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§ 1 Introduction

In “Puzzles with my grandchildren” (www.leennoordzij.me ) | addressed the problem of finding
the maximum area A for a given perimeter of length L in a cartesian frame. The circle creates
the largest area.

There is a very practical application of the isoperimetric inequality. In “The Grand Strategy Of
The Roman Empire” ( E. N. Luttwak): “....A second clear-cut difference is the ground plans of late
Roman fortifications. Old-style rectangles with rounded ditch defences naturally persisted, since
in many cases old fortifications remained in use, but the square layout became predominant,
together with irregular quadrilaterals (Yverdon), rough circles (Jiinkerath) and bell-shapes-where
the broader side rested on a river or the sea (Koblenz, Altenburg, Solothurn, Altrip). The
advantage of proximate circles and proximate squares over the older rectangular pattern is, as
noted before, the shorter length of the wall for any given internal area. The perfect circle-
theoretically optimal-was normally avoided because it was difficult to build......"

On the internet quite a few references can be found for the isoperimetric inequality. Without
any preferences | mention a paper by Hehl and another by Treibergs. From these papers you
can learn that grandchildren need some basic understanding of mathematics. These papers are
attractive since you can find a lot of historical evidence on the isoperimetric inequality.
Archimedes is mentioned, but alas no historical material is available.

The isoperimetric inequality is a 2-dimensional inequality. Is there a 3-D equivalent? In Noordzij,
Adaptation to Climate via Morphological Change and Optimizing Heat Exchange, attention is
paid to the subject matter. The 3-D equivalent is to find the maximum mass/volume for a given
surface of that mass/volume. This inequality can be used to study the effect of climate change,
i.e., raising temperatures, on the morphology of vertebrates: adapting to climate change. To
improve heat exchange with the environment, this adaptation resulted into an increasing
surface of the vertebrate for given/mass.

The equivalent with the isoperimetric inequality is denoted isoepifaeic inequality.

In § 2 some examples of the isoperimetric inequality are presented. A proof of the isoperimetric
inequality can be found in § 3. The isoepifaeic inequality is illustrated with a couple of three-
dimensional structures in § 4. The proof of the isoepifaeic inequality is presented in § 5.

§ 2 The Isoperimetric Inequality; Some Examples

2
The inequality reads: A < :—n (Hehl, Treibergs),

where A is the area with perimeter L . See also www.en.wikipedia.org .

2
Then, for a circle with radius R = L the equality holds: A = nR? = %.

§ 2.1 Triangles with Perimeter L
We start with finding the maximum area of a triangle with perimeter L.
For the area A; of the triangle | will use Heron’s formula:

A= [te-ad-ni-0,
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whereL=a+ b +c,

and a, b, c are the sides of the triangle.

| substitute in the above formulaof A;:a =L —b —c.
Consequently

A= [t +c-bH-ni-o.

Hence, A, is a function of (b, ¢) with parameter L.

What do we learn from
dA;

dA . . .
5 = 0,and —Ct = 0 in order to obtain the maximum value?

A R S— |G M (RSO TCR)

J(b+ GG

and

AT R E— |G (RSO [CR )

J(b+c GG

First, W|th 5 = 0, we find an expression for b:

2 L
b= 3TLC—CZ_L7 __ (C—L)(CL_E) - _1 (c—1),
2¢-L Z(C'E) 2
with L > 2c1
Next, W|th a = 0, we find an expression for c:
3Lb_p2 L2 (b-L)(p-%
c=-2 2= — (LZ):_l(b_L);
2b—L 2(”‘5) 2
with L > 2b.

After some algebra, these two expressions for b and c results into:
b=c.

So, the maximum we found for this equality is an isosceles triangle.
Did we find a maximum? Let us find out.

For a function of two variables we can do the analysis.

Then we need the second derivatives:

%A 9%4 09%4 924

302’ 3c2 " avac’ "% 5eap -
Here | left out the subscript t, triangle, of A; for convenience.
We make use of the Hessian matrix:

0%A  9%4

_ db2 obdc
H= dzA 924
dcdb dc?

Next, the determinant of the matrix:

LFor L < 2c there is no triangle left.



2%A4  0%A
Det H = | 8v®  aboc _ 9%49%°4  d’a 62A.
924 924 b2 dc2  dbdc Acdb
dcab  ac?
The trace of the matrix:
%A . 9%4
TrH = ﬁ + m

If the determinant is positive and the trace of the matrix is negative we have for

9A 9A
— = O,anda =0,

ab
a local maximum.
First,
O R ST (Cor cor (e [
R b e )
- 62_A __1 % (L —2b) — l(5)2[(Lé_b)(%_c);(b+z_§)(%_b)]2 )
% Foe GG e D)
. DA 94
Wlth£= O,and§= 0 =b=c=
R S W ¢ U
W Fard) G
ot _ 5 1 (P3P
oo = Fard) COEER
Both second derivatives show:
024 | 9%4A
bz ' 9c2’
the trace of the matrix to be negative, and
024 0%A -
357 302 to be positive.
. . d’a 924
Next the determinant of the matrix. We need 2b9c” and ool
d?A 924
350 = 508 however | calculated both

25t 699 o969 -
) (o] 3 ) o in)e) (ore B

2 Foreb)Eo)le) G(b+e=3)G2) o)

2
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Again, using b = c:
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Consequently
a4 974 _ (62'4)2 is positive.
dbdc dcdb ~ “dcdb P

924 2
Then, compare — 352 (a ab)

With the above expressmns it sufficient to compare
L

2

L L’

2(26-3)

he fi £24
the first term of —=,
and

1 glat-4n]
o) oD
the first term of —A

dcob

So, the question is

: 1 gl

> ?
2

Wov D) 2(0) D)
After some algebra, we obtain:

L—2b>>L— 4b?
The perimeterL=a+b+c=a+2b=L—-2b=a.
Then,

L-3b=2a=3L-4b=3a-b.

