
x and p, in characteristic dimensionless units.
We know, some ingredients,
Ax = \/W, Ap = \/F,
where
(Ax)? = (%%) —(2)?, (Ap)* = (P*) — (P)*.
(%) = xg = x.Re(a), and (p) = py = p.Im(a).
Furthermore

a+at _ |e2n
,and x. = p—

X =x.

p= pc%,and Pe = V2mwh .
Then,
(%2) = 2 (ala? + aa* +a*a + (@*)2a).
In addition we use in the preceding expression
ila)=ala) = (alat = a*(a|.
2

(22) = = [(al@®|a) + (alaa*|a) + (ala*ala) + (al(@*)?|a)].

In the above expression we use the commutator [@dt,atd]l=1=adat=1+a
So,

(2%) = %[(aldzlw +(all + a*dla) + (ala*ala) + (al(@)?|a)] =

*a.

2 2
== [(ala?|a) + (ala) + 2(ala*ala) + (@l (@)?|a)] = Z[a? + 1+ 2a*a + (a*)?] =
x2 x? x2 x2
=T (a+ a*)? + == [x.Re(a)]? + == (2)* + =,
where use has been made of
Re(a) = %(a + a”).

We have
A2 = () - (@) = @ +Z @) =2
Hence,
Ax == |1
2 2mw

Similarly we obtain:

DPe mwh
Ap =—= [—.
p 2 2

Finally, we obtain for the uncertainty
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AxAp = _h mer _ R

2mw 2 2
We conclude the coherent state to be a minimum uncertainty state.

g) If attime t = 0, the state [(0)) = |a), show that at a later time,
|lp(t)) — e—iwt/Zlae—iwt).
what does it mean?
Att = 0, the state [y (0)) = |a).
Then, with the time development operator U(t):
1Y) = T®¥(0)) = T cn U®) ).
It is still about the harmonic oscillator, with E,, = hw(n + %)
Y1) = Znzo ca U |n) = Tg cpe™Fnt/Min) = e 72 E 2 ¢, e™ M n),
_ 2 lal?/2
where ¢, = e lal®/2,
So,
—i 0 1 12 i
W)(t)) —e iwt/2 Zn:Oﬁe |ax]|%/2 (ae lwt)n|n>.
Now we use the results obtained under a):

Y=o @Cp|n) = a|a),

n
a_e—|a|2/2

a
Vnl

=acy,,

and denote a(t) to be ae ¢,

we finally obtain

(1)) = e ™ 2|a(t)).

At every time, the state is a coherent state with eigenvalue that evolves in time as the
classical complex variable of the harmonic oscillator.

h) Show that, as a function of time, (X) and (p) follow the classical trajectory of the
harmonic oscillator, hence the name quasi-classical state.

We have

Y1) = e~ |a(t)).

So, X = xca+2_a+, and (a|X|a) = <a X arar a> = xcg = x.Re(a), see b),
WO IZ[P(®) = (a(t)|2]a(t)) = xRe[a(t)] = x Re[ae™""].

Similarly

WO PP ) = (a®)|pla®)) = pdmla(t)] = pim[ae=it].
The preceding two equations are the classical equations of motion: x.a cos wt and
pca sin wt.

i) Write the wave function as a function of time, Y, (x, t). Sketch the time evolving
probability density.
The wave function is, see c),

ip(t)x
Yawy (X, t) = e up[x — x(t)],
where x(t) and p(t) are the classical trajectories. This is an oscillating wave packet, i.e., a
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gaussian oscillating like a classical simple harmonic oscillator. A sketch:

The operator N = a*a .

The expectation value of N

(N) = (a|a*a|a) = a*alala) = |a|?.

The definition

AN = \/(N2) — (N)2.

(N?) = (al(@*@)?|a) = (a|(a*@)(@*d)|a) = a*alaldd*|a) = a*ala|l + a*dla) =
=a‘a+ (a*a)? = |a|® + |al|*,

where use has been made of the commutator [@,a®] = 1.

So, we have the ingredients for

AN = V(N2) = (N)2 = /lal? + [a]* = [a]* = a]

From this result we conclude:

AN (N).
Then,
AN 1
lim — - i =0.
|a}r—>noo N |a|—>oo\/(T |a|—>oo |a| =0

k) Show that the probability distribution in n is Poissonian, with the appropriate
parameters.

The probability for finding the particle in the nt"* excited state is given by

P, = [(n|a)|?.

Then, with |a) = Yo o cn |N),

where
= 2 o-lal?/z
Cn = =€ al®/
n
B, = [(n]|a)|? = |c,|? = | "“'2/2|2 = %e‘m) — The Poisson Distribution.

I) Use a rough time-energy uncertainty principle, AEAt > h, to find an uncertainty principle
between the number and phase of a quantum oscillator.

For the oscillator we have Et~nhwt .

The phase of the oscillator ¢ = wt.
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Then we can write
Et~nhwt - AEAt~hAnA¢p - AnAp~AEAt/h > 1 - AnA¢p > 1.

8.15.23 Neutrino Oscillations

It is generally recognized that there are at least three different kinds of neutrinos. They can
be distinguished by the reactions in which the neutrinos are created or absorbed. Let us call
these three types of neutrinos v, , v, and v;. It has been speculated that each of these
neutrinos has a small but finite rest mass, possibly different for each type. Let us suppose,
that there is a small perturbing interaction between these neutrino types, in the absence of
which all three types of neutrinos have the same rest mass M,. The Hamiltonian of the
system can be written as

A=H,+H,

where

My 0 0

H, = < 0 M, O ) — no interaction present  hw,
0 0 M,

and

0 hw; hw,
= <ha)1 0 hw1> — effect of interactions
hw; hw; 0
where we use as basis
[ve) =11) |Vu) = |2), and |v;) = |3).
The Hamiltonian
My, hw; hw,
H=H,+H = <hw1 M, hw1>.
hw; hw; M,

a) We first assume that w; = 0, i.e., no interaction. What is the time development
operator? What happens if the neutrino initially was in the state

1 0 0
[W(0)) = |ve) = (0),or [Y(0)) = |v,) = <1> or |(0)) = |vg) = (o)
0 0 1

What is happening physically in this case?
There are two methods to solve the problem:
- differential equation method,

- linear algebraic method.

First: the differential equation method.

The Schrodinger equation:

how | oo
22 Ay =0.

We expand y in the “neutrino base” :

1 0 0 a;
V=a; )+ azlv) +aslvy) =a | 0)+a(1])+as|0])=(az|
0 0 1 as

We rewrite the neutrino states for obvious reason,
Y = ay [vp) + az|vy) + aslvs),
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and q; is the probability amplitude to have |v;).
In the Schrédinger representation the differential equation is:

d’l MO h(l)l h(l)l a,
lh <a2> = <hw1 MO h(l)1> <a2> .
d3 h(l)l h(l)l MO as

Let w; = 0.

Then, the time dependency of the vector elements is0:
ar(t) = a,(0)e~Mot/%,

az(t) = ay(0)e~Mot/n,

az(t) = az(0)e~ Mot/

Or with the time development operator

a, (t) a;(0) a,(0)
a(t) | = U(®) | az(0) | = e~™Mot/M a,(0) ).
as(t) as(0) as(0)

If the neutrino is in one of the basis states, say |v;),

a;(t) _ 1
ay(t) | = e7™Mot/M{ 0 ) = |vy).
as;(t) 0

The neutrino stays in the state |v,) .

b) Next we assume w; # 0. We assume the neutrino is initially in one of the basis states,
say, |v1). Also assume that at t = 0, the neutrino is in the state

1
[W(0)) = |ve) = [v1) = (0).
0
What is the probability as a function of time, that the neutrino will be in each of the other

two states?

We have
a; My, hw; hw\ /4
ih (d2> = (hwl M, ha)1> (CLz).
as hw; hw; M,/ \a3
Att =0,
a;(0)=1 ,a,(0)=0 , az(0) =0.
Let

_iMgt
a,(t) =e 7w by(t) > by (0) =1,
iMgt
ay(t) = e by(t) = by(0) = 0,
iMgt
as(t) = e~ by(t) - bs(0) = 0.
. _iMot ) iM, —Mot _IMot , iM, _IMot ,
Witha,(t) =e » by(t) > a, = ———e by(t) +e n by = —T‘h(t) +e r b -
) iM, _IMot ,
- aq + Tal(t) =€ h bl, Eq.(l)

The above matrix multiplication gives:

10 Notice: the time dependency in general reads e ~#t/" With E = M,yc?, and ¢ = 1, we can replace e ~‘£t/%

through e ~iMot/h
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iMgt
|

lhal = M0a1 + h(l)l(az + a3) - lhal - M0a1 = ha)le_ bz(t) + b3(t)] b

iM, . Mot
Tal(t) = —iwse  n [by(t) + b3(t)], Eq.(2).
Equate Egs.(1) and (2):
by = —iw4[b,(t) + b3(8)].
Similarly we obtain
1_92 = —iw[by(t) + b3(2)],
bs = —iw[by(t) + b, (t)].
There is no way to distinguish between b, (t) and b;(t) due to initial state
we have
by = —2iw, b, (t),
b, = —iwy[by(t) + by (D)]. .
Differentiate the preceding expression for b, with respect to time and use the expression

- a; +

for 131, we obtain
b, + iw,b, + 202b, = 0.
Assume b, = e'*® and the preceding equation changes into an algebraic expression:
—a’+twa+20=0->a=—2w;,w,.
The solution for b, is
b,(t) = Ae'®1t 4 Be~2iw1t,
The initial condition b,(0) = 0 - b, (t) = A(e'“1t — e~2l@1t) = py(1).
We have for b, (t)
by = —2iw,b,(t) = —2iw, A(ei®1t — g2iw1t),
Integrating gives
b,(t) = —2iw,A (ﬁ etwit 4 Zi—:le_z""lt) =24 (ei‘*’lt + %e‘Zi‘*’lt).
Hence
bi(0)=1=-34>A=—=.
Consequently

and
The probability to find te neutrino in state |v,) or |v3)
1/ Y 2
P(Ive) = V) t) = laz (D)1 = |b(O)1* = | — 5 ("1t — e 2918)|? = = (1 — cos B wst).

c) An experiment to detect the neutrino oscillations is being performed. The flight path of
the neutrinos is 2000 meters. Their energy is 100GeV . The sensitivity of the experiment is
such that the presence of 1% of neutrinos different from those present at the start of the
flight can be measured with confidence. Let M, = 20eV/, what is the smallest value of

hw; that can be detected? How does this depend on M,? Do not ignore special relativity.

The time of flight of the v, neutrino is At = [/v in laboratory time.
Since we have to deal with special relativity, we need to obtain proper flight time
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Arzszt\/1—§=i\/1—%
y c v c

The energy is

M,
E=ymc?:->y= ?0
Again | assume Boccio meant M, to be mc? and v =~ ¢, then
LM
At =~ -=,
c E

We obtained , b),

P(|ve) - |v#), t) = %(1 — cos 3 wqt).

With the 1% condition:

P(|ve) = |v,),t) = 0.01,

orwitht = At

=(1 - cos 3w;A7) 2 0.01 > 1 — cos 3 w; AT > 0.045.
Since cos 3 w, At is close to 1, we can expand cos 3 w; At

cos3w;AT =~ 1 — %(30)1AT)2 - %(a)lA‘t)z > 0.045 > w; > % ~ 0152

l'MO '
Plug into the preceding expression the given numbers and the value of Planck’s constant in
eVs, we obtain

h(l)l > 0.05eV.

Next: the linear algebra method.
a) and b) In this case we look for the eigenvalues of the determinant of the Hamiltonian

My—E  hw; hw
My—E h
hoy  My—E  hoy |=0=M—E)[ 2" M“fE +
hw, hw, My, —E 1 0
hw, hw, hw; My,—E

_h(l)l + ha)l

hw, My—E hoy,  ho; = (My — E)* — (Mo — E)(hw;)? +
—(My — E)(hw1)? + (hw1)® + (hw)® — (Mp — E) (hwy)? =
=My —E)3 —-3(M, — E)(hw,)? + 2(hw,)3.
For convenience set
M, — E = a and hw; =, we obtain for the eigenvalue equation
ad® —3p%a+2p% =0.
This cubic equation has all roots real and at least two are equal(Abramowitz and Stegun).
Rewrite a® —3p%a + 283 =0 = a3 — 2a?p + af? + 2a?p — 4af? + 283 =
= a(a® —2af + B?) + 2B(a? — 2af + B?) = (a + 2B)(a — B)2.
Hence, a@ = [ (twice) and a = —2p.
The three eigen values:
a=-20->My,—E=-2hw; - E; = My + 2hw4,
and
a=p-E,=E; =M, — hw, (degeneracy).
The eigenvectors:
- with the eigenvalue E; = My + 2hw,
M, hw,; hw,;
H|Ey) = (Mo + 2hw,)|E;) - <ha)1 M, hwl) |E1) = (Mg + 2hwy)|Ey).
hw; hw; M,

228



|E1) in vector representation with elements which | assume to be real <

M, hw; hw\ a a
<hw1 M, hw1> (b) = (M, + 2hw,) (b)
hw; hw; M,/ \c c

Then

Mya + hw b + hw,c = Mya + 2hwia - —2a + b + ¢ = 0,
hwia + Myb + hw,c = Myb + 2hw,b - a—2b+c =0,
hwia + hwib + Myc = Myc + 2hw,c > a+b —2c = 0.
These three equations give:a = b = c.

With normalization 3a? = 1.

So

L 1
|E1> = ﬁ(1> .
1

Next |E,), similarly with the unknown vector elements:

MO fl(,()l fl(l)l a a
<h(1)1 MO hwl) (b) = (MO — h(l)l) <b> .
hw; hw; M,/ \c c

Then, the eigenvalue equation:
Mya + hwb + hw,c = Mya — hwija—>a+b+c=0

Assuming the elements are real, at least 1 must be negative.
(E{|E,) = 0, does not create new information.

So,

a=—(b+c).

Plug the preceding expression into the normalization equation:

a2+b2+cz=1—>b2+bc+cz=%—>b=—%ci E_%CZ'

Witha+b+c=0

a—lc+<i ’l—icz>+c=0—>a+lc=<i ’l—icz>—>
2 2 4 2 2 4

sa?t+ac+rct=--3c25a?tac+c? =12,
4 2 4 2

We have:

a2+ac+c2=%,andb2+bc+cz=%.

Hence

a=>b.

Then,witha+b+c=0

c=-2a.

