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Abstract

Another proof of the non-existence of de Fermat’s last theorem is presented.
Methods used in the time of Fermat has been applied.

This is done by using Pythagorean Triples and Fermat’s Descent Infinie.

§1. Introduction.
‘Fermat’s equation: x™+y™ =z" , (1.1)

has no solutions forn = 3'.

A statement by Andrew Wiles written on the black board after the presentation of the
conclusions concerning equation (1.1).

Is there another proof of the last theorem of de Fermat, fitting into the margin of de
Fermat’s copy of Diophantus?

de Fermat mentioned his proof not to fit into the width of the margin of his Diophantus

copy.
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Ockham'’s razor, sort of.
This stimulated me to investigate de Fermat’s last theorem.
It all started withn = 2 and

x% +y? = z2. (1.2)
Equation (1.2) represents an infinite number of solutions for x, y and z as positive integers:
{a, b and c € P}, the Pythagorean Triples.

This equation, (1.2), is discussed in some detail in Noordzij.

| present the results in §2 Pythagorean Triples.

§2. Pythagorean Triples

First Euclid’s Formula and proof of the existence of Pythagorean triples.

Proof of Euclid’s formula
For{m,n € N}:
-a=m?—-n?
-b =2mn,
-c =m? +n?
Then,
a’+ b? =2,
Caveat: not all triples found in this way are primitive.
Set m,n to be odd = a? + b? = ¢?, can be, at least, divided by 2.
To obtain primitive triples:
set m to be odd and n to be even, or the other way around = a is odd and c is odd, resulting into primitive
triples.

End of Proof

Next, another proof for Pythagorean triples:

Proof
With (1.2) and x = a,y = b,and z = ¢,
c=vVa%+b2. (2.2)
Plug into (2.1), a = a,a,, where a,, a, are products of powers of prime numbers and no common factors:
¢ =4/(a;a;)? + b?. (2.2)
a, or a, can be chosen to be equal 1, for instance (3,4,5) .
If we can compose an expression for b? of which (a;a,)? in (2.2) is part of a double product of b2, then an
integer ¢ can be obtained.
So, the composition
b? = (a} — 2(0,0,)% + af) - b = |a? — a3| = |(ay — az) (a1 + @),
will do the job.
Substitute b? = i(a‘f —2(a1a,)?* + a3) into \/(a,a,)? + b2, (2.2),

hence, cin (2.2):

c =+/(a;a,)% + b% = \/i (at +2(a1a,)2 + a3) = i(af + a?). (2.3)
So,

a=aa,, (2.4)
b=-|(a? - aj)l, (2.5)
c= %(a% + a?), (2.6)

are all integers.
In addition, b is even and c is odd.
End of Proof.

Note: when we had chosen, a = 4a, a,, Euclid’s result is obtained.




§3. Notation

We assume a solution of (1.1) in terms of integers x, y and z : a so-called Fermat Triple.
Denominate the solution a “Fermat” triple: x = A,,,y = B, and z = C,,.

[4,,, By, C,,] represents a set of triples.

A,, B, and C,, are positive integers. A,, is odd, B,, assumed to be even and C,, must be odd.
So, {34, C,, € P| and odd} and {3B, € P| and even}; {Vn € P|n > 3}.

A,, B, and C,, are relative- or co-prime.

| will use(see e.g., Spivak):

V, the al kwantor meaning : “for all”. So, {Vn € P} —for all n belonging to the set of natural
numbers larger than zero.

3, the existential kwantor: “there exists”. So, {an € P} —there exists an n belonging to the
set of natural numbers larger than zero.

§4. de Fermat’s last Theorem.

x"+yt=2z".

| assume the preceding equation to have a so-called de Fermat triple, [4,, By, C,], as
solution, forn = 3.

The existence of [4,,, B,,, C,] will be investigated in the following proof. Use is made of
Pythagorean Triples, § 2.

Proof
| rewrite (1.1):
"yt =" (xg)2 + (yg)z = (zg)z . (4.1)

Eq. (4.1) is identical to Eq.(1.2) .
Consequently,
n n n
{EI [xz =a,yz =b,zz = c] € ]P’} represents an infinite set of Pythagorean Triples {Vn € P|n = 3}, as
shown by the Proof of Euclid.
This set of Triples equals the triples found for n = 2.
If not, the proof by Euclid is not correct. A contradiction.