2 2 2 2
So,

L—2b>>a—b?
With L = a + 2b, the preceding inequality becomes:
b > %a.

For an isosceles triangle with the equal sides to be b and c(= b), the preceding inequality is
true.

Hence:
024 0%4 d%a 62

ab2 ac2  abdc dcdb
Consequently, the determinant of the matrix is positive and the trace negative and we have a

local maximum.

There is more.



Completely similar to the foregoing analysis, with ¢ = L — b — a, we obtain
b=a.
Hence, with b = c and b = a, the optimal area of a triangle for a given perimeter L is the area

. . s L
of an equilateral triangle with sides equal to 3

The area for an equilateral triangle with perimeter L is: A; = FLZ

Note: we could have analysed the case b = L — ¢ — a, with the result ¢ = a. Obviously, no new
information is created.
We did not find a circle!

Another Method
We have the formula for the area of the triangle:

L Ly L L
A= [to+c-bHE-ni-o
For convenience, | make this formula dimensionless with the perimeter

A;—()Z JO'+c=1DA-b)A-C").

In the following analysis | drop the primes.
Ac=J(b+c—-1DA-b)(1-0).

Without loss of generality make c a fraction of b = ¢ = fb,
where {f € R|f > 0}.

So,

Ay =J(b+fb—1)(1-b)(1—-fb).

Now , differentiate with respect to f.

Se tdAt—O b=
af 2f+1

dA .
Do we find for d—ft = 0, a maximum?

2
To find out we calculate the second derivative and substitute b = —— into & Azt :
2f+1 af
2
‘Z};‘} = —202f + 1)%/2(2f — 1)¥/2 = d;‘t <0, forf >~

: 1
We have a maximum for f > 5

The expression for A; with b = —2_reads
2f+1
_ @rf-n'?
Ar = (2f+1)3/2°
The value of f giving the maximum value of A;:
Y= D 1>
ar 2f+1 -
@f-n'?

Plugf = 1linto At W .

1
Ac =75,
or in the dimensions of length, the perimeter,



__1 42
A = 12¢§L .
The familiar expression for a equilateral triangle. We obtained above.

§ 2.2 The rectangle and the Square compared with the Circle

As Luttwak mentioned the rectangular pattern, the square, became dominant over old-style
rectangles in building fortresses . Well, this change is easy to understand with a little bit of
calculus.

We have a rectangle with sides (a, b) and a perimeter L = 2a + 2b.

The area A becomes: A = ab .

For a given value of L we can express the area in L and a.

A= a(g —a).
Optimizing A for a given L we find a = L/4 : a square. This can be done by trial and error.

However, with a little bit of calculus the optimum value for a follows from

dA L L
—=O—>——2a=0—>a=z.

da 2

Is this optimum a maximum?

dza . - .

Tz = —2 — a maximum indicated by the - sign.
A 1

Then we have for the area A of a square :L—j =

where the subscript s indicates the square.

The same result is obtained starting with two isosceles triangles opposite to each other, i.e.,
with a common base x.

See Figure 2.1:
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Figure 2.1 Two Isosceles Triangles, a rhomb.

The total area A of the two triangles with perimeter L each, leaving out the details,
A =217 - 4x2,
a4 _ 112 — 202 — x? 2 _ _ _\2

—O=>4L 4x W—OQL 8x—0:>x—4L.

dx
Then, with x = gL




— (e A _ L
() L2_16'
2

dza . .
The area of a square. Furthermore, - < 0, a maximum indeed.

What about the circle and the square with the same perimeter?
As 1

For the square we have — = —.
2 16

. . . . L

The area A, of the circle with perimeter L and radius r = g

1
= 7'[(—)2 L2 =

E .
Hence —=- > 1, as it should be.
A T

S

§ 2.3 The Square, the Hexagon, and the Circle
The hexagon consists of six equilateral triangles. Consequently, the sides s of these triangles

L . . . . L
have a length of p The perimeter of a single equilateral triangle equals 3s = 7

The area Aj, of the hexagon using s = %,

_ 33 2 =L 2
Ah = > N Ah = \/_L
So, let us compare the areas of the equilateral triangle, the square, the hexagon and the circle:
— 2
Ar = 12\/—L
- A, _ L
16
- = — 2
Ay, 8\/_L
and
2
- A, _ L
4-71'
Hence

Ay <Ay < Ap < A, (4V3 <9 < 6V3 < 36/m),
all areas with the same perimeter L.

§ 2.4 The Square, the Hexagon, the regular Polygon, and the Circle
The polygon consist of n isosceles triangles.
The top angle S of the isosceles triangles equals

2T
B=—.
The length of the basis of these triangles is% .

A
The area —p of the isosceles triangle:

Ap _1_ G L

n 21— cosz( )

7-sin 3.

After some algebra, A, is



4p _ 1
- TT.
n tan(z)

L
2n

)*

Hence,
1 L2
b = B an’
T n
T

with 22— < 1
tanz

Forn=6:

_ _ 1 52
Ap—Ah—&/EL.

Forn — oo,

(g) tan (g) =1=>4,=4A,= % , as to be expected.