Normalization: a® + b> +c? =1

a2+a2+4a2=1—>a=\/g.
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Note: we could have done the following:

Choose ’———cz—Oec—ifeb—i% =+

1

anda=—-(b+c)==%= i\/;.

2

m\%

Hence

5-4(3)

Finally |E3), similarly with the unknown vector elements:
the eigenvalue equation Mya + hw.b + hw,c = Mya — hwa > a+b+c = 0.
Orthogonality

a
(E2|E3)=0—>\E(1 1 —2)<b>=a+b—2c=0.

c
Witha+b+c=0,anda+b—2c =0,

we finda = —b,and ¢ = 0.
Normalization: a? + b? 4+ c?>=1-2a*°=1-a = \/%
Hence
. 1
|Es> = \/; -1).
0

The initial state of the neutrino

1
[W(0)) = ve) = <0)-
0

Then, with the projection operator

W(0)) = () S 1En) (Enl0(0)) = |E1>f +|Ez>\f +|E3>f

For the time development operator we have
U(t) = e~At/n,
So,

_ _ iEat 1 _;
Y1) = e~/ y(0)) = f Eat/h| g, )+f B IE2)+\£6 Eat/h|Fg) 11
P(|Ve) - |Vu>' t) = (Vullp(t))

where
0
|Vu) = (1)
0
Then,
P([ve) — v, ) t) = I ﬂll/J(t)) 2
(Vuhb(t)) e 2lwit 4 = elw1t — %eiwlt'

" eN(—iM, t/h) does not contribute in the probability.
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So
(v [p)? = ( 2t — ge_iwlt) Ge_zm’lt - éei“’lt) = %(1 — cos 3w, b).
Consequently,
2
P(Jve) = lvu).t) = 5 (1 — cos3w;t).
c) The same result as obtained with the differential equation method.

Hence, for the smallest possible value hw;, we obtain the same result:
hw;, = 0.05eV.

Note : what about P(|v,) = |v;), t) = [{ve |y (£))]??

0 ] iEpt .
With |v,;) = <0>,and [Y(t)) = \/ge‘lElt/hlEl) + \/ge_TZ|E2) + \Ee“E3t/h|E3)

1
(elp()) = (Ge72ert = Seiont),
Then
P(Ive) = Ive), ) = [(velih ()% = 2 (1 = cos 3w, t).
As it should be.

8.15.24 Generating Function
Use te generating function for Hermite polynomials

2xt—t2 _ Yo H.( )ﬂ 2axt—t% _ Yo H.( )ﬂ
e = 2m=oHn(x)—, ore = 2im=o Hn(ax) —,
to work out the matrix elements of x in the position representation, that is, compute

(Ot = [y )X () dx, o1 (ax) ey = [ i (@) axipyyr (ax)dax,

where

1
Pn(@x) = Ny (ax)e 2",
and

_ 1/2 _ (Mwy1/2 _ (kg/sec N1y2 _ kg/sec 12 _ 1
Nn, (Znn'\/—) a=( h )7 [a] (joulesec) (kgmzsec‘zsec) m’

[N,] = (;)1/2, ax is dimensionless when [x] = m.

Now we have the ingredients to calculate the matrix elements.

(@x) = ffooo Yy (ax)axy, (ax)dx = ffooo Ny, Hy (ax)axN  H,yr(ax)e ™% dx.

The generating function and the integral over two Hermite polynomials, for convenience
q = ax:

5 erat=t?g2as=s® qe “dg = [ Y Yo Hn (q) H (q) qe ~Tdq =

= Yo Xy o ,.f_mH (@) Hy (9)qe dq.

So,

(ax)nn, = iNnan f—oooo Hn(ax) aan, (ax)e—azxzdax —
1 %) _

= —NuNy [ Hn(q) qH, (q)e ™ dg

= 7 Ha@) qHy (@™ dq = -5 (@

231



(@)t = J o, Hn(@) qHyr (@)e ™" dg.

NpN
Then,
[5 eratie2as=stg e~dq = ¥ (W= ,,f Ho(q) Hyr (q)qe ™7 dg.

Let us evaluate the mtegral Gaussian,

f_oooerqt—tzequ—szqe q° dgq _f (q+s+t)2+25t(q +s+ t)d(q +s+ t) —

— (S + t)eZSt f_ooooe (q+S+t) d(q + S + t) + f_me—(q+s+t)2+25tqdq — (S + t)\/EeZStI
—(q+s+t)2+2$tqd

since fjoooe q = 0 —anti-symmetric.

Hence
0 o t" s oo _2
Xm0 Zai=0 = oo Hn(q@) Hyy (@)qe™ dq =
k
= (s + t)Vme?st = x/EZ,"f:O% (skFith 4 shtk+ly,

How to derive the matrix elements from the preceding equation?
Let us pay some attention to(Mahan)

© 2qt—t? ,2qs—s? ,-q? o w ths" e —q?
=€ e e~ dq =Yoo Xni—o =i oo Hn(@) Hy(@)e ™" dq.
From the preceding analysis we have also

= f_°° 2qt-t? 52qs-s% 5—q? dq = Vme?t = Va3 O(ZSt)k_

!
Compare the series in the two preceding expressions(=):

These series must be equal. Consequently, n = n'. This is what we already obtained applying normalization:
f_oo Y )P (x)dx = 8,y
So

(2st)™

n ) _g2
1o (@) Hy (@)™ dq = V8, 2= = [0 Ha (@) Hy (@)e ™ dq =
—\/_Z"n S =N25 .
Back to the matrix elements of x in position representation.
A matrix element: (n|x|n’), where [n) and |n’) represents two different eigenvectors or the eigenfunctions

Y (x) and ¥, (x).

Next we use a recursion relation for the Hermite polynomials:
~Huy1 = qQHy = nHy_y = qHy = > oy +nHy .

With the eigenfunctions:

V(@) = Ny (@)e = = (@) = NyH (@3

qHy =5 Hyyy + nHy_y = qNy, H e 37’ = NyHyype” 2 4 N H,_e 57

Npyy = (m)l/z = WW = Ny =Vn+ 1V2Nyy,
@ iz _ -
Nn—l (2" 1(71. 1) \/—) \/_\/_N d Nn \/_\/_

Rewrite N, H,e 27 N WHae —¢* + nN,H,_.e” 29° with the expressions of

N, =vn+1 \/_Nn+1andN —ﬁ

- L2
qN,Hy,e 2 = ;Nan+1€ -0 4 nN,H,_;e 27 -
1 1 1
- anHne_qu = \/ij ( Vn + 1Nn+1Hn+1e_qu + ‘/ﬁNn—lHn—le_qu) -
1
- qn(q) = 7z [V + 1Y (q) + ﬁlpn—l(Q)]'

The matrix elements is about to calculate
Xt = =7, Vi (@ (@)dg =
;f_oo lpn (Q) [Vn + l/)n +1(q) + \/_l)bn —1(q)]
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= i%[“ n' + 1511n'+1 + Wann'—l] .

Hence, the matrix elements are of the position representation between two harmonic oscillator states n
and n' are non-zerowhenn =n'+1.

Note: when we make x dimensionless— ax the, the factor % disappears and vV is the normalization factor

to normalize [~ 15 ()¢, (9)dg.
Furthermore, we did not derive the matrix element from

0 o th n ) w 2k
S0 Lo S [ Ha(q) Hy (@)qe ™ dq = VT 5205 (5K 1% + 55tk

Next, find the matrix elements
(IZVn' (X )y = fjooo H,(q) an,(q)e—qqu_

So,
o . nn' 0 _ o Zk
Zn=02n1=ot—.s—,,f Ho(q) Hyr (9)qe™Tdq = VEZR:o;(S"“t" + skt -

- Zn Ozn 0 "N N, ((XX)nnl = \/_Zk 0 X (Sk+1tk +s tk+1)

Equating the same powers of sandt

2" nan+1 n+la.n
ZTL OZn 0 "N N, (ax)nn \/%F(t S +t S )

Hence,
s"'—>s”+1: n=n+l-n=n-1
v (@ nnen) = VI (n+ D127,
and
s”' s n'=n
N (@x)nr1n = Vr(n + 1)12™,
1

_ a )z,
Use N, = (2nn1\/E) :
with

__a 1 1/2

NNy = 2n2m [n!(n+1)!] ,and

1 1 =
(ax)n(n+1) = T_vn +1- \/_7\/”_’
(ax) (1) = \/_\/n +1- TVn + 1.
How to interpret this result?
11 - -
(X)nn/ = ;TE[VH + 15nn'+1 + \/n_Snn,_l]

The matrix elements are of the position representation between two harmonic oscillator
statesn and n’ are non-zerowhenn =n' + 1.

8.15.25. Given the wave function .......
A particle of mass m moves in one dimension under the influence of a potential V' (x).
Suppose the particle is in an energy eigenstate
PO = e,
h2y2
2m

with energy E =
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a) Find the mean position of the particle
(x) = [ 2 " ()xp(x)dx = 0.

© © y2
J_ W )xp(x)dx = f_oo(y?)l/zxe"’z"2 dx .
The function xe™""*" is anti-symmetric.
Consequently,
(x)=0.
b) Find the momentum of the particle

o * . © * a

(p) = [, " (Ipyp()dx = —ih [_ " () —p(x)dx =
= ihy? ffooo(g)l/zxe_yzxz dx.

Hence,
(p) = 0.
c) Find V(x).
We use the time independent Schrédinger equation, the energy operator,
1
_ h2 a? | (y*\a _y2x? _
—%EIP(X) —[E-V®Ox) =0- ——— (;) e 2 l =

1
2\ _rix? 2
= [E - V()] [(V;)“ ez ] > = (—y2 +y*a?) = E - V().
With £ = 22
m
_ Pyt 5
->V(x) = b 8

d) Find the probability P(p)dp that the particle’s momentum is between p and p + dp.
Making use of the Fourier transform— 1 (p) is the Fourier transform of ¥ (x):

Y(p) = = J e P/M Y()dx = o [ em PN (D)4 V2 gy =
2 2
1/4 px _y*x%) _ 1/4 __ﬂ Y (0
= e GOV dworn(= %~ E5) = o O favews| (25— %) —3(2) | =

- Znh(n)1/4e Z(hY) fdx eXp[ hylx/—_z_f> ]_

= ( )1/49 z(hy)

V2mh N m

ip Yx _
st )exp[ "zt 2 ]

\/— _1/p)? 1/p\?
\/ﬁ( )1/4 (hy) - (nyzhz)1/4e Z(M)'

P(p)dp = [(p) 2dp = (=52 ") dp.

8.15.26 What is the oscillator doing?

Consider a one dimensional simple harmonic oscillator. Use the number basis to do the
following algebraically:

a) Construct a linear combination of |0) and |1) such that (X)is as large as possible.
With the basis vectors, we choose the combination

la) = al0) + b|1),
with normalization |a|? + |b|? = 1.

Now
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(%) = (@*(0] + b*(1])%(al0) + b|1)).
Then,

(%) = x(a™(0] + b*(1])

. ’h
with x, = %

Sometimes use is made of

- A A . / h
X =xo(@+atr), withx, = Z— and x¢ = 2x,.

a+at

a+at

(al0) + b|1)),

With () = x.(a*(0] + b*(1]) (a|0) + b|1)):

(%) = x [a* a<0 arat >+b b< ara’ >+a b<0| ara’ 1>+b*a<1 arar o>]
With

<0 wa 0> —0, and< > 0, we have

(x)—xc[ab<0 a< —| >

= xc[a'b ({0]5 ) ( 1))+ ba({1]5]o) + (1] 5 [o))] =

= xc [£2.(010) + (111)) + Z2 (010} + {111))].

Hence,
a\ ﬁ * *
(x) = mw(ab+b a).

To find the maximum, we choose a and b to be real and with |a|? + |b|? = 1:

o= |2 b+ ) = 2 |2 T = a2
(x) = mw(ab+ba)—2 mwal az.

With

4 (%) = =L =L = |2
a(x)—0—>a—ﬁ—>b—\/§—><x)max— e

The state vector |a) = \/% (]0) + [1)) .

b) Suppose the oscillator is in the state constructed in a) at t = 0 .What is the state vector
for t > 0? Evaluate (X) as function of time for t > 0 using (i) the Schrédinger picture and
(ii) the Heisenberg picture.

With the time development operator:

ja(t)) = U(©)|a) = e~/ a) = = (e71E/"|0) + e~ 1HE/M|1)).
With the ground state and the first excited state of the oscillator,n = 0,1 :
1 i i
() = 5 (e7@H2|0) + e~39%/2 1)),
- In the Schrt')dinger picture:

With a = —e —lwt/2 and b = i g 3iwt/2

(% )—((a*b+b*a) - (%) = fcoswt
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- In the Heisenberg picture

With the results of Problem 8.15.20a, The Harmonic oscillator:

x(t) = x(0) cos wt +—= 20

P = V2mwh,

() = (@2l = (a

=1 [cos wt (a|x(0)|a) +

= l

T2l

(11p(0)[1)) + (1[p(0)]0) +

= % _xc cos wt (<0| ara’ O>
pcsin wt a-atr

— ((0 0) + <1
1[ a+at

=7 |¥c cos wt < >
l [x. cos wt (< ) <
pcsin wt a at

+ Resinot ((1 2 o>—<1 z

2h
= X, COS Wt = [—cos wt,
mw

The Schrdédinger picture:

’ 2h
— Ccos wt .
mw

sinwt

a+at

sm wt,and X = x,—

x(0) cosa)t+p( ) > =

—(alp(0)|a)] =

cos wt ((0]£(0)[0) + <1IX(0)I1) +(1]2(0)]0) +(0[2(0)[1)) +

Ip©11))] =
+<1 d*;“ 1>+<1|
a- > <1 a-at

a+a

at

L

h _ a-at and
= b

2 A

w

IxC_

sin wt

— (0]p(0)[0) +

+ saa+

at+a

)

0) + (0] 2

1>) +

+

(i(i

el
%0>+<0§1>+<0
o)+ {ol 1) - (ol %

see Problem 8.15.20.c

o)+l

<dd
{E R

.
-

1)+

c) Evaluate ((Ax)?) as a function of time using the Schrédinger picture.

((Ax)%) = (22) — (%)%
With |a(t))

(2%) = (a(®)|%*|a(t)) =

=—xc[4+4] =x2.
iwt

Note: keep in mind (

With the result of b)

(%)? = x2 cos? wt.

Hence:

((Ax)?) = x2(1 — cos? wt).