Hence, with the set of triples [A,,, By, C,] :
n, 2 2

n ny 2 n
AM 4 BM = (N = (A;) + (B;) - (c;) .
Consequently,
n

A% =a,
n
B =b,
and
C3= c,
for{vn € P|n > 3}.
For example
3 4 5 n
Aé=AZ=A§=~~=A$L=a=>A§=A4=A§=~-'=A?l=a2, (4.2)




3 3 5 n
B:=B:=B=--=B?=b= B} =B} =B =-=B=b?, (4.3)
and

3 4 5 n
C2=C=C=-=C=c=>C=C=C==C=c (4.4)
Obviously, solutions of above the equalities, (4.2)- (4.4) are:

A =1,0r0,
Bl =1,0r0,
and
Cl=1,or0.
Furthermore
a=b=c=1,
a=b=c=0.

Giving the following trivial triples:

[a,b,c] =[1,0,1], [0,1,1], or [0,0,0],

and

[A,, By, C,] = [1,0,1], [0,1,1], or [0,0,0].

Are there other solutions, triples?

Remark 1

Here | could have used Fermat’s method of “Descente Infinie” to prove the non-existence of Fermat Triples
forn = 3.

We know a?, an integer, can be expanded in a product of powers of prime numbers, P say.
Furthermore, likewise

As, Ay A, . Ay,
can be expanded in a product of powers of prime numbers respectively:

P;, P, Ps, ..., B,.

Then,

A3 =A1=A55’=---=A2=a2=>P33 =Pf=P55 = .. =Pt =p2?, (4.5)
Now,

Ay = P?3 A, = PY2 A, = P?/5, ..., A, = P?/™.
Consequently

A, # A, ,and A,_, and A,, are co-prime,

with {k € P|3 < k < n}.

So,

P, # P,_y, the fundamental theorem of arithmetic,
and

PM # PRk,

Then,

AT # ATTK

The preceding inequality contradicts Eq.(4.2).

The equality, Eq. (4.5), only holds for

Pp=Pp = Ay =Ap = A5 = A0 .

With A" = A"7K Eq.(4.2), > AN =A"_, = A"F =
= ATk (AR —1) =0,

we conclude no other solutions exist other than

Al =1,0r0 = A, = 1,0r0.

Similarly
B,=1,0r0,
and
C,=1,0r0,
for

{vn € Pln = 3}.

Finally, we need to consider the case where

A, is expressed in a power of a single prime number p > 3, or a product of power of prime numbers.
We use this to analyse, Eq. (4.2),




AB=A=A= =40 =a

First an example

A3 = AL = a2
With

A; =p* and 4, = p3,

A3 = A% = a? = p'? =p'? = a2
This gives a Pythagorean Triple:

6 p12_1 p12+1

@2,
Another example, p # g,and p > g,

A3 =p*q* and 4, = p°q?,

A3 = A} = a? = (pg)'? = a%
This results into two Pythagorean Triples:

12_4q 1244
[(pq)®, TL—, &1,

and
12 12 12 12
p'?-q'? p*’+q
[(pg)®, Bt Pt
Remark 2
Here again we could have used Fermat’s method of “Descente Infinie” to prove the non-existence of Fermat
Triples forn = 3.

2

In general

A=At =A== A}T5 = AT = Af = .

With prime numbers

Ay = p22-5-...(n—2)-(n—1)-n — Ag — p22-3-5-...(n—2)-(n—1)-n )
A, = p3-5-...(n—2)-(n—1)-n - Ai — p22-3-5-...(n—2)-(n—1)-n ,

22:3:4-5-..(n—-2)"n

A, =p N AZ:% — p22-3-4-5-...(n—2)-(n—1)-n ,
A = p22-3-4-5-...(n—2)-(n—1) = A" = p223-5-...(n—2)-(n—1)-n
n n ’
where 22:3:5:..(n—2) - (n— 1) nis the least common multiple.
Then
A3 =A}=A = =A"3 = ATl = A" = 2.

With the Pythagorean Triple:
22:3:5-..(n—2)-(n-1)n_q p22-3-5-...(n—2)-(n—1)-n+1

’

2:3:5-...(n-2):(n-1)n P

@
Again we obtain:

A, # Ap_ ,and A,_y is co-prime with 4,,,
with {k € P|3 < k < n}.