Note: the areas of the equilateral triangle, the square and the hexagon can be obtained with the

expression for the polygon:
P
p (%) tan(g) am’

with n = 3,4, and 6 respectively.

In Figure 2.2 below I illustrate the function
X 1

y=——=

tan x %tanx ’

with WolframAlpha, x is the horizontal axis.

For the equilateral triangle: x = g,
for the square: x = %
for the hexagon: x =

’

for the polygon: x ==, n > 6,

380y ~

and

for the circle: x = % ,n — 00,

So, for the optimal areas A;, Ag, Ap, Ap: 0 < x < m/3.
The maximum value is found for x = 0: the circle.

B —

Figure 2.2 y=x/tanx as a function of x



Fory=0:x=§.

In the Figure 2.3 below y = ta% has been plotted with WolframAlpha.

Figure 2.3 y=tanx/x as a function of x

For completeness | also present in Figure 2.4 a graph of y = Si%, with Wolfram Alpha.

Figure 2.4 y=sinx/x as a function of x

§ 2.5 The Half Circle

To complete the analysis, | relate the area of a half circle and its perimeter L with the area of
. . . L?
the circle A , with the same perimeter, : py

We take the area of half a circle with radius R,,. The area A, of this half circle is:
Ay = SRS,

and the perimeter is

L =mnR, + 2R,.

Then,

Ao __ F7RS n 12 272 2 12 12

= — = 0.747—.

= = ft A = —
L2~ (WRo+2Ry)2  2(m+2)2 0 ™ 4m (m+2)2 (1+3)2 4am 4am
TT.

10



This expression shows a factor (1# <1.

+£)2
T
. . : £ (142)°
The ratio A; /Ay, both areas with the same perimeter L, is — 4”2 = 2” > 1.
" (142)”

§ 3 The Isoperimetric (In)Equality

§ 3.1 A Perturbed Circle and Fourier Transform
2
The area enclosed by perimeter L is A. For a given length L, we have the inequality A < :—n .

Figure 3.1 A smooth closed curve with perimeter L and area A

For further analysis | will use polar coordinates: (R, 8), Figure 3.1

| suppose the curve to be smooth and enclosing the area A to be convex. The length of the
curve, the perimeter to be L.

The area of the small triangle %RZAB

Then, for A@ — 0 we obtain for the area A:

— (*"1p2
A= fo 2R (6)do,
and for the given length L of the perimeter:

L= ["R(6)df.

The Proof

| create a symmetrical curve, Figure 3.2 below, with symmetry axis’s the x-axis and the y- axis.
As a basis | use a circle with radius Riand add to the upper half of the circle AR, sin 8, the
perturbation.

11



Figure 3.2 A perturbed circle

So, the radius,

R =R; + AR, siné,

where | have chosen AR, to keep the curve described by R convex.
The area of this new circle is:

A=2 [ >R*6)do.
With R = R, + AR, sin 6, we find for
A =R} + 4R, AR; +~ (ARy)%

The given perimeter L, L. = fOZRR(H)dH, and R = Ry + AR, sinf

L =2 R(6)d = 2mR, + 4AR;.

Hence,

AR, = L—2411'R1

We plug AR, = =222 into

A= TR} + 4R,ARy +~ (AR,)? :

A =1R?+R,L — 2nR?* + 312(L2 — 4TLR, + 4m%R2).

Next we optimize A:

Y -0= i[an + R,L — 2mR? + = (L% — 4mLR, + 4n2R§)] —R =Lt=gr2=L
dRq dRq 32 21 41
Note: R, is the radius of the optimized are A, a circle of which the perimeter

L = 2mR; + 4AR;.

In the preceding expression for the perimeter Ryis the radius of the “old” circle.

Caveat convex!

The question to be answered: is the curve presented in the above Figure 3.2 convex? Alas, it is
not.

WithR = R, + AR, sin 8, we have
dR
i AR, cos 6.

dR

Consequently, 8 - 0 = i AR, > 0. The curve is concave.

How to deal with that? There are two possibilities to make the curve convex.
| choose the most simple one and create a new area by R = R, — AR, sin 6.
Now,

2mMR,{—L
ARl = L

4

12



After some a/gebra :
o= 0= [1R? + RyL — 2nR? + (12 — 4mLR, + 4n’RD)| = R L agpz=L
R, 1 1 1t 32 1 1 1= 5, 1= 0

To prevent confus:on, the radius resulting from the preceding expression is denoted R,,, and
LZ

mR2 = —, and

41

L = 2T[R1 - 4‘AR1.
A maximum for Ry = i ?

d%a 2 .
T —2n(1 - E) < 0 = a maximum.
End of Proof

§ 3.2 A Convex Area Composited of n different Isosceles Triangles with the Same Top
Angle

Another approach to prove the isoperimetric inequality. Or the maximum area for a given
perimeter.

T/
a; E ﬂ\l
I )
TN
1 \ &+ }Der(‘hye(e» Z
[ ,/5_"7\”\ ‘
: /Q Area H
= = - i ////
Catve T =t
|
Figure 3.3 Area A composited of n, different, isosceles triangles with top angle 2m/n, basis a; and area A;.i = 1(1)n.
Another Proof

The area A is constructed by n isosceles triangles. The top of the triangles is somewhere in the
middle of the area A, the origin of the cartesian frame. The triangles have all the same top angle
,8 = Zn/n The area A; of triangle i with base a;:

al
i = tann( )2
Furthermore, the area A is contained by curve C, with length L (the given perimeter)
L=3%i_1a;
where the curve segment is approximated by a; .
The area A:
A=Y A =X 1tan ( )%= — ?1(23 .