8.15.27 Coupled Oscillators

e2(0|+e 2 (1|

= (e7<0| + eT<1|) aa (e‘T

— L(e—iwt/zl()) + e—i3wt/2|1>)

4l

lxg [(eT(O| + eT(1|) +1+2ata + (@4)? (

iwt i3wt

ez (0] +ez (1]

) G

) (e

0+ 1))

wt
"2 |0)+e”

3wt

)] =

)I-

At _ii
;)

iwt
200)+e”

)=

2 t
a+a [0) + e

3wt

2 (1)

3wt

2 (1)

=(0]0) .

Two identical in one dimension each have a mass m and frequency w. Let the two oscillators
be coupled by an interaction term CX;X, where C is a constant and x; and x, are the
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coordinates of the oscillators. Find the exact energy spectrum of eigenvalues for this
coupled system.
We have for the Hamiltonian:

~2 ~2
—~ —~ —~ —~ D 1 ~ p 1 A A A
H=H +H,+Hy, = ﬁ+;ma)2xf +ﬁ+5ma)2x§ + C%,%,.

A shift to the centre of mass coordinates in order to reduce complexity

p = ’ g/‘\) = ﬁl + ﬁZ'
With these four expression we find

We plug these transformations into the Hamiltonian:
A =T 2 (07 = D) + e mi? (02 4 0),
Indeed, the preceding expression for the Hamiltonian is less complex: two uncoupled

oscillators.

Hence, we use the results for a single simple harmonic oscillator.

The so-called X-oscillator has frequency

wg = (wz—i)
X mJ’

The energy eigenvalues are
1
En, = hwg (ng + E) ,ng =0,1,2, ...

The so-called Y-oscillator has frequency

c
Wy = (wz + ;).
The energy eigenvalues are
1
En, = hwy (n? + 5) ,ny = 0,1,2, ...
The energy spectrum of eigenvalues for these coupled system is

En;(nf, = hwyg (ng + %) + hwy (n? + %)

8.15.28 Interesting Operators
The operator ¢ is defined by the following relations
¢?=0,andéét +¢tée={¢ et} =1.

a)

Hence,
¢*té = M is Hermitian .
-M*=M?

—~

M? = ¢*eere=¢t(I—evé)e =¢etie—etere? =¢te =M.
- The eigenvalues of M are 0 and 1 (eigenstates |0) and |1) ).
Let M operate on |a) and denote the eigenvalue to be a:
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M|a) = a|a).
Then, we also have
M?|a) = Ma|a) = a?|a).
Consequently
(M% = M)|a) = (a® — a)|a) = 0,
for any |a).
Hence
(@?—a)=0->a=0,1.
-¢*10) =|1),and é|1) =07
M|1) = 1]1) - é*é|1) = 1]1) - ([ — é¢*)|1) = 1]1) - [|1) — é¢*|1) = 1]1),
and
¢éét|1y=0.
M|0) = 0]0) - é+¢|0) = 0]0) > (I — é¢*)|0) = 0]0) - [|0) — é¢*]0) = 0]0),
and
¢ér|0)y=10
Now,
(1é¢*]1) = 0 - (1|f|1) — (1|e*él1) = 0 > (1|étel1) = 1
and
(0]¢*¢|0y = 0 - (0|7]|0) — (0]éé*|0) = 0 — (0]éé*|0) = 1.
With the preceding expressions. The only possible solutions are:
¢|1) = |0), and ¢*]0) = |1) .

b) Consider the Hamiltonian

A = hao(M +3).
Denote the eigenstates of H by |n), show that the only nonvanishing states are the states
|0) and |1) . The eigenstates of M with the eigenvalues given under a).
Now,

Hin) = Ey|n),
and |n) expanded in the eigenstates of M :

|TL) = anlo) + bnll)-
With the Hamiltonian operator

Aln) = hwo(M +3)( a,]0) + byl 1)).

With M = ¢*¢, the time independent Schrédinger equation becomes:

Hin) = hwoby|1) + 22 |n) .
With
n=0-ay,=1by=0,andE, =%,

n=1—>a1=0,b1=1,andE1=3h2w°.

It is about fermions.

8.15.29 What is the state?

A particle of mass m in a one dimensional harmonic oscillator potential is in a state for
3fl(4)0
2

. . h . -
which the measurement of the energy yields the values % or , each with a probability
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of one-half. The average value of the momentum (p,) attimet = 0 is ( )1/2 This

information specifies the state of the particle completely. What is the state and what is (p,)
attime t?

We know the two base states and express the state of the particle at £ = 0 into the two
base states:

[¥(0)) = al0) + b|1).

We have |a|? + |b|*> = 0.

So, with a probability of one-half for |0) and |1) respectively and take into a count a phase
difference a:

|b|? =2 > b =—el.

The state att = 0 .

() = 5 (10) +e™[1)).
(Dy) attimet = 0is (mT“’h)l/z:

(ﬁx> = (1/1(0)|15x|1/)(0)) = (mTa)h)l/z.

With p, = (mTwh) (@a-a*:

|a|2:%—)a:

ﬂl ﬁIH

1

(Dx) = (1/J(0)|25x|1/)(0)) = —ﬁ [(0] + e~™(1]](a — a*")[|0) + ™*|1)] =
- (20 s =

For the state of the partlcle attime t = 0, we obtain
[(0)) = (10} +i[1)) .
Then, applying the time development operator, we have for the state at time t
() =5 (e710) +ie™ = 1))
(P,) at time t:
(Px)e = WDl () =

1
.(mwh 2

) iw_t 3wt i3wt
—ﬁ—kz<m wz(ﬂ(a—wj[ S0y +ie || =

)z —>a—;

1
2

e BBot _iwt _iBwt
:27[92 <O|—ie 2 (1|”e 2 |1)+ie 2 |0)]| =
1
= (m:)h)E cos wt.

8.15.30 Things about Particles in a Box.
A particle of mass m moves in a one-dimensional infinite well of length [ with the potential

(o) x<O0
Vix) =40 0<x <
00 x>1

At t = 0, the wave function of this particle is known to have the form
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Y(x,0) =\/?7—;)x(l—x),for0 <x<l,

and

Y(x,0) = 0, otherwise.

a) The eigenfunctions of this particle in a box are given in Problem 8.15.15:

2
Yp(x) = \/%sin (#) , and the eigenvalues are E,, = (nh) n=123,..

2mi?z '’

We expand 1 (x, 0) in the eigenfunctions

l,b(x, 0) = Zrolo an lnbn(x) .
Then,

J Wi GO 9 (x, 0)dx = X7 an [ 5 (1) Yr(x)dx = I3 an S = .

So
ay = fol\/%sin (nTkx) j—:x(l —x)dx = ?—:folx(l — x) sin ("Tkx) dx.
Applying integration by parts:

60 (13 415 8V15
@, = 2\/1:6 (=) (1= cosm) = (1 —cosmk) = =, k =135,

The wave function

oo 815
Y(x,0) = X ax Yr(x) = Xis oddwwk(x)-
b) What is the probability of measuring Ej, att = 0?

8V15\°
P(E) = lal? = (22) ,k =135,..

With help of this result an expression for an infinite sum can be obtained:

VT2 1 6
2k P(Ex) =1 - Xkisoda (_(n,k)3) =1- % isodd e — 97170'

Obviously, the same result is obtained with the box symmetrically positioned at x = 0, and

’30 l 1 1 1
IP(X,O) = 1—5(5+x)(5—x),for—5< X <E'
c) Using the time development operator, we find for the wave function at time t

Yo t) = 55 0y (e

8.15.31 Handling Arbitrary Barriers ......

Electrons in a metal are bound by a potential that may be approximated by a finite square
well. Electrons fill up the energy levels of this well to an energy called the Fermi energy as
shown in the following figures below(Boccio):
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g

E
Figure 8.6: Finite Square Well
The difference between the Fermi energy and the top of the well is the work
function W of the metal. Photons with energies exceeding the work function
can cject electrons from the metal - this is the so-called photoelectric effect.
Another way to pull out electrons is through application of an external uniform
electric field £, which alters the potential energy as shown in the figure below:
o
w \
¥ g N\
.
\
\\
Figure 8.7: Finite Square Well + Electric Field

By approximating(see notes below) the linear part of the function by a series of square
barriers, show that the transmission coefficient T for electrons at the Fermi energy is given

by
T =~ exp (—_4@‘”%) .

3e|é|n
Note:
In Fitzpatrick Chapter 5, The Undergraduate Course, the tunneling through the barrier in
Figure 8.7 has been derived using the WKB Approximation.
There, the ratio of the probability densities to the right and to the left of the potential barrier
is interpreted as the probability, |T|?, that a particle incident from the left will tunnel
through the barrier and emerge at the other side: i.e.,

2
TP = 28 = exp (— 222 [ \[V(x) — F dix), Eqs(5.49) and (5.50).
1

See also Mahan , Chapter 3 Approximate Methods, Section 3.3 Electron Tunneling, pages 76
and 77, Figure 3.6.

How would you expect this field- or cold-emission current vary with the applied voltage?
This calculation also plays a role in the derivation of the current-voltage characteristic of a
Schottky diode in semiconductor physics.

We have for the transmission coefficient

T =~ exp (—N—%f;:w/V(x) —E dx),

with x is along the horizontal axis and at x = 0, W the work function of the surface is O.
In the absence of the electric field, the potential barrier just above the surface is
Vx)—Ef =W,

where Ef is indicated in Figure 8.7.

The electric field modifies the barrier to

V(x) —Ef =W —eéx.

Atx = L,wehaveV(x) —Er =0,

and
W = e&L.
Hence,
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Tzexp( ZFf mdx)—exp( erw/egmdx)
=exp( 2\/_W/ — \/_dy)—exp< 4;2;:“).

Approximating an Arbitrary Barrier

AN

Figure 8.8: Arbitrary Barrier Potential

‘v“)\')

An example of an arbitrary potential barrier is shown in Figure 8.8 (Boccio).
For a rectangular barrier of width a and height V;;, we found the transmission coefficient to

be

— 1 2 _ 2m 2 — 2% _
T—1 VsmhZya k* = th ,and y* =k (E
+4E(V0—E)

See Section 8.5.2 Tunneling ,Eq.(8.187) page 565.

1).

eva
Boccio presented a useful limiting case for ya > 1 — sinhya — - -

G 1
E(Vo—E)  (LEyz'’
0 (kVo)

and

2 = 552

Then with the preceding two expressions and ya > 1

T= V% sinh2ya - 1_+_e21’a(y2+k2)2 - (y2+k2) e .
4E(Vo-E) 4 2yk

Boccio took the natural log of T and approximated
In(555)% - 0.
So (55)” =
and

2 = k%(7 + 4V3).
With y2 = k?(2 - 1),
Vo = 4E(2 + \/§) Is this realistic?

1,

Hence, withya > 1
T =e 2re,

See Figure 8.8 . Now the probability of transmission through an arbitrary barrier is just the
product of the individual transmission coefficients of a succession of rectangular barriers.
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Thus, if the barrier is sufficiently smooth so that we can approximate it by a
series of rectangular barriers (each of width Axz) that are not too thin for the
condition ya > 1 to hold, then for the barrier as a whole

lnTNlnHT ZluT = f’zw Ax

If we now assume that we can approximate this last term by an integral, we find

[om
T ~ exp (-2 Z '\A.l‘) A exp ( / \/ ”l L(Il)

where the integration is over the region for which the square root is real.

You may have a somewhat uneasy feeling about this crude derivation. Clearly,
the approximations made break down near the turning points, where F = V(x).
Nevertheless, a more detailed treatment shows that it works amazingly well.

A detailed treatment is the WKB approximate method?

8.15.32 Deuteron Model
Consider the motion of a particle of massm = 0.8 - 1072% gm in the well shown below,
Boccio:

Vix)

Figure 8.9: Deuteron Model

The size of the well(range of the potential) is a = 1.4 - 10~'3 cm. If the binding energy of
the system is 2.2 MeV, find the depth of the potential.
This is a model of the deuteron in one dimension.

See also Mahan pages 17, 18 and 19, Chapter One Dimension section 2.2

o x<0
Vix)=4-V, 0<x<a
0 a<x
Bound states are defined as having an eigenvalue E < 0 and use E = —|E]|.
The general solution of the Schrodinger equation for0 < x < aand k = M:

1!’1 — Aeikx + Be—ikx,
with the boundary conditionatx =0-> 19, =0-> A4 = —B.
So,
Y, = Csinkx.
The general solution for x > a and y? = Zh—zl |E] :
Y, =De V* + Fe?™ .
The eigenfunction vanishes forx - co - F = 0>

243



Atx =a
Y, =1, » Csinkx = De™ 74,

aYs _ dp — _Dye-va
= ax — Ck coska = —Dye V%,
Dividing the two preceding equations, which cancels the two constants C and D,

k
tanka = — -

w
_ . me(Vo—lEl)_ _ ’ZmIEI) ’Vo—|E|)_ /Vo—IEI)

ka=a T —a 27 =W T

So,

k_ [Vo-IED

14 lEl -

Then

[Vo-IED] _ _ [vo-IED
tan[ay IE| ]— E

Plug into the preceding expression the given numbers

vo-lED, _ /vo—|E|)
tan[0.32 “E | = “E

With the WolframAlpha app:

Vo—|ED)
|E|

~ 5.47.

Hence
Vy = 66.55 MeV

8.15.33 Use Matrix Methods(Matrix Algebra)
A one-dimensional potential barrier is shown in the figure below, Boccio:

R

[ ,

o a X

Figure 8.10: A Potential Barrier

Define and calculate the transmission probability for a particle of mass m and energy
E (V; < E <V,) incident on the barrier from the left. If you let V; = 0 and a = 2a, then
you can compare your answer to other textbook results!2. Develop matrix methods (as in

the texts) to solve the boundary condition equations.
Figure 8.10 shows we have three regions to consider:

12 think if you let V; — 0 and do not change a, you can still compare your answer with textbook results.
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h2k?

1)x <0, P, =e* + Re™™* and E =

’

2m .
2)0 <x <a,tunnelingy, = Ae P* + Bef*and V, — E = P,
. 21,2
3)x>a, P;=Te** andE -V, = hZT’:I,l.