However, A% = A"k

2 2

Remark 3 about the least common multiple:

In the above analysis (n — 2) - (n — 1) - nis included.

Suppose n = 50 = 2 - 52, Since 2 and 52 are already included in the least common multiple, 50 is not. 25 is
included by raising the power of: 5 — 52,

n—1 = 49 = 72. Consequently 7 — 72 and 49 is not explicitly included in the least common multiple.
n—2 =48 = 2*-3.Since 16 = 2*, 48 is not explicitly included in the least common multiple.
n+1=>51=3-17.Both, 3 and 17 are already included and 51 is not explicitly included.

So, the afore mentioned considerations must be kept in mind by interpreting:
22:3:5-..(n=-2)"(n—1)n.

The above analysis can be used for the product of prime numbers as presented above: instead of p, pq can
be used.

Let us investigate
A; =p? = A3 =p°® =d?
The Pythagorean Triple is:




6 6
p°—-1 p°+1
]

Hence, with Eq.(4.4),

== o= @2,

Can C3 be an integer?

Now we need Fermat’s method of “Descente Infinie” to use the non-existence of Fermat Triples for n = 3:
no Fermat triple [A3, Bs, C3], except trivial triples.

So, investigating

A%+ B3 =CE,

assuming As, to be an integer, B; and/ or C; are no integers—the triple [A3, B3, C5] does not exists.

Egs. (4.3)-(4.4) are contradicted?

Let us examine Eq. (4.4) :

3 4 5 n
C2=Ci=Cl==Cl=c=>C}=C{=C==Cr=c
We construct the following table on the basis of A3 = p™,
where m represents the least common multiple 22-3-5-..(n—2)-(n — 1) nand
Cn/z — P+l .

n 2
The table

n=314 | n

c3 Cs 5C55 O s (Pmi+1)2 = integer
(o o Il I ol Pm2+ 1 | =integer
(o oA Il I ol (¢)2/3 # integer
et et | ept (szi+1)1/2 # integer
(ol el o crs (¢)2 /s | * integer

In the third row of the above table
C33/3 = (; appears and due to the non-existence of the Fermat Triple [A43, B3, C3], C5 # integer.

What about

4
C33/4 an integer? If so, the possibility exists C3[= (integer)z] equals an integer. This contradicts
4

C; # integer . Consequently, 633/4 # integer — Cf = C, # integer, the fourth row in the table, etc.
Conclusion,

For x™ + y" = z" & (x?)% + (y/?)? = (zV?)?, and

and {vn € P|n = 3}, no primitive set of Triples can be found .. the assumption: a so-called de Fermat
triple, [4,, B,,, C,,] , exists, is contradicted. Only a set trivial triples [4,, By, C,] = [1,0,1], [0,1,1], or
[0,0,0], are found

End of Proof.

§5 Do we need the Descente Infinie?

§5.1 a’=p™ and Pythagorean Triples.

Let us investigate n = 3 and imply the results of Pythagorean Triples.
Keep in mind, 43 = a? = p™,

where m is the least common multiple.



Then,

m

C33/2 = pTH, an integer and odd,
m_q .
B;/Z =P S, an integer and even.
Hence,
3 3
C; — ; =1.
We assume
C;tobeaninteger, I, > 3
and

B;tobeaninteger,; <1 —12> 2.
For the analysis we use

I =3,

and

I = 2.

Then,

: 2 1 1 11
C; —B; = (I®)z—[(I—-1)32=272—82 > 1.
We assumed the de Fermat’s Triple to exits.

Consequently
3 3

C:_p2=

3 3 ’
is contradicted — B3 and (5 are no integers— de Fermat’s Triple does not exist for n = 3.
Notice: for{r e P[r =3} > r3 —(r—1)3>1.

-n=4%4.
miq .
C:/Z = %, an integer and odd,
m_1q .
Bf/z = pT , an integer and even.
4 4
2 2
C,—B; =1
We assume
C,tobeaninteger, I, > 3
and

B,tobeaninteger,; <[ —12>2.
For the analysis we use

I =3,

and

I, = 2.