Now, the question is: can we proof for a given perimeter L the area of the circle to be the
maximum possible area?

13



| optimize the area A = =

and optimize for the varlable a;:
dA

day.
| use the perimeter L = a1 = L — (Zk a; + Xk @):

2 S @) + @) + (L~ [T 4 + o + S er2 @)’ + Dhira(@)?} =0 -

> 2a,+2(L— [T a + 2 k+2al]) (—=1) =0 > 2ay — 2ax41 = 0 = ay = ay41,
fori1<k<n-1,

and L — [Zﬁ;l a; + Dl ktr ai] = ay+1 has been plugged back into the expression for the
derivative.

Hence, the optimization process leads to n equal isosceles triangles. Consequently, the
optimized area A = Apqx = Ap is the area of a n-polygon and a; = %, § 2.4, with perimeter L.

The curve C, Figure 3.3, is changed in such a way the area of n-polygon of equal isosceles
triangles is the maximum area. What about the circle?

Well,
wm? n L2
n T
A — A - __n_
tan” 4w tan% 4’
TL'
T T
Il
n 2
TL'
=1,
n—-oo nz
L2
limA =—
o Amax = 4o

the isoperimetric equality. The maximum area is the area of a circle.

Note : | have chosen ay 1. This choice is not special. | could have chosen a4 for that matter.
I addressed the problem of finding the maximum area A for a given perimeter of length L in a
cartesian frame. The circle creates the largest area.

End of Proof

2

. . d?A
Caveat: Is this proof complete? Well, as you notice Tz
k

a minimum? So, alas this proof is not complete. We do have more than two independent
variables. Consequently, the rules to find out about a maximum or a minimum are more
complicated.

= 4. Hence, do we have a maximum or

§ 3.3 The Optimization of three Isosceles Triangles

A=Y, A = = ()2 =

l 1tan

L0 + a3 + (L ay — )]
3

withas; =L —a; — a,.
By defining the perimeter Ltobe L = a; + a, + a3,

14



I assumed |a; — az|/az K 1and|a, —as|/a; K 1.

Then

0A 1 1

a—al = m [Zal - Z(L —aq — az)] = 2tan® (4@1 + 2(12 - ZL)
3 3

0A 1 1

a—az = @ [Zaz — Z(L —aq — az)] = @(4{12 + 2a1 - ZL)

oA _oa L

6a1 - 6a2 -

'4‘a1+2a2 _ZL = 0,

and

'4‘a2+2a1_2L:0.

Hence

_ _L _L
al—az—gﬁa?)—;.

Note: this is the inevitable consequence of a; = L — a; — a,, and the angle g .

With the assumption |a; — a3|/a; < 1and |a, — az|/az K 1,

a, = az,and a, = as.

Hence, there is nothing left to optimize. From the start, using the above assumptions, | assumed
three equal isosceles triangles.

This is the reason why | will analyse in the following the n = 3 problem for

(a1 — as)/as = 0(1), and (a, — as)/az = O(L).

In Figure 3.4 below, I illustrated one of the cases to be analysed, with (a; — az)/a; = 0(1),
and (a, —az)/a; =0(1).

Furthermore, | set a; = a,. Just for convenience. The isosceles triangles have the same top
angle § = 2 /3.

Figure 3.4 n=3 Isosceles Triangles

First | establish the perimeter L:

15



. 2 2
L= 2611 + a3 + BC + DE = 2a1 + a3 + 2((13 - al)/(z S]ng) = al(z _E) + a3(1 +\/—§)

Here | assume (a3 —a;) = 0.

Note:

L=2a +az+2(a;—ay)/(2 sing).

This expression leads to the conclusion the maximum value of 2a, + a; = L, fora; = a;.
Keep in mind: in 2a, + a; = L, q; differs from a; in L = 2a, + a3 + 2(a3 — a,)/(2 sing).
So, denote q; in 2a, +a; =L, a.

Then, the maximum value of a = g, and

3a=L=2a;+az+2(az;—a;)/(2 sing).

The proof, hidden in plain sight.

The maximum area becomes

2
A=3—= 2=L_
4—tn— 12v3°

In the preceding note | presented the maximum area with a geometrical approach.
However, for completeness | shall analyse the expression for the area.

The area of the three isosceles triangles:

1 1
A:24t T 1+

2
az.
4tan 3

. 2 2
With the perlmeter L=a,(2- \/—5) +as(1+ f):

i itz 2)] - - D)
and
al(\/_—1)<—L P

Remark: & < % is a trivial constraint , since &% < 1.

We can |mprove this constraint with the expressmn for the perimeter and (a3 — a;) = O:
L=2a,+a;+2(az—ay)/(2 sing).

With (a3 — a;) = 0, the smallest possible value of a3 is a;.

Hence, ﬂ < l

Fora1—0=> == (2v3-3).

The latter result is obtained for one isosceles triangle with perimeter L and base a; and top

2
angle f = ?n

16



a; = 0, is a contradiction, since (a; — a;) = 0 and a given value of the perimeter.

By the way, what do we find for %, choosing aL—3 = ; ?

. . a
Well, using the above expressions for 73 :

2 W3
“a ==L - a; (V3 -1)],
or
2 2
L=a2-H) ta(1+5),

. a 1
the resultis: =% = =,
L3

— 1 2 1 2 —_2 2L — .