The boundary conditions result into four equations:
atx =0
Pi(x=0)=9YP(x=0)>1+R=A+B,
d d .
Sty (x = 0) = =, (x = 0) - ik(1 - R) = —B(4 - B),
two equations represented in matrix form:

(e )@= )G

atx =a
l/)z(x = a) = 1/)3(3( = a) — Ae P2 4 Beba = Teikla,

d d _ . i
alpz(x = a) = al’[)?)(x = a) N _ﬁ(Ae Ba _ Beﬁa) — lleelkla,

two equations represented in matrix form:
( e~ Ba eha )(A) _ ( 1 )Te”‘la
_ﬁe—aa ,Beﬁ“ B iky :
With matrix algebra we can obtain an expression for T

0= G 507 C Do ) ()

| will use old fashioned methods.
The first set of equations:

1+R=A+8B,
ik(1—-R) =—-B(A—B).
Then,
A = B—ik+R(B+ik) '

2B
and
B = B+ik+R(B—ik)

2B

The second set of equations:
Ae P2 4 BePa = Teikra
—B(Ae™P4 — BeP?) = ik, Tetkra,
Then,

T(B—iky)e®(ik1+B)
A =TE 12)3 '

and
T(B+iky)e?(k1=F)
2p
With both expressions for A:
T(B—iky)e?(k1+h) _ BoikARGBH) T(B-iky)e®K1th) — p—ik
2B 2B B+ik B+ik
With both expression for B:
T(B+ik,)e®K1=B)  piix+R(B-ik)
2p 2p

B =
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Plug into the latter expression, the expression we derived for R:

. i _ . T(B—ikq,)e?(k1+B) . B—ik
T(B + iky)e®*17B) = B + ik + l/;+eik (B —ik) — ﬁ+lk (B —ik) =

= T[(B + iky)e? W) — E=t (B — ik, )eTatP] = B + ik — £ (B = iko).

Multiply the latter expression 8 + ik :

T[(B + ik)(B + iky)e® =P — (B — ik) (B — iky)e®H1*P)] = (B + ik)* — (B — ik)* —
> T[(B + ik)(B + ik)e P* — (B — ik)(B — iky)eP] = 4ipke™Ha® -

> T[{B% + iB(k + ky) — kkyYe P — {52 — iB(k + k) — kky}eP?] = 4ifke™ 1% -
7B ) et i (148) -] e

The latter expression can be written as:
. K B ki) . . i
T [l (1 + 71) cosh fa — (E - —1) sinh Ba] = 2ie"ta,

B
So,
T = 2ie~tk1a
B i(1+k—k1)cosh[>’a (é—?)smhﬁa

The limit case is a single barrier of width a .
For a rectangular barrier of width a and height V;;, we found the transmission coefficient to
be

T = L

V% sinh2 ya
4E(Vo—E)
See Section 8.5.2 Tunneling ,Eq.(8.187) page 565.
What we are looking for is |T|?, Problem 8.15.31 Handling arbitrary barriers.

We have for the limit case:

, k2 =22F ,and y% = k?(2— 1), Problem 8.15.31.

By2 _ Vo Yo B2 (k)z Yo
— = —_—— —_ — = —_— —_ =
(k) = 1 = 1+(k),and1+ 3 VooE
Then
—ika 2ie” k@ [_2i cosh Ba— (E——) sinh Ba]
— 2ie kB
21 cosh Ba- (E_E) sinh Ba 4 cosh? ﬁa+(§—%)2 sinh? Ba
Hence,
|T|2 = ; k = 11,8 k = Z : 2 -
4 cosh? ﬁa+(E_E)2 sinh? Ba  1+sinh? ‘Ba+Z(E_E)2 sinh? Ba 1+%[2+(§) +(%) ]sinh? Ba
1
- IT|? =

V% sinh2 Ba ’
4E(Vo—E)
where use has been made of: cosh? fa — sinh? fa = 1.

8.15.34 Finite Square Well Encore.
Consider the symmetric finite square well of depth V; and width a , page 570 Course.

a)Lletk = /2 Y % sketch the bound states for the following choices of —

i)"z—“=1, ii)7=1.6, iii)7=5.

Symmetric square potential well
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_ _2 <8
V(x>={V° 2 =% =3
0 otherwise
where V, > 0.

The issue of parity is discussed on the pages 572-574.
The finite symmetrical square well potential:

Even parity: y = xtanx , x% +y? =712,
Pages 571-572, Even Parity Results:
ptanpa/2h = hk

p% = 2m(V, — |E|), and for |x| > % k2 = nglm

See also Fitzpatrick page 77, Undergraduate Course.

Odd parity: y = —x cotx , x? +y? =r2

With

_ [|[2ZmEy _|2m(Vp—Ep)
K= ’k_\/ h2 ’

k
andx,y>0,r=%a>0.

In the figure below the solutions for the three cases are shown

-

(i) ">~

(i)

(i)

n/2 m 3m/z2 2m
wk
Case i) 7‘1 = 1.
We have one bound state with the following wave function:
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En small

17

Case ii)kz—a =16.

We have two bound states with wave functions shown below:

Ez
f~—"" cloge o ionization
3]

ey K

Case iii) 7“ =5,

There are four bound states with wave functions shown below:
/ \Ea

A
N,
[

T

E1

b) Show, no matter how shallow the well, there is at least one bound state of this potential.
Describe it.
As the well becomes deeper and deeper, increasing 1/, there are more and more bound

. . . . .k
states. Inspecting the solutions on the foregoing page, with decreasing 7a and the well

becomes more shallow, there is still one solution.

c) Let us re-derive the bound state energy for the delta function potential(see page 583)
directly from the limit of the finite potential well. We use again the graphical solution
discussed in the text. Take the limitasa = 0,V, — oo, but aV, to be a constant, say U,.

mug
2n2

Show the binding energy to be E;,, =

With the above information:

2mV, 2m 2m U,
ka = la= |—Voya= |— =.
2 n2y, O PERNIA

Hence
lim ka=0,
Vo— 0
Consequently,
lim xka = 0.
Vo— 0

Then, expand the tangent function fora — 0

ka ka ka)®> ka k?a a2m(Vy—E
ka _xa [ ka)” ka .. _Ka_ azmVo—Fp)

k@ tan
2 2 2 4 2 2 2 h2
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Then, with aV, = U,

__ k?a _ m(Up—aEp) . _ mUy
K—T—T,u5|nga—>0—>rc— =z
2mEy 2mE, mU, mug
K= - = - FE, = .

\/ h2 \/ h2 h2 b= 22

The bound energy for the delta potential well with strength U,.

d) Consider now the half-infinite well, half-finite potential well as shown in the figure below:
AV =m

x=0 x=L

Figure 8.11: Half-Infinite, Half-Finite Well

Without doing any calculation, show that there are no bound states unless kL > g

Think about erecting an infinite wall down the center of a symmetric finite well of width
a = 2L. Also think about parity.
For the above potential we have
Y(0) = 0.
The above “geometry” is equivalent to a symmetric square well of width 2L and ¥/(0) = 0.
This implies odd-parity of the wave function.
As we learned, a), the odd-parity solution is
—x cotx.
Then we know the preceding function to be positive for x > /2.
Hence,
2>m/2-kL>m/2.
e) Show that in general, the binding energy eigenvalues satisfy the eigenvalue equation
K = —k cotkL.
For the potential well shown in Figure 8.11, we have for the eigenfunction:

0 x<0
P(x){A;sin(kx) 0<x<L

A,e™**  x>a
where
2 = ZVo=Ep) — 2mEp

h2 h2

Now, match the eigenfunction and its derivative at x = L:
A;sinka = Aye L,
kA, coska = —kA,e *L,

Dividing the preceding two expressions:

,and k2

tanka = —§—>K= —k cotkL .
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8.15.35 Half-Infinite Half-Finite Square Well Encore

Consider the unbound case eigenstate of the potential below:

A
=—A ikex + igh ) = fhx

wr'ul (x) . € > < wp,-(x) AE

E

Figure 8.12: Half-Infinite, Half-Finite Well Again

We assume the “bottom” of the well to be at =V, and E > 0. The width of the well is L.
First, some observations.

Consider a free particle x > 0 and an infinite potential wall at x = 0.

An incoming wave from the right and a reflected wave.

The general solution of the time independent Schrédinger’s equation:

%+ k?P(x) = 0and k? = 1—TE -

- P(x) = Be't™ + Ae~kx,

Atx =0-1P(x) =0-> B =—-A4-P(x) = 24e~"™? sin(kx).

This illustrates the odd parity situation.

Next V, < E. Continuous states are analysed

O0<x<L:
The time independent Schrodinger’s equation:

2
% + p?yP(x) = 0and p? = z;—T(Ek + V).
Unlike the potentials with finite wall, the scattering in this case is reflection from the infinite

wall potential. If we send a plane wave towards the potential, Figure 8.12 above,
l/)in(X) = Ae_ikxi

2
where the particle has energy E = (R

2m
the refelcted wave will emerge from the potential with a phase shift

Your(x) = —Aetkxtd,

a) Calculate the phase shift.

The time independent Schrédinger equation:
forO<x <L

YD | g2p(x) = 0,and g = 22 (E +Vy) = k2 + K,
E is the energy of the free particle.

We have odd parity:

Y(x) = Csin(gx).

For x > L, the general solution is :

Y(x) = C; sin(kx) + C, cos(kx).

The preceding wave function is usually written:

Y(x) = D sin (kx + y)

At x = L the wave function and its derivative to be continuous:

)
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C sin(qL) = D sin (kL + y),

Cq cos(qL) = Dk cos(kL + y).
Dividing both equations:

tan(ql) = %tan(kL + 7).

Hence

¢ =2y =2tan"! [Stan(qL)] — 2kL .

b) Plot the function of ¢ as a function of koL = 6 for fixed energy.
We introduce a number for the fixed energy

k = kﬁ = \/VE , the fixed energy, dimensionless binding energy,
0 0

k _klko _ Kk

a a/ke  JE2+1'

qlL = kiokoL =+Vk2+1-6,and
k j—
kL = =koL = k6.

Hence,

_ -1|_k [12 9 =2k
¢ = 2tan [m_tan( kZ+1 9)] 2k6.
A plot is shown for k = 0.1.

So,

¢ ~ 2tan"1[0.1tan(8)] — 0.26 .
The plot, Boccio,

1

-4

"o 2 4 6 5 10
KL

We see sharp spikes near
At these points ¢(phi) jumps 2. For each new bound states the phase jumps 2m.

c) The phase shifted reflected wave is equivalent to that which would arise from a hard wall,
but moved a distance L’ from the origin

$_2. —1|_k 2 . _
=~ tan [mtan( k2+1 9)] 2L .
What is the effective L' as a function of the phase shift ¢ induced by the semi-finite well?

k
With ¥(x) = D sin (kx + y), see a), and the virtual potential wall at x = L":

. i — r— _Y ’—_i
Dsin(kl' +y)=0- L' = korL ==
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8.15.36 Nuclear a Decay

Nuclear alpha-decays (4,Z) — (A — 2,Z — 2) + a have lifetimes ranging from nanoseconds
(or shorter) to millions of years (or longer). This enormous range was understood by George
Gamov by the exponential sensitivity to underlying parameters in tunneling phenomena.
Consider a« = *He as a point particle in the potential given schematically in the figure
below(Boccio)

Vir)
\

\
\
\2iz-2ie
o
. funnelng
—

——

Figure 8.14: Nuclear Potential Model

The potential barrier is due to the Coulomb potential 2(Z — 2)e? /r . The probability of
tunneling to the so-called GamovV’s transmission coefficients in Problem 8.15.31(page 215)

T ~exp[—2 f\/zh:T -V (x) — Edx] —exp [—%f: V2m(V(x) — E) dx],

where a and b are the classical turning points: E = V(x). Work out numerically T for the
following parameters: Z = 92 (Uranium), size of nucleus a = 5 fm and the kinetic energy of
the a particle 1 MeV, 3 MeV, 10 MeV and 30 MeV.

Below | copy the Matematica code of Bocci

We compute the integral

2 (z-2)q? 2(z-2)q*
V= ; tp= ;
EO

r
Tint[r_] = Integrate[+2m (V - E0) , x|

- | / 2 (-7 - X
VZ |r. [m[-EOD- 2g® (-2-2%) |
[V £ /

2q* AT \fm(-BO+ 28220} (.242) Log[2V/ED Vr +2Vdq? +EOT-2q° 3 |
- o |

JEO Vaq® ~EOF-2qf 2 |

to give the turning points and probabilities

ergtomev = 624150.97;
2
constants = {m - 3727 .37911/ (2.99792458+107) ",

k- 6.58211915+107°%, 2592, a+5+10"7, g+ 4.802+107'% « \/ergtomev };
energies = {1, 3, 10, 30};

T = Exp|- N (Tint[b] - Tint[a])];
(tp /. E0O -+ energies /. constants) » .01
(T/.b=tp-$MachineEpsilon) /. E0 -+ energies /. constants // Re

{2.59064x107"?, 8.63545x10"", 2.59064x 107", 8.63545x107°}

{4.08218x 107", §.29166x10%, 3.4855x10°%*, 0.000152428)
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Mathematica note: The integral blows up at the classical turning point b, so
this must be handled numerically. In the above computation we take b — b —¢,
where epsilon is the MachineEpsilon, or the upper bound of positive numbers
d for which 1.0 + 4 = 1.0 on one’s computer.

So, to solve the above problem numerical methods have been used.

Still, approximate methods are useful(Mahan). With iterative numerical methods an
approximate solution is useful for making the numerical method efficient.

Then, in this case we have a 3-D problem with a Coulomb potential.

Hence, with a central potential in 3-D, the effective potential is:

o\ ,2 2
V(r) = 2z rz)e + Z;llrz [(l + 1), see also page 655 Eq.(8.700),

the second term in the above expression for the potential is the centrifugal barrier.
The differential equation for the radial part of the wave function is:

(& -2 W) - Bl @) -

x(r) = rR(r),
where R(r) is the radial part of the wave function. The angular parts are the spherical

harmonic parts, translated into the centrifugal barrier. The expression Zh—zl [V;(r) — E] plays a
key role in approximate methods.

The above differential equation can be solved with approximate methods, very similar to
the approximation for the Hydrogen Atom, page 655 Undergraduate Course.

8.15.37 One Particle, Two Boxes
Consider two boxes in 1-dimension of width a, with infinite high walls, separated by a
distance L = 2a.

x=L/2

Figure 8.15: Two Boxes
A particle experiences the above potential and its state is described by a wave function.