Then,

4 4

2 2 _ g2 2 _
C2—-B}=I"-(I-1)*=9-4>1
We assumed the de Fermat’s Triple to exits.
Consequently



4 4
2 2
C;,—B;=1,
is contradicted = B, and C, are no integers— de Fermat’s Triple does not exist for n = 4.

n=5.
m
C55/2 oy A , an integer and odd,
2
m_q .
Bg/z = pT , an integer and even.
5 5
2 _ p2 _—
C5 B =1.
We assume
Cs tobeaninteger, I, = 3
and

Bstobeaninteger,; <1 —12>=> 2.
For the analysis we use

[ =3,

and

I = 2.

Then,

5 5 1 1
C2—B:=(I®):—[I-1))=93-4v2> 1.
We assumed the de Fermat’s Triple to exits.

Consequently
5 5

Ci_pz=
5 5 ’
is contradicted — Bs and Cs are no integers— de Fermat’s Triple does not exist for n = 5.

-n
Suppose

- - 1 1
C:—BZ= ("~ [ - DM > 1.
We assumed the de Fermat’s Triple to exits.
Consequently

n n
2 2 —
C;—B; =1,
is contradicted = B,, and C,, are no integers— de Fermat’s Triple does not exist for n.

-n+1?
n+1 n+1

€2 —B2 =™ —[( - D™D =I5 (1M — (1 — 1)a[( — DMV >

n+1 n+1

> (™ - [( - D) > 1.

Hence , we conclude the Pythagorean Triples to be sufficient to prove the de Fermat’s Triple
not to exist for n, {n € P|n = 3} witha = p™.

a constitute the Pythagorean Triple [a, b, c], p is a prime number > 3 and m is the least
common multiplier, §4.



§5.2 a’=p™g™, Pythagorean Triples and The Descente Infinie
In§4,A3 =---.= A" = a? = p™q™, has been mentioned.
Again, m is the least common multiple.

There, two Pythagorean Triples are presented:

[(pq)6 (pq) 2_1 (pq)12+1
) 2 ’
and
6 p12_q12 p12+q12
[(pd)° —F—  —;

Using the first triple, the analysis of the above §5.1 can be used.
For the second triple the Method of Descente Infinie is needed as applied in §4.
Furthermore, depending on p and g, the second triple represents more than 1 triple.

§6 n > 3 and the Method of Descente Infinie applied.

In paragraph §4 the method of Descente Infinie has been used for the first term, n = 3, in
the Egs. (4.3)-(4.4).

In §5 we proved the Pythagorean Triples to be sufficient.

Can we use the method of de Fermat for n > 3, (Noordzij)?

We want to investigate the possible existence of the Fermat Triples [A,,, B, C,,], forn > 3.
We have the equation

AY+ Bl =Cl. (5.1)

Similarly to the procedure in § 4, we rewrite Eq. (5.1)

A5 + By = (). (5.2)

With the result of the ‘Descente infinie’ (Giorello, G., et al) for a given mtegerA , m>3 -
- {ABM3,cM*) e Pln > 3} .

Consequently,

{A(B,, C,) € P|n > 3}.

Proof

{A(B,, C,) € P|n > 3}.

Suppose

{3(B,, C,) € PIn > 3}.

Then,

{3Br, ) ePln > 3}

So, the possibility exists

(3B, c*) e Pln > 3}, Eq.(5.2).
This possibility contradicts the method of the ‘Descente infinie’.
Hence,

{A(B,, C,) € P|n > 3}.

End of Proof.




§7. Conclusions.

The nonexistence of a Fermat Triple, n = 3, has been proven in §4 applying the existence
of an infinite number of Pythagorean Triples and Fermat’s Descente Infinie.

In the above analysis, we used Fermat’s Descente Infinie in Eqs. (4,2)-(4.4), for the first
terms A3, B3 and C5 in Egs. (4,2)-(4.4).

In §5 it has been proven the Pythagorean Triples to be sufficient.

In § 6, the method of Descente Infinie can be used forn > 3.

For further reading on de Fermat’s last theorem | like to mention Simon Singh’s book.
Finally, to conclude the above approach on de Fermat’s last theorem | also cite Feynman on
de Fermat’s last theorem: “For my money Fermat’s theorem is true”. Feynman estimated
that the probability of finding integer solutions is less than 1072%0 (Schweber).
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