For thearea A = 2—4tan§a1 + Py =a3,and az = —2+\/_ a, (V3 -1)]:

=Ly 1 4 _
A= \/— ts 7+4\/_[ al(\/— 1)]
or in dimensionless form W|th —=x,

r_A_ 1 . £ _
A" = 23 7\/—+12[ x(\/_ 1)]
a parabolic expression.
Next
da’ x
=l (E -] (E-).
With the parabolic equation for A or A" we can find the minimum value,
@ —o.
dx
This minimum value is found for = = x = 3V3 S 3+2\/§.

L 15 L 15

So the minimum area, at x = 0.085, is 3+9103;;/— = 0.028.

In Figure 3.5 below A’ (= y) is represented as a function of x .

Thearea A' = 7\/_ 12 (= 0.031),forx =0.
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1. . . . .
The upper value of % =3 indicates this to be the local maximum value for A’. Let us find out.

. a 1 . . .
Since Tl =3,03 = a4, we need to find the area of three equal isosceles triangles.?

Figure 3.5 Parabola representing the dimensionless area of A’.

We use the expression:

PSS S SN S S TN By () PR 1
A_24tan§a1+4tan§a3:>A_4\/§(L) S A 12\/——0048 atx—
The other local maximum value for A’, atx = 0: A’ = 7‘/54‘12 ~ 0.031 < —— \/_ ~ 0.048.

Hence, as we found earlier, the maximum area for the given perimeter L is obtained for x =

three equal isosceles triangles.
Note: the sum of areas of the three isosceles triangles equals the area of a equilateral triangle

12\/—' §2.1.
The preceding analysis can be illustrated with the geometrical picture in Figure 5.

Let us have a closer look at Figure 3.6.
With L = 2a, + a3 + BC + DE, we can contain a larger area than the sum of the presented
isosceles triangles. This is demonstrated in Figure 3.6 below.

with sidesa; = a, = a;: A’ =

Figure 3.6 Shaded area demonstrates the larger area for the same value of L, with az — a; > 0.

2

a; = [?L—al(\/?—l)].With%=§=>a3=a1.

2+V3
18



By connecting the points F and C , or DF for that matter, and mirror the AFBC with respect to
the line FC, we obtain the shaded area. The perimeter L applies to A, as defined above plus
twice the shaded area.

Hence, there is a maximum area.

Keep in mind the isosceles triangles remain isosceles triangles. Consequently, new values for
a,,a, and a; are found. The resulting configuration needs to be analysed whether there still
exist concave parts. If so, we repeat the construction to get rid of the concave part of the
perimeter L. As you notice, for this case in Figure 3.6, there are no concave parts left.

The result of this process are three equal isosceles triangles with a; = a, = a;.

| started the discussion on the subject matter with the assumption (a; — a;) = 0, leading to the
maximum area for % = % .

Let us analyse this assumption. To formulate the perimeter in a correct way, Figure 3.4, the
result is:

L =2a, +as + BC + DE = 2a, + as + 2|as — a;| —

==
2 sing

V3 V3
- |a3_a1| :7(L_2a1_a3) $a3_a1 = i7(L—2a1—a3).

Note: Since |a; — a,| = 0, the maximum possible value of 2a, + a; = L.

Sowith|la; —ay| =0=a, = as =§L.

Hence the inevitable conclusion: the maximum possible area for a given perimeter L results from the sum of
three equal isosceles triangles.

In the foregoing analysis | investigated
az —a; = +§(L — 2a; — az),
with L > 2a1 + as.

a 1
Consequently, 71 <3

Next, we analyse, with L > 2a, + as:

V3 2 3
az—a; =——(L—-2a;—az) > a3 = —m[7L—a1(1+\/§)],

and , withaz = 0

V3 a 3—V3
a(1+V3) 2T L="t=2—"
The range for %, with (a3 —a;) <0,

ﬂsﬂsl_
4 L 3

The upper bound for % is again §
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The area of the three isosceles triangles, with the preceding expression for as,

‘11

A=2 1731af+ L a?= 2\/_(a1+ a3) 5t 12[ \/_L+a1(1+\/_)]

4 tan—- 4 tang

Or dimensionless:

;A1 \/_
A_L_Z_W— t o 12[ +x(1+\/_)]

e R [——+x(1+\/—)](1+\/—)

dx 7/3-12
da’ 3+v3 3— . .
- = 0=x= J;;/— and % = 1—;/— < 0(!), outside the range of a meaningful value of x:
3_
EmERELAEY
4 15
d?A
— > 0: a minimum.
da?
The value ofx for the minimum value of A’ lies outside the range:
3-V3 < x < -
4

Next, | plug into the parabolic expression of the area the upper value, %r and the lower, %E ,

value of x.

1 . .
X =73, three equal isosceles triangles,

_ 1 1 2 o 3 ﬂ 2 I ~
A_24t z ai + tan§a3:>A _4\/§(L) =4 \/"_0048
3- \/— . .
X = ==, | use the parabolic expression
'—i—L Y2 1/ / \/_— ~
A T 23X 7\/’ 12[ + (1+ )] =4 =0.029.

So, we conclude the maximum value again to be found for x = § , a local maximum.
. a .. . a ..
For this case Tl = x = O isirrelevant since 73 < 0, isirrelevant.

. A . . . . -
The maximum value of A" = o can be illustrated with the geometrical picture in Figure 3.7.

o_J

1

[

FEN

‘ < p
N T T <
[ ( c

V1R B

/(/ vl |
/ \az

L

F

Figure 3.7 Shaded area demonstrates the larger area for the same value of L, with az; —a; < 0.

Here again, with L = 2a4 + a3z + BC + DE, we can contain a larger area than the sum of the
presented isosceles triangles.
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By connecting the points D and C and mirror the trapezium EBCD with respect to the line DC,
we obtain the shaded area. The perimeter L applies to A, as defined above plus the shaded
area.