The energy eigenfunctions are doubly degenerate, { ,(l+), q.’),(l_)|n =1,2,34,. } -

1 _ L
- 00 = £2).
The eigen functions of a particle in a box:

{\Ecos(?),n =135,.—a/2<x<a/2

u,(x) =
" {\/%sin(naﬂ),nz2,4,6,...—a/2<x<a/2

0 |x| > a/2
The eigenvalues

ESY = B =n?

w2 h?

2ma?’
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Suppose at time t = 0, the wave function is
_1.,(=) 1 .,.(-) +
IP(X) - 5 1 + Ed)z \/_¢ ’
the wave function ¥(x) is normalized.
a) What is the probability of finding the particle in the state ¢1(+)?

The probability of finding the particle in the state ¢>(+)?

P = ¢ [weo) =3

242
b) What is the probability of finding the particle with energy - = > ?
E( -)
So,
1
P = o fpeo) =2,
and

=l =1

The probability of finding :mf;z
P, +P_ = % .
We added the probabilities: The two boxes are “independent”.
c) CLAIM: At time t = 0, there is a 50-50 chance for finding the particle in either box. Is the
claim justified?
We can expand () into the eigenfunctions:
Y0 = Tk by + Tncn by -
The probability to be in the left well (+):
Piee = Znlci? = (5)* =7
The probability to be in the right well (—):

1 1
rlght =2nlcn |2 = ( )2 (E)Z =3
Hence there is a 50% chance to be in the left well or in the right well.

d) What is the state at a later time assuming no measurements are done?
With time development operator

Yoo = L0+ Z]e

T ¢( g

e) Now let us generalize. Suppose we have an arbitrary wave function at t = 0, ¥ (x, 0), that
satisfies all the boundary conditions.

Show that, in general, the probability to find the particle in the left box does not change
with time.

The explanation: we have to boxes. When a particle is in the left box at time t = 0, it will
stay in that box.

The probability for being in the left box

Proge = Zn| (¢<”|w(x t)>|2

_Ext _ Bkt
= S (05| Zcte™ T 18E7) 12 2l (857 | S 7 16070 12 = Salei
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No time dependency.

f) Show that the state ®,(x) = clqb,(f) + cqu,([) is a stationary state.

¢1 and ¢, are complex numbers.

The question to be answered is: is ®,,(x) an eigenstate of the Hamiltonian H?
AD,(x) = cAd,” + el = 1BV, + B .

with EEP = &) = E,

ﬁ¢n(x) = En(cld)r(lﬂ + C2¢7(1_)) = Enq)n(x)-

g) Next, consider the state described by the wave function

Y(x) = (¢1(+) + qbl(_))/\/f, normalized.

The probability density in x:

The probability density, |1 (x)]? is symmetrical distributed. So, we have something
like(Boccio):

AN BWA

[
-Li2 L2

Note: below a plot of cos? x, with WolframAlpha,

The expectation value or mean value (x):
for the two independent boxes we expect (x) = 0.
To calculate (x), we have to evaluate the sum of the following two integrals:
L a L L a L
4= | x4+= 4= m(x—=
[ 2 Zxcos? l—( Z)l dx + [ & x cos? [—(a Z)l dx =

a

272
f_%g(y — g) cos? [%] dy + f_gg(y + g) cos? [%] dy =2 f_ggy cos? [%] dy = 0.
h) ghow that the momentumzspace wave function is ’
P(p) = V2 cos (Z) i, (p),
where
i, (p) = fjooo u, (x)e " P*/hdx
is the momentum-space function of u,; (x) .
With (x) = [ (0 + ¢ (01/V2 -
=3P = 017 ®) + 1 )]
We have
,(li) =un(xi§).
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So,
il (p) = e L@ [® 3 (x £ g)e“'px/hdx :
Since there is always phase ambiguity, we can write
) = exPHED 4, ().
. 7 1 -
With P(p) = =[¢:" (@) + ¢, @)]

- 1 [ BL _ipL | L\ ~
@) = [T am) + e H 5p)| = VZeos (B) mp).
i) Without calculation, what is (p) ?

We have u(x) « cosx .

Then ii(p) is the Fourier transform of (Boccio)

e

Boccio presented a picture of the curves for ii; (p), the red curve, and for ¥(p), the blue
curve:

N
08 |I || \
0.6 / || Y
ATl
11 | If \
/| \
0.2 A /
AN £\ /| | | I'\ \ \'. A
. / e
SWAN LW WYY
-0.2 ‘:JI" || | | ‘ W ’
||
0.4 | | ||
0.6 l | |
| |I
08 W V
Mo 8 % 4 = 0 2 4 6 8 10

We have (p), since {(p) is symmetric around the origin.
j) Suppose the potential energy was somehow turned off, so the particle is free.
Without doing any calculation, sketch how you expect the position-space wave function to
evolve at later times.
Suppose V(x) — 0 instantaneously. Right after the potential is turned off, 1(x) is in the
same state as just before turning of the potential energy:

t=0+

ANEEVA

Then, att = 0 +, the two wave packets shown above will spread. Eventually, the wave
packets will overlap and interference will occur. lllustrated in the Figure under i).
This picture resembles Figure 8.23 page 636, Undergraduate Course: the two-slit problem.
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8.15.38 A half-infinite/half-leaky box

Consider a one dimensional potential
o) x<0
Vi) = {U(,(S(x —a) x>0

7// V=/ac// A
_

r=() =a

Figure 8.16: Infinite Wall 4+ Delta Function

a) Show that the stationary states with energy E can be written as
0 x<0

u(x %sinkx 0<x<a
Asin[kx + ¢ (k)] x>a
where
2mE k tan(ka) __2mUy

k

= |5 ¢ (k) = tan™1[
Solutions to the time independent Schrodinger equation Hu = Eu,
d? 2

5=~ [E = V()Ju(),

dx?
-x<0-u(x)=0,sinceV =0,
-x > a - u(x) = Asin(kx + ¢), the general solution for a free particle.
-0 <x <a - u(x) = Bsin(kx), odd parity .
Three unknowns: A, B and ¢. The boundary conditions at x = a:
sin(ka+¢)

sin(ka) ’

k—yotan(ka)] v Yo = h?

- u is continuous— B sin(ka) = Asin(ka + ¢) > B =

du . . . . . - .
- ﬁ is discontinuous. Integration of the time independent Schrédinger equation over a small

. +ed? d d 2 +
interval 2 — f;_;d—;;dx = (d—Z)aJ,‘E - (ﬁ)a_ = —h—T ;_;[E - V() ]u(x)dx —
2 2 + 2mu

= =2 Eu()[3E + 22 [0 Up8(x — a)u(x)dx = 0 + =2 u(a) = you(a).
So,

du du
().~ ), = rou(@.
With ¢ - 0:
(Z_Z)‘”g — Ak cos(ka + ¢),

auy _ gy, Sin(ka+¢)
(dx)a_s = Bl cos(ka) = Ak Z5 !
Hence,
Ak cos(ka + ¢) — Ak% =yoAsin(ka + ¢) - k — k% =y, tan(ka + ¢).
Then,

k _ _ k __ ktan(ka)

tan(ka + ¢) [yo + —tan(ka)] =k - tan(ka + ¢) = E = Tty tanGed)

Yo +tan(ka)
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_ —1[ ktan(ka) ] .
— ¢ =tan [k+y0 tan(ka) ka.

Since we have u(x) = Asin(kx + ¢) for x > a there are just unbound states.
The question is
_ 1 [ ktan(ka) _ 5
¢(k) = tan [k—yo tan(ka)] ka:
Well, the answer | found is related with a delta function potential barrier, where ¢ (k) is

related with a delta function potential well.
For a potential well we have:

du du
(&)... ~ (@), . =-rou@.
b) Show that the limits y, = 0, and y, — 0 give reasonable solutions.
kt%(ka)]—kazka—ka=0—>B=A,and
u(x) = Asin(kx), a free particle and odd parity.

ktan(ka)] —ka=0—-ka=—-ka.

-Yo— 0 (l):tan_l[

- Yo = © - ¢=tan‘1[
Yo

sin(ka+¢) >B=0- u(x) =0for0<x<a.

sin(ka)
x> a - u(x) =Asin[k(x — a)].

B=A

c) Sketch the energy eigenfunction when ka = m . Explain this solution.
When ka =m,tan(ka) =0-> ¢ = —ka = —n

u(x) =Awsinkx ,0<x<a,
sin (ka)

and

u(x) = Asinfkx+¢] , x>a.

So,atx = a, u(x) = 0.

Then, we could conclude for 0 < x < a, u(x) appears to be a bound state.
Note:

u(x) — 4 sin[ka+¢]

Sin (ka) sinkx - u(x) = A:ii%sin kx, with 'Hopital Rule, u(x) = Asin kx.

d) Sketch the energy eigenfunction when ka = g . How does the probability to find the

particle in the region 0 < x < a, compare with that found in part c)?

T
ka ==
2

Yo

k+yo tan(ka) k+yotanm/2 m.,.

= tan™? [E] -z,
Yo 2
Then, with % = ka

sinlkat 009  sinftan~ (£} < 1.
0

sin (ka)
Under c) we found the wave function to be u(x) = Asinkx .
Here we have u(x) = A Msin kx.
sin (ka)

So, the amplitude of the preceding wave function is smaller than the amplitude obtained
under c).
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e) In a scattering scenario, we imagine sending an incident plane wave which is reflected
with unit probability, but phase shifted according to the conventions shown in the figure
below:

V=0 —€

7

Figure 8.17: Scattering Scenario

Show that the phase shift of the scattered wave is (k) = 2 ¢.
There exist mathematical conditions such that the so-called $!3-matrix element e blows
up. For these solutions is k real, imaginary, or complex?

The wave functionforx > a:
e (kx+®) _ p—i(kx+¢) e—i®

x=() x=a

u(x) =Asinlkx +p] = A — =-A— (e ¥ — ptkx+2iy
So, B = 2¢ is the scattering phase shift. The S-matrix = oo for the quasi bound state,
¢ = —ka = —mn(?). When, for this case k is complex— ¢ # m.

8.15.39 Neutrino Oscillations Redux

Read the article T. Araki, et al, “Measurement of Neutrino Oscillations with Kam LAND:
Evidence of Spectral Distortion,” Phys. Rev. Lett. 94, 081801 (2005), which shows the
neutrino oscillation, a quantum phenomenon demonstrated at the large distance scale yet
(about 180 km).

a) The Hamiltonian for an ultra-relativistic particle is approximated by

2.3

H = \/p?c? + m?c* = pc + mzpc ,
forp = |p|.
Suppose in a basis of two states, m? is given as a 2 X 2 matrix

2 2, , Am? (—cos260 sin26

=msl +— .

me=mol+=; ( sin20  cos 20)
Write down the eigenstates of m?2.
The normalized eigenvalue/eigenvector pairs. We analyse:
(— cos 260 sin 29) (a) - (a)

sin20  cos26/\b b/

Resulting into two expressions:

b _ Asin26
a  1-Acos28’
and
b _ 1+Acos280
a  Asin26
From the two preceding equations follows
A=+1.

For these values of 1:

13 The Scatter Matrix. Dealt with in the Graduate Course?
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1-1-()-(00)
a —
=== ()= ()

Resulting into the eigenvalues/eigenvectors
Am? '
Ay = m(z) +l, lv,) = (Sln@)

2 cos B/’
— 2__ _ —cos @
A-=my vy = ( sin @ )
Note:
2 2
m2 — 2 cos 20 — A & sin 26
Am22 Azm2 =0-
——sin26 m§+7c0529—/1

2 2 4
- (m(z) —A—A%COSZQ) (m(z) —/1+A%c0529) —A%sin2 20=0-
4
- (m3 — 1)? —A%(cos2 20 +sin?26) =0 -

b) Calculate the probability for the state
(1
W) = (0)
to be still found in the same state after time interval t for definite momentum p.
The probability to measure

(o)) = (5)
at time tis [(Y(0) |y (1))|?,

where
[w(0)) = e E/R | (0)).

Next, express | (0)) = (é) into the eigenvectors:

1P (0)) = ((1)) =cilve) teolvl) = ¢ (:g;g) +c ( Sicrcl)see).
Equating the components of the column vectors results into:
¢, =sinf,and c, = —cos 6.
Using the eigenvalues
[P (t)) = sin @ |v, Ye E+t/" — cos @ |v_)e HE-t/R
where
c3 c® ., 5 Am?

E, = pc+5/b_r = pc+5(mO iT).
The probability

[WOIYO)? = |((v4] sin6 — (v_| cos B)|(sin 8 |v, e~ E+t/h — cos 6 [v_)e~E-t/M) 2,
Using orthogonality of the eigenvectors:

t iE_t
Y (O)|Y(®))? = |e” St sin?@ +e  n cos?0|? =
{(E4—E_)t _i(E4—E)t
=sin*0 +cos*@+e r  sin?6cos?O +e n sin® 6 cos? 6 =
=sin* 0 + cos* @ +lsin2 20 cos Ex—Et _ 4 —%sin2 260 +%sin2 26 cos BBt _
=1- —sm 20 += sm 20 COSZM =1- %sin2 20 + %sin2 20 (1 - 25in2w)

2h !

260



use has been made of

sin* @ + cos* 0 = (sin? @ + cos? 0)? — 2sin?Hcos?§ =1 — %sin2 26 .

Hence,

(Y (0)|Y(t))|? = 1 — sin? 20 sin? % =1 —sin% 260 sinz(%é).
c) Using data shown in Figure 3 of the article, estimate approximately values of Am? and
sin? 26. Furthermore, p = E/c .

2 . 9 Amzc"ﬁ . .
1 — sin“ 26 sin (_4hc p) is plotted below (Boccio)

20 / \ 40 §0°\ 80
‘I‘I I,"r l". |"llIl Iilul.
0.8} |\ [\ [ \
'. [\ [\
\ f \ | \
I. lI |I Ir| II
0.6 ||| | ‘II [ llll
\ / \ | \
\ ‘i lI |iI \
\ / \ [ \
. \ [ \ | \
0-4 \ \ \
\ |/ \ '\k
0.2l \/ \/

Figure 3 in the paper shows a peak-to-peak wavelength of a bit over
30 km/MeV, which is reproduced nicely here with the value of Am? =

8 x 107°eV? quoted in the paper. This is not surprising, as their quoted
error is only 0.5 x 107° V2.

The amplitude and center of oscillation are more problematic, as this is
entirely dependent on . the authors quote a range of 0.33 < tan?f < 0.5,
which corresponds to 0.75 < sin” @ < 0.9; however, this is after including
data from solar neutrinos, which puts stong constraints on # as shown in
Figure 4(a). Looking at the 95% confidence range for just KamLAND,
0.1 < tan?@ < 5, or 0.33 < sin®?@ < 0.56 passing through sin® = 1.
Examining Figure 3, the peak and through are at roughly 1.0 and 0.2 re-

spectively, and this is reproduced above with the quoted value of sin? 0.8
(tan? 6 = 0.4).

8.15.40 Is it the ground state

An infinitely one-dimensional potential well 0 < x < a .
The normalized energy eigenstates are:

u,(x) = \Esin% ,n=123,..

A particle is placed in the left-hand half of the well so that its wave function v is constant
forx < % Meaning: the particle can be anywhere in the interval 0 < x < % . Consequently,

the probability density distribution is homogeneous in the interval 0 < x < % .
So,

P= [ wldx=1-yp= 2.

If the energy of the particle is now measured, what is the probability of finding it in the
ground state?
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The wavefunction

W) = {\E 0<x<>

0 otherwise

Note: Y (x) is a constant. What about the boundary condition at x = 0? Do we have a hat
function here? | assume Y (x) can be expressed in the eigenstates. So it looks like the
Fourier transform of the hat function.

The probability of finding the particle in the ground state, n = 1, in the interval 0 < x < g .
Expand ¥ (x) in terms of the eigenstates:

Y(x) = \/éz:n Cn Sinnaﬂ .

The probability to find the particle in the state n is:

/2 |2 (2 .
o= leal? = W @Iul? = | [ [2 [Zoin™ ax
Withn =1

2a (m/2 . 4
Pl:lZEfo smada|2=;.

8.15.41 Some Thoughts of T- Violation
Any Hamiltonian can be recast to the form

E, - 0
H= U( P )UT,
0 - E,

where U is a general n X n unitary matrix.
H=UHU' — H' = (UHUDY' — H = UTT(UR)' = UHUT.
a) Show that the time evolution operator is given by

] e_iElt/h oo 0
e—LHt/h =U : : UT.

0 vee e_iEnt/h

The time evolution operator can be expanded into

_i (—it/n)k (—it/h)k

e Ht/h = Zk—k! H* = Zk—k! (UEUT)k.
where E is the diagonal matrix element of the Hamiltonian eigenvalues E,, given in the
above matrices.
Using

UEUTUEUT = UE?UT,

. —it/mk .
e~ iHt/h — UZk( lj(/!h) (E)kUt = Ue—Et/hYT,

Now, using matrix multiplication, we obtain

) e_iElt/h Xy 0
e—lHt/fL — U 5 .. 5 U-l-'

0 . p—iEnt/h
b) For a two-state problem, the most general unitary matrix is
U= it (ei? cos§ —e'sin 6) .
e Msin@® e ?cosH
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Work out the probabilities P(1 — 2) and P(2 — 1) over time interval t and verify that they
are the same despite the apparent T-violation due to complex phases.

NOTE: This is the same problem as the neutrino oscillation (problem 8.15.39) if you set
2

E; = {p?c? + m?c* = pc + m2pc3 , and set all phases to zero.
The probabilities are:

P(1 - 2) = |(2|e"™Ht/R|1)|2 = |(2|ue~EY/rUt|1))?,

P(2 - 1) = |(1]e"™/R|2)|2 = |(1|Uue~EY/MUT|2)|2 .

There will be no T-violation when

P(1-2)— P2-1)=0.

With |1) = (3) and [2) = ((1))

we need to evaluate
© Dueryt(l),
0
and
—iEt/h 0
(1 0)Ue it/ U*(l).
For convenience we write withn = 2

e_iElt/h cee 0
ul . ut=v (mn 0 )U’r_
0 ... e-iEnt/h 0 map

e
Furthermore

Ut = 16 ( e ®cosf e"sin 9)
—e " Msingd e?cosh
With these ingredients we obtain:

iEt )
(0 DUe wUT ((1)) = e_l(n+¢)(m11 — Myy),

and
iEt .
(1 0O)Ue wUT ((1)) = !0t (my; —myy).
Hence
P(1-2)= |e—i(77+¢)(m11 - m22)|2
and

P2-1)= |ei("+¢)(m11 —my,)|?.
Consequently
P(1-2)— P2—-1)=0.

c) For a three state problem, however, the time(T)-reversal variance can be broken.
Calculate the difference P(1 —» 2) — P(2 — 1) for the following form of the unitary matrix

1 0 0 C13 0 Sl3e_i5 C12 S12 0
U = (0 C23 523> O 1 0 (_512 C12 0) =

0 —5Sp3 Cp3/ \—s13e® 0 5 0 0 1
1 0 0 C12€13 C13512 S1ze71°
= <O C23 523> —S12 C12 0 =
0 —s23 €23/ \—cyp513€ —s155.3e g5
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—ié
C12C13 C13512 S13€

_ i5 i5
= | —C23512 — C12513523€ C12C23 — S12513523€ C13S523

i8 i8

§12S823 — €12€23513€ —C12523 — €23512513€ C13C23
The notation is: s;, = sin6,, # 0, c,3 = cos 8,53 # 0, etc. Furthermore, § + 0.
Again, for convenience, we use for the eigenvalue matrix,

my; 0 0
0 my, O
0 0 ms3
Furthermore
C12€13  —C23812 — (3125135233_1(S $12523 — C12C235133_l6
Ut =1 c13512  €12Ca3 — S12513523€ % —C12553 — C23512513€
5139“S €13523 C13C23
Next, we evaluate
mqq 0 0 1
010Ul 0 my 0 |UT0)]
0 0 mg; 0
and
my; 0 0 0
100Ul 0O my, 0 |UT|1
0 0 mg; 0
First
my; O 0 1 my; O 0 C12€13
010Ul 0 my O |Uf0o]=0 10Ul 0 my, 0 €13512 | =
0 0 Mas 0 0 0 mss/ \sy3e¥
C12€13Mqq
=(0 1 0)U| €13512M22
s13e0my;

From (0 1 0)U we obtain

is i5
(—C23512 — C12513523€ C12C23 — S12513523€ C13523)-
With the preceding expressions

C12C13Mq
i i . _
(—C23512—C125135239 C12€23 — S12513523€ 013523) 61351§m22 =
L

S13€ 7" M33
_(_ _ L'S) _|_( _ i5) +
= C23S12 — €12513523€ " )C12C13M 11 C12C23 — S12513523€ " )C13512My;

i

+C13523513€" M33.
Then

_ —ié *
P(1-2)= [(—023512 — C12513523€ )C12C13m11 + (C12C23 +
—ié * —00.,q,% i
—512513523€ )01351277122 + €13523513€ m33][(—C23512 — C12513523€ )C12C13m11 +

i i
+(C12C23 — 512513523€ )C13512m22 + €13523513€°m33] .

The other expression

mqq 0 0 0
(100U 0 my, 0 |U1]=
0 0 ms3 0
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(—C23812 — C125135239_16)m11
=(1 0 0)U (€12€23 — S12513523€0)my,

€13523M33
From (1 0 0)U we obtain

10 0U-= (C1ZC13 C13512 5139_i6 )
With the preceding expressions
(—c23812 = C12513823¢ 70 )myy
(cr2€13 13812 S13€7%0) - (C12C23 — S12513523€ )My,
C13S523M33

= (_C23512 - C125135239_i6)012013m11 + (C12€23 — 512513523e_i6)013512m22 +
+C135235138 " 0ma;.

P(2-1)= [(_C23512 - C12513523ei6)c12013m11 + ((c12€23 +
—512513523ei5)cl3512m§2 + C135235139i6m§3][ (_C23512 - C125135233_i6)c12C13m11 +
+(C12C23 — S12513523€®)C1351,Myp + C135535138 7 Oma;] .

Next we evaluate

P(1-2)— P(2-1).
After inspection with § = 0 in both expressions for P(1 — 2) and P(2 — 1) respectively
we have:

P(1->2)— P2>1)=0.
After inspection with 6,5 = 0 in both expressions for P(1 — 2) and P(2 — 1) respectively
we have:

P1-2)— PR2—-1)=0.
Hence, with § # 0, and/or sin 8,3 = s;3 # 0, the time-reversal can be broken.
Let us evaluate

P(1 - 2)— P(2 - 1) step by step
First

(—C23512 — C125135239i6)(C12C23—512513523e_i8)0120123512m11m§2 +
+(C12C23 - 512513523ei6)(_523512 - C125135239_iS)C125123512m22m;1 +
—(—ca3512 — c12513sz3ei5)(c12c23 - 5125135233_w)c12C123512m22m;1 +
—(C12C23 - 5125135239ia)(—023512 - c12513523e‘i5)c12c123512m11m§2 =

= €126{3512(My M3, — m22m11)[(_023512 - C12513523616)(C12523_512513523e_16) +

—(C12C23 - 512513523918)(—023512 - C12513523(3_1(‘;)] = —C12C123512(m11m§2 — Mymyy)
.. . . (E1—Ey) ..
© C35135732isind = 012012351262351352321sm[%t]Zl51n5 =
(E1—E>)

— 2 . .
- _4C12C13512C23513523 Sln[T t] Sln5 ’
next
(—C _ i6) —ié o+
23512 — €12513523€ " )C13523513€ ~ C12C13M11M33
i —ié *
+C13523513€ (—023512 — C12513523€ )C12C13m33m11 +
i —ié *
—(—C23512 — C12513523€ )C13523S13e C12C13M33Myq +
i —ié *
—C13523513€ (—023512 — C12513523€ )C12C13m11m33 =
_ 2 * * i6),-id
= €12C{3513523(M1M33 — m33m11)[(—cz3512 — C12513523€ )9 +

Ei-E3 .\ .
1h 2t)sind,

i6 —-i6\1 — 2 :
—-€ (_023512 — C12513523€ )] = 4C13C13C23512513523 SIn(
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and

(C12023 - 512513523eia)C13523513e_i6013512m22m§3 +
+C135235139i6(c12023_512513523e_ia)c13512m33m§2 +

—(012023 - 5125135239i6)c13523313e_i5C13512m33m§2 +
_C135235139i6(c12023_512513523e_ia)c13512m22m§3 =

= ({3512523(Mpym33 — m33m§2)[(612c23 - 3123135233i6)3_i(S +
—ei6(C12C23—S125135233_i5)] = —4C1,073C23512513523 Sin(Ez;hE3 t)siné.
Then

P(1-2)—P2-1)=

= —4¢;,C%3C23512513523 Sin 8 [sin (% t) —sin (El;f t) + sin (52;;3 t)] =

= — cos? 6,5 sin 20, sin 20,3 sin 8,5 sin § [sin (2=221) —sin (% t) + sin (EZ;hES t)]

h

This expression proves, given 0 < 8 < /2, with § # 0 the time-reversal can be broken.
d) Wikipedia:

In particle physics, CP violation is a viclation of CP-symmetry (or charge conjugation parity symmetry):
the combination of C-symmetry (charge symmetry) and P-symmetry (parity symmetry). CP-symmetry states
that the laws of physics should be the same if a particle is interchanged with its antiparticle (C-symmetry)
while its spatial coordinates are inverted ("mirror” or P-symmetry). The discovery of CP violation in 1964 in the

decays of neutral kaons resulted in the Mobel Prize in Physics in 1880 for its discoverers James Cronin and
Wal Fitch.

Charge, parity, and time reversal symmetry is a fundamental symmetry of physical laws under the simultaneous transformations of charge conjugation
(C), panty transformation (P), and time reversal (T). CPT is the only combination of C, P, and T that is observed to be an exact symmetry of nature at the

fundamental level "2l The CPT theorem says that CPT symmetry holds for all physical phenomena, or more precisely, that any Lorentz invariant local
quantum field theory with a Hermitian Hamiltonian must have CPT symmetry.

For CP-conjugate states, e.g. anti-neutrinos (V) versus neutrinos(v), the Hamiltonian is
given by substituting U* in place of U in case of evaluating P(1 — 2). I suppose U is
replaced by Ut

Show that the probabilities P(1 — 2) and P(1 — 2) can differ (CP violation) yet CPT is

respected, i.e., P(1 = 2) = P(1 - 2). | suppose the probabilities have to be worked out

again over a time interval t. We need the time evolution operator as given under a) with U
replaced by U™:

—ié
C12€13 C13512 S13€
U= —=Cy2S19 — C19512592€%  €19Cra — S195125,2€'0  ¢ya8
23512 12513523 12€23 12513523 13523 |
i i
S12S823 — €12€3513€ —C12S823 — €23512513€ C13C23
i
C12C13 C13512 S13€
* —ié —ié
U™ = | —c23812 — €12513523€ C12C23 — S12513523€ C13523 |/
—ié —ié
$12523 — €12023513€ —C12523 — €23512513€ C13C23
and
_ _ i _ i6
C12€C13 C23512 — €12513523€ S$12523 — €12023513€
U*'I' _ _ id _ _ i6
=1 C13512 C12C23 — S12513523€ C12S523 — €23512513€
—ié
S13€ C13523 C13C23
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E, - 0
H=u: =~ i |ut

0 - E,
We already derived P(1 - 2):

— —id %
P(1-2)= [(—C23512 — C12513523€ )0120137”11 + (C12C23 +
_ —i6) o+ =169, % ][(_ _ i6) +

$12513523€ C13512M33 T €13523513€ ~M33 C23512 — €12513523€ " JC12C13M g
i i

+(C12C23 — 512513523€ )C13512m22 + €13523513€°m33].