Hence, there is a maximum area.

Keep in mind the isosceles triangles remain isosceles triangles. Consequently, new values for
a,,a, and a; need to be found. The resulting configuration needs to be analysed whether there
still exist concave parts. If so, we repeat the construction to get rid of the concave part of the
perimeter L. As you notice, for this case in Figure 3.7, there are no concave parts left. The result

. . . . 1
of this process are three equal isosceles triangles with a; = a, = a; = §L.

The maximum area is represented by three equal isosceles triangles.

In the above analysis | used for convenience a; = a,. Is it necessary?
To find out, | investigate a; # a, # as.
This case is illustrated in Figure 3.8 below.

Figure 3.8 n=3, three different Isosceles triangles

The perimeter

L=a1+a2+a3+BC+DE+FG=a1+a2+a3+ ﬁ+ 5+a2_,a2.
Zsm— Zsm— 251n5

The preceding expression leads to the conclusion a; + a, + a3 = L to be the maximum value
fora1 —az = 0,a1 —ap = 0, and a, —as = 0.
Then,
1
a1:a2:a3:§L.

Keep in mind:

. 1 . . a,;—a a,—a
@ ina; = a, = ag =L differsfroma; inL = a; + a, + a5 + 2 + 22 25
3 2sino  2sing 2 sing
. . . 1
So, to emphasize this, seta; ina; = a, = a; = EL’ equal to a, say.
Hence,
a a a a —a 2
3ra=L=a;+a,ta;+ S+ 42 §—a1+a2+a3+§\/§(a1—a3).
2 sm— 2 51n 2 sm2

The maximum area, for a given L, is represented by three equal isosceles triangles. As
mentioned before: hidden in plain sight.
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In § 3.2 an area bounded by curve C with perimeter L is approximated by n different isosceles
triangles with top angles 27” . The basis of triangle i is denoted a; and the area of the triangle is
A, withi =1(1)n.

In § 3.2 we found the maximum area with the curve C can be approximated by n equal isosceles
triangles. We could not prove this to be the maximum. With the preceding analysis it can be
done.

The perimeter

lai—an| lai—as| |ai—ai+1| lan—1—anl
L=a;+a,+-+a;+-a,_1+a, + + +- +
1 2 ¢ n-l n 2 smé 2 smE 2 sing 2 sing

. 2

withf = —.
=3

Hence

a,+ a; +--+a; +--a,_1 +a, =L, is the maximum value for |a; —a,| =0,
la; —a,| =0,....,|a; — aj+1| = 0,and |a,—; —a,| =0.

n equal isosceles triangles.

Keep in mind:
ina, + a, + -+ a; + - a,_1 + a, =L, a; differs from the a;s in

_ lai—an| |, lai—az| |a —Qi4q] L lan-1—aq|
L—a1+ a2+"'+ai+"'an_1+an+ B+ B+ L IB + B

2 sm— 2 sm— 2 sm— 2 sin;
For this reason, | denote aq; ina; + a, +--+a; +--a,_4 +a, =L, a.Since |a; —a,| =0,
la; —a,| =0,.....,|a; — aj+1| = 0,and |a,—; —a,| =0.
Hence,
na=L=a;+a,++a;+-a,_1+a, +

lai—an| | lai—az|
7t

2 sm—

. |ai—ai+1| + .. |[an—1—an|

in? in?
2 sm2 2 sm2

The area:
(a)*

- Zl 1 4ng -

With a = —,
n L
2 T
- Z W x P
T[ =174y 41T tan% ar’

The maX|mum area is represented by n equal isosceles triangles.

So, the area A is contained by a curve C with perimeter L. The curve C, fixed L, adapts to the
maximum area of n isosceles triangles. The maximum is found for n equal isosceles triangles.
The curve C consists of the sum of the equal bases of the triangles.

For n — oo, the n equal isosceles triangles represent the circle with perimeter L = the
isoperimetric equality.

Remark: The case for n = 3 can also be extended for n > 3. For example, n = 4, by choosing
the basis of the isosceles triangles a; = a,, az = a4, and a; # a;. Then, again the maximum
area is represented by four equal isosceles triangles. In this way we continue with n > 4.
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§ 4 The Isoepifaeic Inequality, some Examples

Conjecture:
The inequality: for a given surface S, the sphere to have the biggest capacity or volume V.
So, the inequality reads
1
< — 3/2
V< 6\/ES .
In this paragraph we examine various geometrical structures and compare the volume of these

structures with the volume of the sphere for a given surface.

§ 4.1 The Isoepifaeic Inequality of a Block with a given Surface
In Figure 2.1 below, the dimensions of the block are given.

a
Figure 4.1 A Block wit Surface S

The surface

S =2c?+ 4ac.
Then
S—2c?
a =
4c

S-c-2c3

V=a-c?=

4

Now,

av 2 2 S .

== 0=S—6cc=c*= o = the representation of a cube.

For completeness:
2

_S-2¢2 S |s
T o4c T s Ale’

4 |2

and

d?v .

— = -3¢ < 0, amaximum.

dc?

Volume of a sphere with surface S:

__1 ¢3/2
Vsphere - 6\/55 / ’
and

1
Veuve = (3)3/253/2-
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Hence,

% = \/% =~ 1.38 = The Isoepifaeic Inequality.
cube

§ 4.2 The Isoepifaeic Inequality of a Cone with a given Surface
In Figure 2.3 below an example of the cone is presented.