Now,
my; O 0 1
PA->2)=|(0 1 O)U*| 0 my, O |ut|o]
0 0 mys 0
where m;; = e~ Eit/M,
my; O 0 1 C12€13Myqq
0 my, 0 |UT[o0]=/[ Cc13512M2
0 0 ms3 0 s13€ 7 0my;
Next
C12€13 €13512 5139i6
01 0U"=(0 10 _C23512_C125135233_i6 C12C23_5125135233_i6 C13523
512523_C12C235139_i6 _C12523_C235125139_i8 C13C23
So,

* —ié —ié
0 1 0U"= (—C23512 — C12513523€ C12€23 — 512513523€ C13523)
Then,

mqq 0 0 1
010U 0 m, o|utlo]=
0 0 ms3 0
C12€13M11
= (—C23512 — €12513523€ 70 €15Cp3 — S12513523€ 7Y C13523) €13512M22 | =
S13€70m;

_ —i6 —ié
= (_C23512 — C12513523€ )5125137”11 + (512523 — 512513523€ )5135127”22 +
—ié
+C13523513€  Mg3.
T 2\ — i * i *
P(1-2)= [(—023512 — C12513523€ )C12C13m11 + (012023—5125135239 )0135127”22 +
16 15, % —ié
C13523513€ m33][(_C23512 — C12513523€ )5120137”11 +
—is —id
+(C12C23 — §$12513523€ )513512"122 + €13523513€ " Oms3] .
_ i *
P(2-1)= [(—C23512 — C12513523€ )C12C13m11 + ((€12€23 +
i * 1644, % —-ié
—512513523€'7)C13S12M3; + C13523513€ " m3s][ (_523512 — C12513523€ )C12C13m11 +
—i8 —-id
+(C12C23 — S12513523€ 7 °)C13S12My, + C13523513€ O M33] .
Comparing P(1 > 2)and P(2 > 1)
P(1-2)=P(2-1).
Consequently
P1-2)—-P(1-2) =
. . _E;—-E - . (E;—E
= —4¢1,0%3C23512513523 SIn 8 [sm (172 t) — sin (173 t) + sin (% t)] =

= — cos? 6,5 sin 20, sin 20,5 sin 6,5 sin § [sin (222 ) _sin (% t) + sin (EZ;hE3 t)]

h
Next,
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P(1-2)—-P2~-1).
P(1-2)= [(_023512 - c12513523e_‘5)c12013m11 + (C12C23 +
_5125135233_16)0135127”32 + C135235139_16m§3][(_C23512 - C12513523el6)c12C13m11 +

is is
+(C12C23 — 512513523€ )0135127”22 + €13523513e°m33].

P2 - 1):
mqq 0 0 0
we need to evaluate (1 0 0)U*< 0 my, O )UT<1>.
0 0 ms3 0
myq 0 0 + 0 (—C23512 — 012513523616)"111
0 myp 0 U 1= (C12C23 - 512513523316)7”22 ’
0 0 M33 0 C13S523M33
and
(1 0 0)U" = (c12€13 13512 Slsela)-
Then
myq 0 0 0
0 0 ms3 0
. (—C23512 = C12513523€0)myy
= (C12C13 C13512 513615) (C12C23 - 512513523615)77122
C13S23M33
— _ _ i _ i5
= C1zc13( C23512 — €12513523€ )m11 + C13512(C12C23 512513523€ )mzz +
+51360¢13553M33.
Hence,

P(i - I)=[C1zc13(—C23512 - C125135239_i8)m:>{1 +

+¢13512(C12C23 — 512513523870 M3, + S136 70 Ci35,5mi3] [s13€™0 Cr3553m33 +
+C12013(—C23512 - C12513523ei8)m11 + C13512 (51202_3 - 512513523ei6)m22] .
Comparing the expressions for P(1 — 2) and P(2 — 1) results into
P1-2)=P2-1)-P1-2)-P2~-1)=0.

8.15.42 Kronig-Penney Model

Consider a periodic repulsive potential of the form
V=)n_wAd(x —na),

with A > 0. The general solution for —a < x < 0 is given by
Y(x) = Ae™™ + Be k¥,

V2mE

)
Using Bloch’s theorem!4, the wave function for the next period 0 < x < a is given by

l,l)(x) — eika(AeiK(x—a) + Be—i}c(x—a))
for |k| < g

Questions:

with Kk =

a) Write down the continuity condition for the wave function and the required discontinuity
for its derivative at x = 0. Show that the phase e*® under the discrete translation

14 Bloch’s theorem: solutions to the Schrddinger equation in a periodic potential take the form of a plane wave
modulated by a periodic function, www.en.wikipedia.org .
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X = x + ais given by

2
; 1 . , 1
e'k@ = coska +—sinka + l\/l - (cos Ka +—51n}ca) )
xd Kd
2

R
whered = —.
mA

Note : the above expression for e?*@ represents the roots of a quadratic equation.

[e?k@ — (coska + ésin ka)]? = (cos Ka + %sin Ka)2 -1-

- e?tka _ 2 etk (coska + %sin ka) = —1 - e?*a = 2¢a (coska + %sin ka) — 1
The latter expression can be of some help by evaluating e*¢.
At x = 0, we have a discontinuity of the derivatives.

We evaluate ¥ (x) and %;x)for —e<x<eande-0:

Y(-e) =A+B,

l/)(+6) — eika(Ae—ika + Beika)’

D e = iK(A - B),
dy(x) . —i i
— lycie = lKelka(Ae ika _ Beuca).

Furthermore, integrating the Schrédinger equation, we have with the delta function

potentialandn = 0
dy(x) dy(x) 2 2
dx lx=t+e — o lx=—e = EIP(O) = E(A +B).
Atx =0
A+B = eika(Ae—ika + Bei}ca) N A(l _ eikae—ika) — B(eikaeika _ 1) N
eikaeika_l

-»A=8B
1

—elkag—irxa ’

and with the derivatives

ike'k@(Ae~a — Belka) — k(A — B) = %(A +B) -
ika —ika _ ia) _ — 2

- e'ka(4e Be®)— A+ B —(A+B) -

A (eikae—iica -1+ j_;) =B (eikaeirca -1 - z_;)

Take the quotient of
A(l _ eikae—iica) — B(eikaeilca _ 1)

and
A (elkae ika _ 1 + _) =B (elkaeuca -1 _) .
Kd Kd
1_eikae—ika _ eikaeika_l

eikag—ixa_142L ~ gikagixa_q_2L°
Kd Kd

Next we need to eliminate e**® from the above expression:

_ Jika,—ika ika ika _ 1 __ ﬁ) — ika jika __ ika ,—ika __ ﬂ
(1 e““e ) (e e 1 - (et*%e 1)(e*%e 1+ Kd) -
N _ezika + eika(eika + e—iica) _ éeika(eika _ e—i}ca) —1=0->

. . 1 .
— e?ka = 2etka (cos ka + —sinka) — 1,

as we obtained above.
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b) Take the limit od zero potential, i.e. d = o, and show that there are no gaps between
the bands as expected for a free particle.
With

2
; 1. . 1,
ek = coska +ESIHKCL + lJl — (cos Ka + ESIHKQ) ,and d —» oo, we have
e@ = coska + i sinka = et e,
This is the result for a free particle and a continuous energy spectrum.

c) When the potential is weak but finite (large d) show analytically that there appear gaps
between the bandsatk = +m/a .
ek = coska + i sin ka,

2
then 1 — (cos ka + ésin Ka) >0.

2
When 1 — (cos Ka + ésin rca) <0,

there are no solutions.
For k =~ Kk , we rewrite the expression

ika _ e : _( 1 )2
e coska+kd51nkaiLJ1 coska+kdsmka ,
and

1 .
|cos ka +Esmka| > 1.

For large d the preceding expression can be larger than 1. There are no solutions. There is a
band with gaps.

Assume the gaps to be small and equal to €

ka=nm+¢€.

To investigate the width of the gap, we expand

2
coska = cos(nm + €) = cosnmcose = (—1)" (1 — % + 0(e*)

sinka = sin(nw + €) =cosnmsine = (—=1)"(e + 0(€?)).

Then
L — (_1\n 1€ 3
coska+kdsmka—( 1) (1+kde S+ 0(e?)).
2
Forie—6—>0—>0<6<i(=2—a).
kd 2 kd nrd

Hence, there existsagapatk =~ k = + g .

d) The relation between k and k can be illustrated, including the gap by plotting the
relationship

2
; 1 . . 1.
ek® = coska +—sinka + l\/l - (cos;ca + —smlca) ,
Kd Kkd
for a weak potential, d = 3a, and a strong potential, d = a/3 .

2mE
h

e) You always find two values of k at the same energy k =

What discrete symmetry guarantees this degeneracy?
Let us investigate parity.

We have

P(x) = Ae™™ + Be ¥ for—a <x <0
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and

P(x) = eka(Ae~®) 4 pe~ik(*-a)) for0 <x < a.

Apply parity transformation for the latter expression x = —x :

lp(x) — eika(Aeik(—x—a) + Be—ik(—x—a)) — Bei(k+rc)aeircx + Aei(k—k)ae—ixx —
=A'ein+B’e_in.

Next we investigate the former expression, ¥(x) = Ae** + Be~
I,D(X) — Aeilcx +Be—ilcx — Ae—i}c(x—a) _l_Bei;c(x—a) N

- eika(Beikaeik(x—a) + Ae—ikae—ix(x—a) — eika(Areilc(x—a) + Bre—irc(x—a))'

X x5 a—x

8.15.43 Operator Moments and Uncertainty.

Consider an observable 04 for a finite-dimensional quantum system with spectral
decomposition

Oy =2i4i Py,

with the projection operator

VIV

a) Show that the exponential operator E, = e°4 has spectral decomposition

Ey =Y, ehifi,

Do this by inserting the spectral decomposition of 0, into the power series expansion of
the exponential.

We know

04 — 1.2, 14,3

e A _I+OA+;0A +§0A+.”'
Hence,

04 = | AP+ P+ (4P + -

e +Zl i l+2!(21 i 1) +3!(21 i l) + e
With
XiP =Xl =1,
P? = | M| 4iA] = |44 = Py, ete...,
and PlP] = 611

1 1 o AP

> el =Y P+ LA P+ XA PN Pt = Bi(Ene P =

w AT . .

=NiQnmo S P =SieMfi =Y eh P,

b) Prove that for any state |¥,) such that AO, = 0, we automatically have AE, = 0.
In order to have AO, = 0, it must be the case that P;|¥,) = |¥,) for some eigenspace
projector.

A0, = {OF) —(0,)* .

Now

\/(O,Z) —(04)*=0- (03) = (04)* -~ (lPAlojllPA) = (Wa04]W,)>.

We expand |¥y)

|Wa) = Zici | Ai)-

Then,

(PalOF1%0) = X |ci? /112 ,and (Wa|041W,)* = (Xilcil? 2)? =

= Yilel? A7 = Xileil? )% = 0.

Plug into the preceding equation |¢;|* = 1 — Y./ |¢j|*:
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2 2 2.\?

Xidi (11— Zi¢j|cj| ) — (Zi/li(l - Zi;tjlcjl )) =0.
The summation in the preceding expression is over all i. Consequently

Dizj |Cj|2 =0-|¢|* =1
We use this result to investigate P;|W¥y) :

AN T 1) = cilq).
Since we have A0, = 0 = |c;]> =1 = ¢; = e'? and choose toset 8 = 0 .
Then,

AN 256 1) = cild) = 1ANA] 1A = |4 = Pi|Wa) = |Wa) .
Next

AE, =7

Ej|Wa) = X e Py|W,) = eMi|W,) > (W4 |Ex|Wy)? = e?h,
Consequently

EZ|Wy) = e?h|W,) - (W4 |EF|W,) = e?M
Hence

AE, =0.
Note:
An exercise with projection operators.

V(0F) = (04)? = 0725 (0F) = (04)* = (Wal0F[Wa) — (Wa|04|¥,)* =

= (lpA|0,§|lpA) - (lpA|OA|qJA>(LpA|0A|qJA)-
We define Py = |W,)(Wy| and |W,) is an eigenvector of 04 and of Py.

Py|Wa) = [PaX(Pa [Wa) = [Pa)
When 04 and P, commute, do both operators have the same eigenvectors?
(Pa04 — 04Py)[Wa) = (Pa — 1)04|W4) = 0 = P404|Wa) = 04|¥a) = 04|W4) isan
eigenstate of P, with eigenvalue 1. Consequently, |¥,) is an eigenstate of 0.
Then

(W4l 0F1Ws) — (W4l 04| WaX(Wal 04l Wy) = (W4104(04 — P1O)|Ws) =

= (W4]04(04 — O4Py + 04Py — P40, |Ws) = (W4l04(04 — O4Py + [O4, Py]IWa) =
= (WA|0£(1 — Py)|Wa),
where use has been made of [04, P4] = 0, since both operators have the same
eigenvectors.
Furthermore both operators are Hermitian, consequently, the eigenvalues are real.
What about (1 — P,)|W,)?

Py|Wy) = |W4)-
Consequently

(1= Py)|¥a) = 0 > {0F) —(04)* = 0.

8.15.44 Uncertainty and Dynamics
Consider the observable in matrix representation

0= (7 o)

and the initial state

%a(00) = (():
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a) Compute the uncertainty AO,, with respect to the initial state |¥4(0)) .

AOx = y/{0%) — (Ox)?.

The ingredients to calculate AOy are available.
_ _ 0 1\/1\ _ 0\ _
(0x) = (W @10x19a) =1 0 (] )(;)=0 o(])=0.

03 = w0z =a 0] O H)=a o) =1
Hence AO, = 1, with respect to the initial state |¥4(0)) .

A surprise with respect to the result presented in the note of the preceding problem
8.15.43? Keep in mind:

|W4(0)) = ((1)) is not an eigenvector of Oy = ((1) é)

, _(0 1 1 /(1 101
The eigenvectors of Oy = (1 O) are (1), and 5 (_1).
Furthermore |¥,(0)){¥,(0)| and Ox do not commute.

b) Now let the state evolve according to the Schrédinger equation, with the Hamiltonian
operator
H=n( 0 i) .
—-i 0
Compute the uncertainty AOy as a function of t.
The time dependent Schrédinger equation:

. iHt
% W, (1)) = —%H|‘I’A(t)) - | (t)) = e 7 |¥,(0)), the well-known time dependency.

. 0 iy,

The eigenvalues of (—i O)'
|—/’l
—i
The normalized eigen vectors of%H can be used to diagonalize %H.

_iA|=0—>/1=i1—>/1=1—>|/11)=%(_1i);/1=1—>|/12)=%(]i").

iHt
We expand e” & to obtain |W,(t))
Lt w (O (1 \"
e = Ynmo; (EH)'

. . L1
For convenience , we diagonalize EH:

(R | G [ Gl B PR B

Then

_int w (i1 \" o (=i)"
e h =Zn=0 ! (—H) = !

n! \h n=0 y

0 e-it/2
1 0 eit/Z '
2

O NIR
I
|

With [%,(0)) = ().

W, (D) = e~ 1 |, (0)) = (e_g/z ei(t)/Z) ((1)) = (e_(i)t/z)'
Note:

n=1—>%H=(_0i (i));n=2—>%H=(1 0);n=3—>%H=(Bi i);etc.
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With 0y = (‘1) (1))

(0x) = (@loxl¥a@) = (7 0) (3 1)(¢ ") =0
ot=(1 001
Then

A0y = \{0F) —(0x)? = 1.

c) Repeat part b), but replace Oy with the observable

0z = ((1) —01)'

Compute the uncertainty AO;, as a function of t assuming evolution according to the
Schrodinger equation with the Hamiltonian above.

05:((1) (1’)—><0§)=1.

- — (eit/z ) (L O (e'“/ 2) -
(07) = (1019 = (2 0) (5 °)(7 ") =1
A0, = {03) — (0% = 0.
d) Show that the answers to parts b) an c) always respect the Heisenberg Uncertainty
Relation
1
AO0xAOz = 5 [{[Ox, Oz])I,

Are there any times t which the Heisenberg Uncertainty Relation satisfies the preceding
equality?

0 1h/1 O 1 0y\(0 1 0 -2
[0x,07] = (1 0) (0 _1) N (() —1) (1 0) - (2 0 )
Attime t
210,01 = (] (3 77) [#ao)| = 0.
We already obtained
AOxAO, =1-0=0.
Hence,

the equality in AOxAO, = = |([Ox, 02])| is always obtained.

N |-

Chapter 9 Angular Momentum;2- and 3- Dimensions

9.1 Angular Momentum Eigenvalues and Eigenvectors
In Chapter 6, the commutation relations that define angular momentum operators,
Egs. (9.1) and (9.2) are derived. It is about Hermitian operators.
For example J,:
F oo oaa M atot _ ats
Jx =90, — 2P, > Ji = P39 — by 2",
Dy, Dz Y, and Z are Hermitian —>f; =P,y — DyZ.
Furthermore, in classical notation
_ Mo oA _aa
lqi.p;] = ih6;j > [ = 9D, — 2Dy = Jx .

The eigenvectors and eigenvalues of the angular momentum operators can be derived using
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the commutators.

fx ,fy ,and fZ do not commute. For example

[jx rjy ] = ihjz ’

similar to the momentum operator.

With Eq.(9.3), it can be shown:

[/2.J:] = 0, Ea.(9.4),

using [A%, B] = A[A, B] + [[4, B]A.

The eigenvalues and eigenvector relations are presented by Eqs.(9.5) and (9.6).

In Egs.(9.7)-(9.14), the relations between the angular momentum operators and the raising
and lowering operators are presented.

Remark: Eq.(9.11) can be derived by Egs.(9.12) and (9.13), representing the elements of the
commutator [/, /_].

9.1.1 Derivation of Eigenvalues

With Egs.(9.3) and (9.5), Egs.(9.15) and (9.16) are obtained.

See also section 8.5 and 8.6 of Fitzpatrick, Undergraduate Course and Mahan, Section 4.1.3.
Egs.(9.21), (9.6) and (9.10):

(Jifs + 1f)1Am) = [ J5 |1Am) + Af,|Am) = hm],|Am) + hf,|Am) = h(m + 1)],|Am).
Eq.(9.28) is found using Eq.(9.25): A = j(j + 1).

At the top of page 691: “which implies that 2j = integer.....”.
Assume 2j not to be an integer, consequently the symmetrical number array of m does not
exist.

Demonstrate by an example: 2j = z ->j= Z ->m= % ,—g.

Page 689 below Eq(9.21):

Jeldm) o< |4, m + 1) = J,|jm) = C,|j,m + 1) = |a), Eq.(9.37).

In this way the relations for raising/lowering operators are found, Eq.(9.45).

9.2 Transformations and Generators; Spherical Harmonics.

Boccio introduced some notation conventions.

Generators of momentum operators are discussed in section 6.10: Generators of the Group
Transformations, Eq.(6.172). The unitary transformation is given in Eq.(9.46).

Eq.(9.51) is the expansion to first order of Eq.(9.46).

As given in Eq.(9.57), the angular momentum operator is Hermitian. This has been proven
above, page 273.

Furthermore, the operators are presented in Cartesian Coordinates and Spherical-Polar
Coordinates, Eqs.(9.82)-(9.94).

9.2.1 Eigenfunctions; Eigenvalues; Position Representation.

Eqs(9.95)-(9.99) summarize the results of the foregoing sections.

| prefer Eq.(9.101) in the following way, with Eq.(9.96)

(00| L2,|1m) = h21(L + 1)(Bgplm) = [2,(Bgp|lm) = [2,Y;n (6, ).

With Eqg.(9.106) use has been made of Eq.(9.90).

To derive Eq.(9.114) use have been made of Eq.(9.45).

The general result for the spherical harmonics is presented by Eq.(9.118). As mentioned by
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Boccio, the algebra is complicated.
For the details see, e.g., Fitzpatrick, Undergraduate Course, Section 8.7, Spherical
Harmonics.

9.3 Spin
Spin is the second kind of angular momentum.
The relations of orbital angular momentum need to be satisfied.

9.3.1 Spin %

The Pauli spin operators are introduced.

Matrix Representations

Using the matrix elements of S,, the Pauli spin operator g, in matrix representation is
obtained, Eq.(9.137).

For example the matrix element (Z T |.§Z|Z l) = <Z T |—§|Z i> = —g(z T|z1)=0.

The other Pauli matrix representation of the operator S,, using raising and lowering
operators, Eqgs.(9.138) and (9.139), an example,

(z1 §le)=<zT §+§_|Zl>=<ZT|g|ZT+O>=g<ZT|ZT)=§.

2
In this way oy is obtained, Eq.(9.140). Similarly o, Eq.(9.141).

Properties of the @;

The commutation relations for the Pauli matrices are presented, Eq.(9.142).

Rotations in Spin Space

Eq.(9.152) presents the spin operator in the elements of the Cartesian basis for the unit

vector.

Deriving Eqgs.(159) and (9.160), use have been made of

nz+n+nZ =1

The calculations are presented also in spherical coordinates, Eqgs.(9.163)-(9.165).
Plugging n, = cos 6 into Eq.(9.160) gives:

0 0
cos > cos -
|7 +) = g |instead of | 0
. 0o
sm; e Sll’l;

Let us present the derivation of the above result in more detail.
Substitute n, = cos8, n, = sinfcose, and n, = sinfsing into

s _hf Nz Ny —iny\ g cos6 sinf(cosg — ising)
or — E(nx +in, -, ) - E(sin@(cosw + ising) —cos6 )
R ﬁ( cos6 e"i"’sinG).
2\e'¥sinf  —cosH
The determinant to obtain the eigenvalues is:

cosd —1 e ®sind
e'?sin@ —cosf — 1
The equation for the eigenvalues is:

(cos@ — 1) - (—cosf — ) —sinf - sinf =12-1=0->1=+1.
For the eigenvector |7l +) and eigenvalue A = 1, the components of the eigenvector are f3;
and fs,.

=0.
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cosd e sind\ (P B Bi _ —ip_Sind__ _ip cosg
9sing o /\pB - e T——=e :
e'?sin —cos 2

1-cos@ in?
,82 B2 cos sin
Then, using normalization
—i 6
e WCOS;
|7 +) = o
sin—
2
For the eigenvector |fi —) and eigenvalue A = —1, we obtain
—ip .. 0
—e™ sin—
|Tl _> = 0
cos—
2

Page 705: Any 2 X 2 Hermitian matrix B can be written as the sum of four terms,
B =ao, + bo, + co, + dl,
where a, b, c, and d are real numbers.

5 (0 1 0 —i 1 0 1 0\ _(c+d a-—ib
Hence B —a(1 0)+b(i 0)+c(0 _1)+d(0 1)_(a+ib _C+d)—>An
Hermitian matrix: the diagonal elements being real and the other two being conjugate

complex.
On pages 707-710 Boccio discussed rotations in spin space.

Fitzpatrick evaluate the subject matter in The Graduate Course pages76-78.

On page 709, Eq (9.190). to prevent confusion it is preferred to write for the product state, a
product state is a product of two independent states,

V) = [Yexterna) @ [Winternar) -

In Eq.(9.193) the formula for the total angular momentum of a spinning particle is
presented: the sum of the orbital and spin angular momenta.

9.3.2 Super Selection Rules

Boccio starts with the 27 rotation transformation operator, Eq.(9.201).

At the bottom of page 710, Boccio mentioned A to be any physical observable. A?
Eq.(9.210) is found by using Eq.(9.209).

Eq.(9.213) is obtained using Eq.(9.208).

9.3.3 A Box with 2 Slides
An example of a two-sided box using both the Schrédinger and Heisenberg pictures.

9.4 Magnetic Resonance

How to observe the spin of a particle?

The magnetic momentum operator, in non-relativistic quantum mechanics is the sum of the
orbital momentum operator and the spin operator.

Eq.(9.247) represents the spin contribution to the Hamiltonian in a magnetic field.

See also Fitzpatrick 10.6 Spin Precession Undergraduate Course.

9.4.1 Spin Resonance
An oscillating magnetic field perpendicular to the applied field is added.
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9.5 Addition of Angular Momentum
Boccio presented the special case of two spin % systems.
See also: Fitzpatrick chapter 11 and section 11.4, Undergraduate Course.

9.5.1 Addition of Two Spin % Angular Momenta
Two systems are defined. The operators for the two systems do commute, Eq.(9.132).

9.5.2 General Addition of two Angular Momenta
The operators and states are presented, page 732.

9.5.3 Actual Construction of States
In the beginning of this section Boccio presented the notation used, page 735.
For the second subsection of 9.5.3 “Notation”, | prefer “Procedure”.

9.6 Two- and Three- Dimensional Systems
The wave function representing such systems is given by Eq.(9.391).

9.6.1 2- and 3- Dimensional Infinite Wells

2- Dimensional Infinite Square Well-Cartesian Coordinates

The potential energy function is given in Eq.(9.394).

Two major changes with respect to the 1-Dimensional case:

- the energy level structure is more complex, Fig.9.4,

- degeneracy— different sets of quantum numbers give the same energy eigenvalue.

9.6.2 Two-Dimensional Infinite circular well

The potential is given in Eq.(9.418).

In Figure 9.7 Boccio presented the energy levels of the infinite square and circular wells.
Next, Boccio dealt with the 3-dimensional infinite square and spherical wells.

9.6.3 3-Dimensional Finite well
The potential function in three dimensions is presented in Eq.(9.450).
A graphical solution is presented by Boccio Figure 9.16, page 751.

9.6.4 Two-Dimensional Harmonic Oscillator

The Hamiltonian for the two-dimensional oscillator is presented by Eq.(9.487).

The energy level structure is given in Table 9.1, page 753.

At the bottom of page 753, Boccio introduced the general rule: the existence of degeneracy
indicates that there is another operator that commutes with the Hamiltonian operator.

9.6.5 What happens in 3 dimensions?

For Cartesian coordinates Boccio presented the energy eigenvalues in Eq.(9.557). An
extension of the 2-dimensional case.

The energy levels and degeneracy are given in Table 9.6, page 760.

9.6.6 Two dimensional Finite Circular Well
The 2-dimensional finite well is considered to be a very difficult case.
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9.6.7 The 3-Dimensional Delta Function
The delta function potential is given by Eq.(9.582).
The delta function is dealt with similarly to the 1-dimensional case.

9.6.8 The Hydrogen Atom

The potential is given by Eq.(9.604).

See also Mahan Section 5.4, Coulomb Potentials. There the nucleus is assumed to be fixed at
the origin.

Boccio started with the equations of a two particle system. Then the two particle system is
reduced to a particle with reduced mass in an external potential. Finally , the reduced mass
is approximated by the mass of the electron, Eq.(9.162).

9.6.9 Algebraic Solution of the Hydrogen atom.

Review of the Classical Kepler Problem

The orbit equation of motion has been derived: Eq.(9.656).
The Quantum Mechanical Problem

The set of states are presented in Eq. (9.676),

with the ladder operators 7;% defined in Eq.(9.673).
The degeneracy is given in Eq.(9.681).

9.6.10 The Deuteron

Boccio: “A deuteron is a bound state of a neutron and a proton”.

The potential of the proton and neutron is such that the deuteron is weakly bound.
The potential is assumed to be a finite square well.

9.6.11 The Deuteron-Another Way.

Boccio mentioned the square well representation of the potential to be realistic.
The actual potential is given in Eq.(9.695).

The bound state energy (I = 0) is presented in Eq.(9.712).

9.6.12 Linear Potential

The linear central potential is presented in Eq.(9.7.13).

For I > 0 numerical methods needs to be applied to solve the differential equation given in
Eq.(9.7.18).

Boccio analysed solutions for [ = 0.

The allowed energies are given in Eq.(9.730).

9.6.13 Modified Linear Potential and Quark Bound States.
The quark-quark force is given by an effective potential, Eq.(9.734).
The energy levels are presented in Table 9.8
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9.7 Problems

9.7.1 Position representation of the wave function.

A system is found in the state

/15 .
(0, ) = ;cos()mn()cosp
on

(a) What are the possible values of L, that measurement will give and with
what probabilities?

(b) Determine the expectation value of L. in this state.

a) For the spherical harmonics solution we write

15 . 15 . elPyeid
1/)(9,<p)=\/;cosesmecosq):\/;cosﬂsme( > ).

With the spherical harmonics we know form = +1:

— ,15 . ; < 15 . ;
Y311 =7F [5-cosfsind et orytt =F - cosBsing etle
Then,

Y0, p) = \Ecos 0 sin6 cosp = %(—YZJ +Y,1).
In the (I, m) notation:

P(0,9) =2 (—121) +[2,-1)), [ =2,m = +1.
With normalization

17" dg 3 dO sin 0 (8, )" Y(B,¢) = 1S,
we obtain for the normalized state.

Obviously, evaluation of the integral gives the desired result. However, using
1

(W) = 3 (=(21] + (2, -1D(=[21) + |2, -1)) = 7

2
¥(6,9) = Z(-121) +2,-1).
We know

LY, 11 = mhY, 41 = L, = £h — consequently, the probability is %

Hence, the expectation valueof L, = 0.
This result, L, = 0, is obtained also from evaluating the integral

2 . . 2 : .

(L,y= [," do [, dOsin0(8,9) L, p(8,¢0) =mh [~ do [, dOsin(6,9)" Y(6,¢) .
b) (L)?

With the raising and lowering operators:

Ly =Ly xil, > Ly=1/2(Ly +L_).

So,

(Lx) = 5{Ly + L),

Then, using the Dirac notation for the state and applying the raising and lowering operators:
3 (La + L) = 3 (@1 + (2, =1Ly + L) (=12,1) +12,-1) =
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= l(—(2,1| +(2,-1](—|2,2) + |2,—0) — |2,0) + |2, —-2)) = 0.

4
<Lx) =0.
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