The conical surface and the surface of the ground circle included is
S =nrR + nr?,

Figure 4.2 The Cone

where the slant height of the cone R = Vr? + h? = % —-r.
The volume of the cone is

s (S 2 nr? [ §\2 S
Veone = SVRZ—72-72 = 2[(Z =) —p2]¥2r2 = I () = 23172,
Next, for a given S,

2 2 — 2 2
dv, 2nr | (S S|2 @r S S r S
ﬂ—():;,_(_) —-22 __Ll—o:(_) —2=2-1I =0=
dar 3 nr 5

2 2
S S 1/S 1 S 3 S
:}(—) —2———(—) :O:}’r:—- —:}R:—-\/:.
r 4 2 \nr 2 T 2 T

szcone
What about —=—7?
dr

. d?v,
| leave out the details, after some algebra, % < 0.

r2
Hence for
1 s 3 |[s . . .
r=cr == R = 3 \/: , we find a maximum volume of the cone for a given surface of the
V3 s
cone.

The ratio of the volume of the sphere to the volume of the cone with a given surface S and

24



Y \[:R_z \f_
2 2 T
53/2 ()3/2

Vsphere _ _ . . .
T g\/ﬁ = ”\/_(5)3/2 = \/2 = the Isoepifaeic Inequality for the cone.

12

§ 4.3 The Isoepifaeic Inequality for a Cylinder with a given Surface
The surface, S, of a cylinder with length L and radius r:
S = 2nrL + 2nr?.

So
s

21r
The volume, V,,, of the cylinder

1
Veyr = mr?L =S 1 —mr’.

Then
d
Tot_g=ls-3mr?er=1- f=>L \[\f
azv
—2 = —6nr < 0 = a maximum.
dar
Hence,

forr = \%\E =L = \E . \E , we obtain a maximum of the volume of the cylinder for a given

surface S.
The maximum volume of the cylinder

1 |1 fs
chl =§\/;S ;
With the volume of the sphere, and r = \/i_ . JE =L = \F . \/E,for the cylinder:
6 T 3 bis

V 3 . . H
“sphere _ \/Z > 1, the Isoepifaeic Inequality.
chl 2
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§ 4.4 The Isoepifaeic Inequality of a Pyramid with rhombic base for a given Surface
In the Figure 4.3 below the rhombic pyramid is pictured(see insert)

s

Rhombic pyramid

Figure 4.3 The Rhombic Pyramid

Top view:

VRS

Figure 4.4 Top view of Figure 4.3

In Figure 4.4 the top view of the pyramid is presented.

ABCD is the rhombic base.

Denote DB —» w, AC —» h,0OF - x,EA - y,ET - zand 0T - t

In the above top view TE /OE represent the perpendicular of the ATAD and AOAD respectively.

1
x2=z'h2—y2,

and
1 1

x?=_-w?—=(GVh? +w? —y)%
Then,

_ 1 h?
Y = nzewr
and
X = 1 hw

T 2vVnZrw?’

Furthermore z = Vx2 + t2.
1

Area ATAD — %Z' |DA| = %\/x2 + t2 -%\/hz +w? = Z\/tz(h2 + w?) +ih2w2.

The area of the pyramid is

S = %-hw+\/t2(h2 +w2) +ihzw2 .
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The volume of the pyramid is

11
V=- 35 hw - t.
To |nvest|gate the isoepifaeic inequality, we express t into S and plug the result into V:
_ SZ—hWS 1/2
t= [h2+W2 ] !
_ l SZ—hWS 1/2
V= p hw[—h2+wz] .
Next, we make the preceding expression dimensionless with S:
w
V' = 53/2 Jh' = Sl/z,and w' =5

Plug th|s result in the expression for I/ and after dropping the primes we obtain:

1-h
V=- h Wi — 12

. . dv av
To obtaln a stationary point, we determine the results Ofﬁ and e

Note: in 3-D, V(h,w) is a symmetrical function with the plane of symmetry h = w, and the V-
axis.

0= 2w—3m2—h3=0,
dh
and
Y _0=2n—3n2w—-w3=0.
dw

Multiply Z—Z = 0, with h and 3—; = 0, with w.
Equate both resulting equations:
h* = w* = h = w - the rhombic base changes into a square base.
Then, withh = w
1-hw V2
V== h w2 =V =Th(1—h*)Y?.
In Flgure 4.5 a plot of V is presented.

- .,
/. \

0,05 | o \\

- \

Figure 4.5 V(h) as a function of h

A maximum indeed.

Now, wit V = Y2 (1 — h2)!/2

av _

= = h = \/_ w.

The sides of the square base are, dimensionless, Figure 4.4

DA=AB=BC=CD=§.
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The height of the pyramid, dimensionless, with h = %\/f

_ E(l_hZ)l/Z _ l
T2 h _2\/?'

t

The result is a pyramid with a square base with sides % and height %\/f

The sides of the pyramid are four congruent isosceles triangles.

The maximum volume V with the aforementioned numbers:
V2

|4 .
max 24

The dimensionless volume of the sphere with equal surface S is
1
Vsphere = v

Then
Vsphere _ 1 .24 _ % ~ 146
Vinax eV V2 Nem T T
Note.

One could wonder whether a pyramid with square base and four congruent equilateral triangles
is not the structure with the maximum dimensions, i.e. surface.

Let us find out.

The surface of this pyramid, with a 1 X 1 basis is

S=1++3,
and
V=%\/§.

Now the sphere with the same surface

Arr2=S=1++V3->r= ’1:?.

43 1(1+3)32
Vsphere - ETL’T‘ - g VI .
Vsphere _ (1+\/§)3/2 _ 5+3vV3 _ 18

v V2 r 7

§ 5 The Isoepifaeic (In)equality

Can we proof the conjecture: The inequality: for a given surface S, the sphere to have the
biggest capacity or volume V.

So, the inequality reads

1 ¢3/2
VSWES .

In order to proof the conjecture, we first examine a couple of examples.
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§ 5.1 Two half Spheres with different radii
This example is illustrated in the Figure below.

¥

Figure 5.1 Two half Spheres

The surface of the two half spheres and the area of the ring with width |r, — 1y
S =2mrf + 2nr + w|rf —rf|.

The volume

V= %m‘f’ + gnrf.

Obviously, it is sufficient to investigate r, >y =

= S = nrf + 3nrf

We investigate the maximum value of V for a given surface S.

Express ry in terms of S and 7,

_ IS 2
r = [=-—3r".
1 ’,T 2

Then,

V= 2”(% —3r3)3/% + gnrf.

We can make this expression dimensionless with S and proceed with the analysis.
There is no need to do this.

With

S =2mrf + 2nrf + w|r§ —rf|,

the maximum value for r; and 7, respectively is obtained for an assumed given value of S when
T2 —7r2|=0->1 =1, >anewr.

A sphere with radius r:

Anr? = S = r? + 3nr.

Hence,

_1 7= 2
r= E‘/rl + 37 .
Note:

with 4r? = § = nr? + 3nr?,

it becomes clear, by decreasing 1, and increasing ry, a circle with radius r is obtained.

This compares with the 2-D case changing a concave perimeter into a convex perimeter with the
same perimeter.
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§ 5.2 Four quarter Spheres with different radii
This example is illustrated in the Figure below.

Figure 5.2 Four quarter Spheres

The surface of these four segments is:
— 4 2,1 3 2 241 2 2
S = 7TZn:lrn + ET[Zn=1 |rn+1 — T | + Enlrl T |
The maximum value for T Y7 _; ;2 is obtained with a given value of S when |ri2+1 —r#|=0,i=
2 2| —
1,23 and |y — 17| = 0.
A sphere with radius r:

1 1
4mr? =S = Ao 4 ST I, — 2] + 2 =2,
_1 24 2+123 2 .2 +l 2.2
r=3|&n=1T T3 n=1Te1 — 1| 2|T1 Ty

We can always position the quarter spheres as presented in Figure 5.2.
Then, we obtain for r:

—1 2 2 2
T —E,/2r4 +r5+7

§ 5.3 A 3-D Body with a smooth, closed Surface
This 3-D body, with surface area S, can be divided in n segments, like the four segments in
Figure 5.2.

_Am 2,1 —11,.2 2, 1 2 2
S=— k=1Tk +§7T2111=1 7% =i | +omlrf =l
The maximum value of the volume of this body is again a sphere, with radius
_1 |4 2 3 1yn-1,.2 211012
r= 5\/;22=1Tk + 5211;1 |15 — 7|+ > I — 12|
However, this 3-D object is not a general object, and the approximation with n segments is too
rough an approximation.
Hence, a bit more has to be done.

This can be done by representing the 3-D object with rhombic pyramids of which the base
describes the surface of this smooth 3-D object. The height of the pyramid is equal to the
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distance of the origin O of the Cartesian coordinate system: r.3

4

X

Figure 5.3 3-D object represented by a large number of rhombic pyramids.

The base area of the pyramid is 4;;, the height is ;;.
The pyramid is surrounded by four pyramids: A;_q j, A;_1,j—1, Ai+1,j and A;1q j+q1. All pyramids
with the same solid top angle A6. The area 4;; = rl%- - AB.
The differences in the height between 7;; and the heights of the surrounding pyramids are
denoted by AA;_4 j, AA;_qj_1,AA;4qj,and AAjpq j4q-
The surface S of this 3-D object is approximated by
S=21A + X =1(BA_qj+ DA_qjq + DA+ DAjy jiq).
Or,
S=NH1i 00 + T (DA g j+ DAj_qjoq +DAgyyj + DAjey 1)
Since X7 j=1(AAj_yj + AA_1j 1 + DAy + DAjyqj41) >0,
1;j becomes its maximum value for
Lj=1(AAiqj+ DAi_qj g + DA+ DAy ji1) = 0.
Then r;; = r, the same for all pyramids.
Forn — oo, The volume of the 3-D object becomes:

V= f;n for(r')z dr'df = gnr3, a sphere.

3 Figure 5.3 reminded me of the Manhattan Project: ”Von Neumann suggested a better design for the implosion
device, consisting of wedge-shaped charges arranged around the plutonium”., Bhattacharya (2021).
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§ 6 Conclusions

In the proof of the isoperimetric inequality, use has been made of a simple perturbation of a
circle with radius R;. The perturbation is AR; sin 8. The curve can be more perturbed by using
Fourier series expansion. To keep the closed curve convex becomes more complicated.
However, the principle is demonstrated with the first term, AR, sin 8, of the Fourier expansion.
The isoperimetric inequality is demonstrated with the examples of the equilateral triangle up till
the regular polygon. The equality has been proven in two ways:
- by a perturbed circle where the first term of a Fourier expansion has been used.
- a closed curve approximated by a set of different isosceles triangles, grouped around the
origin of a cartesian frame, with equal top angles.

Furthermore, the three-dimensional case , denoted isoepifaeic inequality is investigated.

It appears, the sphere to be the largest volume for a given surface of a smooth 3-D object.
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